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Abstract

Non-binary code, direct-sequence spread-spectrum communication is investigated in
this thesis for the asynchronous multiple-access channel. Direct-sequence spread-spectrum
systems employing non-binary codes is a field in which very little prior research has been
conducted. The emphasis of the research in this thesis is on a fundamental component of
the system, the spreading codes. The research considers their important properties, the
influences of those properties on the system performance as measured by the probability
of bit error (PBE), including methods for determining the PBE, and the generation of
the codes. Detailed literature reviews are provided on prior research on these issues and
others of relevance to non-binary spread-spectrum.

Whilst code properties have been considered in previous literature (usually in relation
to binary spreading codes), there is often a disparity between the properties that code
designers emphasize and the properties that the system analysis highlights. Drawing
conclusions on the relative importance of different code families or code properties, by
conducting tests on subsets of actual codes, is shown to be potentially subjective because
of the variation that factors such as code phase can cause. This thesis therefore develops
a technique to allow different code properties to be investigated in a less subjective
manner. It confirms expected results and explains others given in the literature for which
an explanation has not previously been provided. The conclusions drawn by applying
the technique also lead to a refined philosophy of code design, and the recognition of an
important tradeoff that can allow a potentially greater number of codes.

A novel method of non-binary code generation is then developed based upon this
refined philosophy. The technique is completely different to any prior method employed
in spread-spectrum communication. The development of this technique, comparisons
with the conventional approach, and an examination of different properties of the codes
provides a good insight into code generation and is perhaps the most important contribu-
tion of this thesis. For completeness, subsets of codes produced by the novel method are
compared with subsets produced by other methods, resulting in some important methods
of selecting subsets of the new codes. The new approach also provides substantial future

research possibilities.
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Chapter 1

Introduction

Mobile or personal communications is an area of research receiving increasing attention,
primarily due to the public’s seemingly insatiable! demand for the technology. In the
provision of this technology, the first issue that must be decided upon is the multiple-

access strategy. Three basic multiple-access strategies exist with digital communications:
e Time-Division Multiple-Access (TDMA)
e Frequency-Division Multiple-Access (FDMA)
e Spread-Spectrum Multiple-Access (SSMA) or Code-Division Multiple-Access (CDMA).

In a TDMA system each user is allocated some discrete time slots when they can transmit
information. The information may be transmitted at any available frequency. FDMA
in contrast divides the frequency spectrum into discrete bands, so a user can transmit
information whenever they desire, but the information must be transmitted in a given
frequency band. Spread-spectrum multiple-access however, allows all users to employ
the entire spectrum at all times, with each signal being distinguished by a unique code.
While there are differences between the terms spread-spectrum multiple-access and code-
division multiple-access, because this thesis is concerned with a system where a high-rate
code is used to spread the bandwidth, the terms can and will be used interchangeably.
A spread-spectrum (SS) signal is one in which the bandwidth of the transmitted

signal has been expanded beyond the minimum necessary for the transmission of the

'Figure 8.2 of [13] shows that the expected number of mobile communication subscribers in Western
Europe in the year 1995 is 7.44 million, in the year 2000, 17.88 million subscribers, and in the year 2010,
30.85 million subscribers.



information. The spreading process must also be independent of the information, so
wideband Frequency Modulation (FM) systems are not classified as spread-spectrum.

The reason for spreading the spectrum can be seen from Shannon’s theorem [177] for
the band-limited additive white Gaussian noise (AWGN) channel:

C= /OW log, (1 + %) df (1.1)

where W is the available bandwidth, P(f) the optimally chosen signal power density and
N(f) the noise power density. The capacity C of the channel to transmit error free infor-
mation is enhanced as the bandwidth is increased (under a constant total signal power
constraint), even though the signal to noise ratio (SNR) is reduced by the increased
bandwidth. Scholtz commented in his paper on the evolution of spread-spectrum com-
munications [174], that Shannon’s theorem and his random signalling arguments used
to prove the noisy channel coding theorem, may have further motivated the study of
noise-like waveforms and spread-spectrum communications. The first direct-sequence
spread-spectrum systems were developed soon after Shannon’s publication in 1948.

Two fundamental types of spread-spectrum systems are commonly employed: Direct-
Sequence (DS) and Frequency-Hopped (FH). In frequency-hopped spread-spectrum the
frequency of the carrier onto which the information is impressed is determined by the
code. In a direct-sequence or phase-coded system the information sequence is multiplied
by the code. The code therefore selects the phase of the carrier.

There are advantages with both types of systems. Theoretically a direct-sequence
system can be shown to perform about 2.5dB to 3dB better than a frequency-hopped
system, for a given system bandwidth. However, this is mainly as a result of the use non-
coherent detection in a FH system. In practice, the difference can also be illusory because
a FH system can employ a greater bandwidth than a DS system. Hybrid schemes which
combine direct-sequence and frequency-hopping often prove to be the best and many
systems employ such techniques. Hybrid systems are also possible with other multiple-
access methods and indeed several researchers (for example [2, 12]) are looking at ways
of implementing CDMA within the GSM (Global System for Mobiles) TDMA standard.
The research in this thesis is restricted to a direct-sequence system, but the ideas could

be equally well applied to a hybrid scheme.



Historically (see for example [181]), analogue mobile (or personal) communication
systems and some second generation digital systems (e.g. GSM, Digital AMPS) have
employed TDMA and/or FDMA. Spread-spectrum techniques however, were initially
developed for military applications so as to counter enemy jamming, [179]. This meant
that the majority of research into spread-spectrum systems was classified information
and it was not until circa 1970 that spread-spectrum systems were discussed in the open
literature in any significant detail.

Having been developed for the harsh military radio communications environment,
spread-spectrum techniques are recognised (for example [29, 27, 104, 145, 76, 190]) as
being able to provide many advantages if applied to mobile (or personal) communications
networks. These advantages are either unavailable to TDMA or FDMA systems, or can
only be obtained with a greatly increased system complexity. Many of these advantages,
as the discussions below show, occur as a direct result of employing PN codes to spread

the spectrum.

The advantages of CDMA include:

1. Automatic addressing.
2. Asynchronous multiple-access.

The codes provide a means of addressing to indicate which receiver the transmitted
information is intended for. In a TDMA system synchronisation or tracking problems
can occur and this leads to misalignment between the transmitter and receiver time
slots. To avoid the loss of the message when this occurs, additional information must
be transmitted to indicate to which receiver the message was directed. Thus CDMA
systems also allow for asynchronous access, which is important as not only can users
transmit whenever they want, but it allows for some flexibility in relation to the different
propagation delays along different paths through the channel. Asynchronous multiple
access also allows for a reduction in network management overheads and is better for

bursty traffic.
3. Increased security or privacy.

4. Ability to overlay existing narrowband systems.

3



5. Lower transmit powers are required for traffic loads less then capacity.

The codes also provide data security so that additional data encryption may not be neces-
sary. This, and the lower probability of intercept of the signal because of its lower power
spectral density make the system more secure than conventional narrowband TDMA or
FDMA systems. If the bandwidth expansion factor of a spread-spectrum system, given
by the ratio of the transmitted (spread) bandwidth B, to the unspread data bandwidth
By, is B./By =~ N where N is the code period, then the power spectral density of the SS
signal is reduced by N in comparison to an equivalent narrowband (data) signal. The
low power spectral density of spread-spectrum signals also implies that they cause little
interference to existing narrowband systems. This results in less electromagnetic compat-
ibility problems and means that spread-spectrum systems can be overlayed over existing
narrowband systems (see for example [123, 124]). The last point is important because
if, for example, CDMA is introduced as the third generation system, then the transition
between systems is far simpler. Spread-spectrum systems have also been shown (see for
example [3, 4]), to require lower transmit powers which not only further reduces elec-
tromagnetic compatibility problems, but also leads to increased battery life in portable

equipment, a feature attractive to mobile phone users.
6. Graceful degradation.

The quality of service in a CDMA system is determined by the interference resulting
from the non-orthogonality of different users’ codes. The interference is dependent upon
the number of active users. If the number of active users decreases then the performance
will improve, which is again an advantage if the traffic is bursty rather than constant.
If the number of active users increases, then all experience worse performance and the
system degrades gracefully, unlike TDMA or FDMA where the effective number of users

must remain constant.
7. Resistance to multipath propagation or fading.

Direct-sequence systems mitigate the effects of multipath propagation, and frequency-
hopped systems can alleviate fading by avoiding those frequencies. Multipath propa-
gation and fading are two common problems encountered on mobile communications

channels. The use of a RAKE receiver also allows direct-sequence SSMA systems to

4



combine all of the interfering multipath signals constructively. A TDMA system can-
not overcome multipath propagation and requires equalizers to mitigate the effects of

frequency fading.
8. No frequency management is required.
9. Soft handoff can be used between cells in a cellular network.

10. Increases in capacity can be obtained by exploiting the voice activity factor and

using antenna sectorisation.

CDMA systems do not require the frequency planning of existing cellular FDMA systems
either, because each cell and user is allocated the entire frequency band. Thus frequency
reuse, although not theoretically required, is substantially reduced in a practical cellular
CDMA system. This not only leads to an increase in capacity, but it allows soft handoff
to be employed in the system. Soft handoff (which is discussed in [190, 192]) reduces the
possibility of call dropping, which often occurs in the transition from one cell to the next.
Soft handoff also significantly increases the coverage radius of each cell. An increase in
cell size leads to a reduction in the number of base stations required which has both
social (or environmental) and economic advantages.

The final advantage listed above, increased capacity for SSMA systems, is a con-
tentious issue in the literature. Capacity improvements can be obtained in spread-
spectrum systems by exploiting the voice activity factor (see [43] for a discussion on
this), or through the sectorisation of antennas. This capacity improvement (over con-
ventional analog cellular systems) has been shown by the field trials discussed later in
this section. The paper by Newson and Heath [131, p.683] makes the point however,
that capacity-enhancing features may also be applied in FDMA and TDMA systems and
comparisons should therefore involve more advanced versions of these multiple-access
techniques. This is certainly true, but as Pickholtz remarked in [145], to exploit voice
activity in a TDMA or FDMA system requires centralised control and the implemen-
tation of demand assignment strategies, whereas CDMA systems do not require such
centralised control.

In summary therefore, SSMA systems have many advantages: technical, social, and

economic, over other multiple access schemes in a mobile or personal communications

5



environment. No system is without its disadvantages however, and several important

ones were originally perceived with a DS-SSMA system. These are now discussed.

The originally perceived disadvantages with DS-SSMA were:

1. The Near-Far effect.

In a mobile communication channel, signal attenuation is approximately an inverse func-
tion of distance raised to some exponent, which is typically between three and four.
Thus if the desired signal transmitter is farther away from the receiver than the interfer-
ing transmitter and they transmit with the same power, then the desired signal will be
overwhelmed by that of the interferer. This problem is termed the Near-Far effect. A sig-
nificant amount of research (on power control algorithms for example), has been devoted
to this problem and it is no longer perceived as a significant shortcoming. Kavehrad and
Ramamurthi discuss the use of pilot tones as a technique for overcoming the Near-Far ef-
fect in [81]. An alternative is to employ a hybrid direct-sequence/slow frequency-hopping
system. The Near-Far effect is then reduced because the probability that two or more
users have the same frequency has been reduced. Verdi also makes the point in [189],
that “... the near-far problem is not a flaw of CDMA, as widely believed, but of the in-
ability of the conventional receiver to exploit the multiaccess interference”. Research into
multiuser systems attempts to overcome this problem by designing a receiver to reduce

or cancel the multiple access interference (MATI).
2. The necessity to give each user a unique code.

The necessity to give each user a unique code was also initially considered a problem,
as many binary code generation techniques produce an insufficient number of codes.
Research has been conducted on code reassignment algorithms (e.g. [83, 73, 71, 47]),
as one solution to this problem however, the currently favoured solution is to employ
long codes. Long codes are discussed later in this section in relation to the Qualcomm
[160] system because this is the solution employed in several operational CDMA systems.
Another solution to overcome an insufficient number of codes is to employ non-binary

codes, and this is the solution investigated in this thesis.

3. Increased complezity.



In regard to the final perceived disadvantage, advances in the past decade in VLSI (Very
Large Scale Integration), ASIC (Application Specific Integrated Circuits), and signal
processing technology (see for example [190, 140]), have made it possible to implement
(cost effectively) spread-spectrum systems for consumer products. The paper [115] by
Magill et. al., from which the following quote is taken, provides an overview of a variety
of commercial applications of spread-spectrum systems including the Low Earth Orbit

(LEO) satellite proposals.
“The proliferation of SS products for commercial applications began with

e the emergence of the GPS [Global Positioning Satellite] system
e the successful demonstration of SS for cellular telephones

e the allocation of the Instrumentation [Industrial], Scientific, and Medical
(ISM) bands in the USA by the FCC [Federal Communications Commis-

sion].

In 1989, the FCC mandated special use of the ISM bands so that an SS system
18 permitted to operate without license so long as the system does not interfere

with an existing system in these frequency bands.

A direct sequence CDMA spread-spectrum signal was chosen for GPS because
it provided a means of incorporating accurate ranging, data transmission, mul-
tipath mitigation, multiple access, interference rejection, and access security

m a convenient manner.

The Qualcomm OmniTRACS system? ... return link signal ... employs a
combination of direct sequence CDMA and frequency hopping in order to

ensure that users will not interfere with adjacent satellite systems. ” - -[115]

It was not until 1991 that the first serious commercial proposal (including power
control techniques), for the use of CDMA for personal communications services (PCS)
was made. On December 5, 1991 Qualcomm [160] presented the results of field trials
conducted late in 1989 for a CDMA system to the Cellular Telecommunications Industry

2 An extension of the GPS system that includes two-way data messaging as well as position reporting.



Association (CTIA). The success of these trials led to the formation of a new subcom-
mittee TR45.5 of the Telecommunications Industry Association (TTA) in early 1992 to
develop standards for digital cellular spread-spectrum. Further independent trials contin-
ued to be conducted in other locations throughout the world [191, 139, 36, 86], including
some in Australia by the Telstra Research Laboratories in 1993, [121, 122]. The success
of these trials led to the adoption [32] of the CDMA standard by the TTA in July 1993 as
an interim standard (IS-95) for second generation systems in the United States of Amer-
ica. Additional CDMA standards (e.g. IS-99 for data) are currently under development
for consideration by the TIA and the Joint Technical Committee for standardisation for
the third generation system, [26]. Qualcomm trials were also conducted in South Korea
and this led to the adoption in April 1994 of CDMA as the choice for digital wireless
telephony in South Korea. CDMA cellular systems are also expected to be deployed for
public use in Seattle, Los Angeles, New England, New York, and Little Rock in the USA
in 1995.

Independently of Qualcomm, the CODIT (Code Division Testbed) project within
the European RACE II programme (see for example [10, 7, 15, 120]) is investigating
CDMA as an access method for the third generation system UMTS (Universal Mobile
Telecommunication System) or FPLMTS (Future Public Land Mobile Telecommunica-
tion System). These are being standardised by ETSI (European Telecommunications
Standards Institute) and the ITU-R (International Telecommunications Union - Radio),
Task Group 8/1.

Thus CDMA and spread-spectrum systems are moving away from the initial research
phase and into the commercial phase, and many electronics companies (particularly in
Taiwan and Korea) have started developing CDMA products and finding new applica-
tions for CDMA. This will of course generate more research issues.

The system developed by Qualcomm and indeed most research into SSMA or CDMA
has been concerned with {£1} binary spreading codes, with only a small but increasing
amount of research considering non-binary systems. A non-binary system refers to one
where the spreading code elements are non-binary (or complex numbers). To digress
slightly, the data sequence is always regarded as being binary in this thesis. However, an

examination of binary code generation techniques shows that many techniques provide



an insufficient number of codes at moderate bandwidth expansion factors. When applied
in the personal or mobile environment, the insufficient number of suitable codes can be
an important problem. Several solutions to this problem exist, as has been previously
remarked in the discussion on the perceived disadvantages of CDMA. One solution is
to employ a higher bandwidth expansion factor B./B,;. This means that for a constant
data-bit time (7), the code-chip time (7.) must be decreased as B./By ~ T/T,. The
code-chip time is of course limited by the switching and processing times in the receiver
and transmitter circuitry, and as the transmitted signal bandwidth is approximately
1/(T.), the value of T, may be constrained by statuary regulations.

A second solution to overcome an insufficient number of codes is that employed in
the Qualcomm system [160] and in some aspects of the CODIT project [7]. The solu-
tion is to employ long spreading sequences instead of short spreading sequences. Short
codes is a term that refers to the situation in which the code length equals the data
bit length. Short codes are often used in the uplink (mobile to base) for the multiple
access channel because they can provide more rapid acquisition and are better for burst
traffic. Analogously long codes is a term used to describe the situation where one unique
very long pseudorandom sequence is employed for all users. The length of the code is
much greater than the data bit length and the code spans more than one data bit, hence
a different code chip pattern is associated with each data symbol. Different users are
allocated different phases of the very long code. Long codes therefore avoid the necessity
of code planning or reassignment and they allow multiple bit-rates to be easily imple-
mented (see for example [11]). However, the disadvantage with long codes is in analysing
the system as one then has to be concerned with the partial periodic crosscorrelations of
codes, and this complicates the analysis. Relevant literature that considers the partial
periodic crosscorrelation of codes includes [179, Vol. I, pp.294-295] and [151, 172, 66].
This problem is similar to that encountered in the acquisition of sequences except that
it is the partial periodic autocorrelation in that case. In this thesis only short codes are
investigated. Further information on long codes can be found in the following papers,
[186, 79]. The second referenced paper, by Kérkkéinen et. al., found that short code

systems perform slightly better than long code systems.



A third solution to the problem of an insufficient number of available codes is to con-
sider a higher-cardinality code alphabet, i.e. non-binary codes. This solution overcomes
the practical problems of the first solution mentioned and if short spreading sequences
are employed, the analytical problems of the second approach above. Using non-binary
codes also provides an additional advantage, because sets of codes can be found whose
crosscorrelations are less than those for sets of binary sequences. This result, which the
author’s intuition suggested was true, is proven in section 1.3. An important point to
note is that although this thesis concentrates on short codes, non-binary codes may also
be applied to long period code systems. Aspects of this thesis may then be applicable to
that application.

This thesis therefore investigates non-binary codes for spread-spectrum communica-
tions. In the next section an outline of the thesis is given and this discusses the research

issues as well as the manner in which they are investigated.

1.1 Outline Of The Thesis

This thesis investigates non-binary spread-spectrum multiple-access communications.
The research considers code generation techniques, system performance (as measured by
the probability of bit error), how performance is influenced by the different properties
of the codes, and how those properties relate to the code generation technique. The
research refines the code design philosophy and investigates this by developing a novel
code generation technique.

Section 1.2 reviews the basic theory of spread-spectrum communications. While the
reader may be familiar with the basic theory, since it is frequently provided in the litera-
ture, the purpose of section 1.2 is to define the relevant symbols and common equations
employed throughout this thesis. More importantly, section 1.2 also defines the specific
system under consideration. This is because the review of prior literature on non-binary
systems, given in section 1.3.1, shows that different authors may use different terminol-
ogy to describe the same system, or the same terminology to describe different systems.
Section 1.2 therefore clearly defines the non-binary system investigated in this thesis.

The motivation for researching non-binary spread-spectrum systems has been dis-
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cussed previously. Section 1.3 continues the discussion and explains, in further detail,
the advantages of using non-binary codes. Importantly, section 1.3 proves that non-
binary codes can be found whose peak crosscorrelation value is less than that of the
so-called best binary codes.

The crosscorrelation between codes is only one of many properties which are consid-
ered in the literature. Section 1.4 therefore reviews and explains properties commonly
referred to in the literature on code generation. What that section highlights is that
although the randomness properties of the codes are well defined, the correlation prop-
erties are not, yet the theory in section 1.2 shows that the crosscorrelations between
codes determine the performance in a multiple-access environment. Section 1.4 there-
fore suggests the first research issue: an investigation to determine the important code
properties and their relative importance for the multiple-access channel. This issue is
of course important when comparing or designing spreading codes; the system or code
designer must possess a good understanding of code properties. The early chapters in
this thesis therefore investigate code properties, and the later chapters code generation.

To digress slightly, the literature review of methods for approximating or bounding
the PBE, given in section 2.1, strengthens the need to resolve this issue, as do the recent
results of others (e.g. Chen and Oksman [24]), which are discussed in chapters 2 and 3.
Consideration of the literature review of non-binary code generation techniques, given
in section 4.2, also highlights that many code designers do not emphasize the properties
system designers do. Clearly therefore there is a need to resolve the research issue above,
because of the disparity in the literature.

Section 1.4 reviews the desirable properties of PN codes historically given in the
literature on spreading codes. Analogously, section 2.1 shows the properties system
designers emphasize by reviewing methods for approximating and bounding the bit error
probability. These techniques also propose several merit factors. Primarily, merit factors
are used to optimise the performance of a given set of codes by selecting the appropriate
code phase (or code starting point). The variation in the PBE, due to the phase of
the code, can be significant as section 2.2.2 shows. More importantly, the results of
section 2.2.2 serve another purpose, they show that it is not possible to resolve the

research issue, on the importance of code properties, by conducting tests on sets of
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actual codes without the conclusions being potentially subjective.

Thus chapter 2 serves several related purposes simultaneously. Section 2.1 reviews
methods for approximating and bounding the PBE, the measure of performance used
in the thesis. The review is divided into two halves, the first considers approximation
techniques, the second bounds on the PBE. These two reviews are important for several

reasons:

1. They highlight properties of the crosscorrelation spectra to consider when resolving

the research issue.

2. They discuss in detail the method used in this thesis to bound the PBE for sets of

deterministic sequences.

3. They assist in chapter 3 in developing a novel approach which does resolve the

research issue.

The first point above leads to a discussion on merit factors in section 2.2.1. Merit factors
emphasize properties system designers consider important; they are used in selecting
subsets of codes and optimising the performance of a given set of codes. Sections 2.2.1
and 2.2.2 therefore explain and investigate the use of merit factors so as to determine
which factor provides the optimal code phase selection. The literature is not clear on
this issue, but it needs to be resolved if different code properties or families are to be
compared by testing actual sets of sequences. These sections do identify the most appro-
priate criteria for selecting the code phase, and consequently they highlight important
code properties (expressed by the merit factors). This is because each criteria (for se-
lecting the code phase) emphasizes different merit factors or code properties. The most
appropriate criteria for selecting the code phase is also used in chapter 5 to compare
different code families. More importantly however, section 2.2.2 and the summary in
section 2.3 show that comparing code families or code properties (resolving the research
issue) by conducting tests on actual sets of sequences can provide subjective conclusions
unless care is taken. This knowledge is applied in chapter 5 where different families of
codes are compared.

Chapter 3 therefore develops a new method specifically to examine the influence of

different crosscorrelation properties on performance in a less subjective manner. This

12



technique and an examination of other code properties leads to a refinement of the
conventional code design philosophy. This refinement is consistent with, but an extension
of one proposed by others such as Hui [72], Burr [19] and Kérkkéinen [80, 77, 78], whose
research and conclusions are discussed in detail in section 3.4. However, their approach
does not specifically address code generation, which is done in this thesis.

Using the new code design strategy, chapter 4 develops a novel method of code gen-
eration. Section 4.1 familiarises the reader with the basic terminology employed in the
chapter and section 4.2 reviews the literature on existing non-binary code generation
methods. It is the theory of one of these techniques which provides the basis to develop
a completely different theory of code generation in section 4.3. The randomness, stabil-
ity, and linear complexity (security) properties of a selection codes produced by this new
approach are investigated in section 4.4. Comparisons between the system performance
of subsets of the new codes and those of other techniques are made in chapter 5. Finally,
chapter 6 summarises the results and conclusions of the thesis and gives recommendations

for future work.

1.2 Spread-Spectrum Multiple-Access

This section reviews the basic operation of a direct-sequence spread-spectrum system.
The operation of this system is well known, so this section serves mainly to define many
of the symbols and terms that are employed throughout the remainder of the thesis.

Figure 1.1 models an asynchronous DS/SSMA system consisting of U transmitters
(or active users) at a common carrier frequency w,; The initial carrier phase &, for each

h

transmitter is arbitrary. The transmitter for the ut™ user comprises an information
sequence d,(t), which along with the complex-valued code ¢, (), is modulated onto the
complex carrier e/(Wott&)  Only the real part of the resultant signal is transmitted over
the channel. Double lines in the figure indicate the inphase and quadrature channel
signals. The real part is carried by the inphase channel, the imaginary part by the

quadrature channel.

The complex code waveform ¢, (t) is expressed in terms of the complex code sequence
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Figure 1.1: Asynchronous Multiple-Access DS/SSMA system
¢, and the code-chip pulse ¥(¢) by:

cu(t) =D e ¥ (t —nT,) (1.2)

where the sequence ¢, is periodic with period N. The code-chip pulse shape W(t) is
constrained to the time interval [0, 7] and has a total signal energy equal to one.
The data waveform d,(t) can be expressed in terms of the data sequence d,,, and the
data-symbol pulse shape p(t) via:
dy(t) = i dp-p(t — mT) (1.3)
m=—oc

with a rectangular pulse shape

1 0<t<T,
p(t) = _ (1.4)
0 otherwise

In this thesis the data sequence is restricted to being {+1} binary and the spreading
code sequence {£1,+j} quaternary. The data is restricted to binary as the emphasis of
the research is an investigation of code properties and code generation. The discussion
in the next section on prior research, also shows that binary data systems were found to
perform better than non-binary data systems. The reasons for restricting the codes to
a quaternary alphabet are also discussed in the next section. This system is referred to

as Q-CDMA (quaternary-coded CDMA) in this thesis, and section 1.3.1 which reviews
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Figure 1.2: Direct-Sequence Spread-Spectrum Receiver

other non-binary systems proposed in the literature, relates the Q-CDMA system to
those.

Thus the transmitted signal s, () for the u™ user can be expressed as:
su(t) = Re {du(t).c(t).e/ e} (1.5)

The asynchronous multiple-access channel delays each signal by 7, to account for the
arbitrary transmission starting times and propagation delays. Background thermal noise
is included by the addition of white Gaussian noise (AWGN) n(t) of one-sided power
spectral density N, (W/Hz). Hence the signal r(¢) at the receiver in figure 1.2 (selected

as corresponding to user 1), can be represented as:
U
r(t) = Zl\/ﬁ.su(t—m) +n(t) (1.6)
u=
where P, denotes the received power of the u* transmitter’s signal. For convenience, it
is assumed that all users are received with the same power P, i.e. P, = P for all u.
The frequency and phase estimates which are employed by the receiver are obtained
from the synchronisation and tracking circuits of the receiver, which are not shown. In
this thesis, because the emphasis is on PN codes rather than the complete system, issues
of acquisition, synchronisation and tracking are avoided. The paper by Polydoros and
Glisic [147] provides an extensive bibliography relevant to these issues, and the tutorial
on spread spectrum systems by Pickholtz et.al. [146] provides an introductory discussion
on this topic. Coherent detection is also assumed in this thesis, thus 71 and 0; = w7 — &
can be set to zero without any loss of generality. Krenz et. al. [93] discuss how coherent
detection may be obtained through the use of a pilot tone.
The receiver removes the carrier from the received signal, multiplies it by the de-

spreading code and then integrates this over the data bit interval. The receiver is there-
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fore a matched filter or correlator. Alternate receivers do exist, such as those for multiuser
detection (see for example the research of S. Verdi), or those that exploit the cyclosta-
tionarity of the signal (see for example the research of W.A. Gardner), but these are not
commonly employed and are therefore not considered in this thesis.

The resultant signal (Z) which is passed to the comparator to estimate the transmit-
ted data bit can be shown to be of the form of equation 1.7. The theory summarised
here follows that given in the papers of: Lam and Ozliitiirk [101]; Fukumasa, Kohno, and
Imai [45]; and Krone and Sarwate [95]. For a complete and detailed analysis, the reader
is also referred to the early work of Pursley et. al. [157, 158, 154, 155, 152], on which
these and indeed most papers that discuss the theory of spread spectrum multiple access
are based. Some of these papers by Pursley et. al. are briefly discussed in section 1.3.1.

Thus:
T
7 = / r(1).en (8)]*.dt
0
P v |p I
= —T.dY — 4™ 1.
,/2 dy +u§::2 2d0 ~ (1.7)

where the first component is the desired narrowband signal containing the information bit
dy of user u = 1, labelled dgl); the second component is the multiple-access interference
(MAT), which is the sum of the code pair interferences I, of each user; the final component
n, is a Gaussian random variable due to thermal noise, which has a zero mean and a
variance of N,.T'/4.

Normalising the interference I, by \/]T/Q.Tc.dgu) and setting [,,.T, < 7, < (l, +1).T,
for some integer 0 < [, < N — 1, the normalised code pair interference I,; can be
expressed in terms of the continuous-time (even or odd periodic) crosscorrelation ¢
via:

L1 = Re{dop.et™} (1.8)

The continuous-time crosscorrelation is expressed in terms of the discrete-time (even or

odd periodic) crosscorrelation (¢) as shown in equation 1.9.
bor = () Ru(r — 1T.) + ¢(1 + 1) Ry(r — L.T) (1.9)

The factors 73\1, and Ry are dependent upon the code-chip pulse shape and are defined
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as follows:

—

Ruls) = /STC W)Ut — s).dt (1.10)

Ru(s) = /0 U(1).U(t + T, — s).dt (1.11)

If the code-chip pulse is rectangular, equation 1.8 can then be expressed as:

Ly = Re{[@u(l) + (Bui(lu+ 1) = Gy1 (1)) 3]e/™ | (1.12)

where 6, = (1,—1,.T;) /T, and 0, = {,—w,7,(mod 27). The discrete-time crosscorrelation
(#) between the first and ut® users is either the discrete-time even periodic correlation
(¢) if d(_ul) = d((]“), or it is the odd periodic correlation (¢) if d 75 d . Note that d_;
and dy represent the two data bits impressed onto the received codes which span, due
to asynchronism, the despreading code. Both even and odd periodic correlation can be

expressed in terms of the aperiodic correlation (C):

N—-1-1
Z aj.[bj+l]* 0 S l S N-—-1
7=0
N—-1+1
Corll) =95 0y pr 1-N<i<0 (1.13)
\ 0 | >N
N—-1
bap(l) = Y aj.lbju]*
7=0
= Cop(l) + Cop(l— N) (1.14)
Gap(l) = Cap(l) = Cop(l— N) (1.15)

Clearly the interference in the system is determined by the crosscorrelations of the
codes. If Z > 0 and d") = —1 (or Z < 0 and di) = 1), then the comparator will give
an incorrect result and a data bit error has occurred. The performance of the system is

therefore measured by the probability of bit error (PBE) and is given by:
1
Po=3 (P{dy) =1,z < 0} + P{d{" = -1,Z > 0}) (1.16)

For random binary data the two probabilities in this equation P{dgl) =1,7 < 0} and
P{d(()l) = —1,Z > 0} are equal. Random binary data is assumed in this thesis and also

in most of the analysis or simulations reported in the literature.
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This section has therefore reviewed the basic theory of DS spread spectrum. Whilst
the reader may well have been familiar with this theory, its purpose is to define the
symbols and common equations which are employed throughout the remainder of this
thesis. There is no standard agreement in the literature upon symbol notation, which a

perusal of the papers on non-binary systems reviewed in the next section would show.

1.3 Non-Binary Spread-Spectrum

The majority of research into spread-spectrum communications has concentrated on
systems employing binary spreading codes. The reason for this is that the code genera-
tion process is simpler. Modulo-2 arithmetic is employed and this is easily implemented
electronically. Modulo-2 arithmetic is also isomorphic with the use of {£1} which sim-
plifies both the modulation and correlation processes. It has been previously remarked
however, that many binary code families contain an insufficient number of codes, par-
ticularly if they are to be considered for developing a short code CDMA system able
to cope with the demand for personal communications services. One solution to this
problem considered was to utilize longer length codes, as the number of codes in a family
usually increases as the code period increases. The code period N, data-bit time 7" and
code-chip time T, are related by N = T/T,, so for a constant data-rate increasing the
code length increases the code-rate (1/T.), but 1/T, is the bandwidth of the transmit-
ted signal which is set by government and international regulations, and constrained by
physical components and circuits. There is therefore a limit on 7T, and consequently on
N.

An alternate solution to provide a greater number of potential codes whilst maintain-
ing the same code and data rates is to increase the size of the code alphabet. This is the
solution investigated in this thesis, the consideration of non-binary codes. Non-binary
codes may also be considered for use in applications involving long codes. This is be-
cause not only can they provide a greater number of codes, but they can also improve
the performance of the system, as discussed below.

The intention of a direct-sequence system is to make the signals of other users appear

as random (or benign) noise to the desired signal (or user). One would intuitively expect
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therefore, that a spreading signal (or code) which has more than two levels would lead
to improved performance, because an increased number of possible code symbols should
allow smaller crosscorrelations and hence reduced interference; Reduced interference de-
creases the probability of bit-error and therefore improves performance. Taking this
argument to extremes, one would expect the best performance if the code alphabet size
is infinite (i.e. an analogue signal). The results of Ogliitiirk and Lam [101] comparing
binary, quaternary and non-binary (¢ > 4) sequences are in agreement with this expec-
tation. In particular, figures 6 to 9 in their paper show an improvement in performance
as the size of the code alphabet is increased. Further information on other results from
the research of Ozliitiirk and Lam on non-binary codes is provided later in this section.

There are practical reasons against using an infinite code alphabet and generally it
is best to limit the alphabet to quaternary as this avoids amplitude modulation (other
than inversion on the inphase and quadrature channels). Amplitude modulated signals
can often suffer problems in the mobile environment due to fading. To maintain the
necessary linear operation required with amplitude modulation, the high power amplifier
of the transmitter needs to be ‘backed off’. This then causes the amplifier to be inefficient
in terms of power usage. In relation to phase modulated or roots of unity (r.o.u.) signals
where the number of phases is greater than four, the greater number of phases may only
be maintained with coherent detection if the medium is phase stable. Such stability
may not be able to be provided in the mobile environment when longer code lengths
are employed. For these reasons, whilst this thesis investigates non-binary codes of any
cardinality, quaternary codes are emphasized.

The intuitive expectation of smaller (peak) crosscorrelation values for non-binary
in comparison with to binary sequences has been proven to be true by Kumar and
Moreno in [98], (see also [185]). Using the Sidelnikov bound?® on the peak even periodic
crosscorrelation ¢pax, [98] shows (with modifications to the notation to be consistent
with this thesis), that for binary (¢ = 2) sequences:

ok \2k+1
U2k (})

3The Sidelnikov bound applies for sequences generated using finite field arithmetic. This is important
to note as in chapter 4 some sequences generated do not employ finite field arithmetic. For information
comparing the Sidelnikov and Welch bounds see [98, p.604] and [97].

2> Qk+1)(N—k)+k(k+1)/2— (1.17)
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for 0 < k < 2N/5, and for non-binary (¢ > 2) sequences with any k > 0:

k 1 2kN2k+1
x> —;r (2N k)= ——— N
U(kD2(*Y)

In the above equations the family size U is related to the code length N via U = N7,

(1.18)

with r a real number and k = |r], i.e. k is the closest integer less than or equal to r. If
r is an integer and N > r, then the approximation to the Sidelnikov bound for binary

codes is:

1
P2 >N|(2r+1) - ——— (1.19)

II (2m—1)

m=1

and for non-binary codes:

1
2o > N (7" +1— —') (1.20)
T

This can be reduced for r =1 to the following:

A B (121
N ifg>2
Hence the peak crosscorrelation of the best non-binary codes can be approximately 70%
of the peak value for the best binary codes?, thus improving the worst case system
performance.

With regard to the best binary sequences, Gold codes [52] have been shown [171, p.606]
to be optimal in relation to the Sidelnikov bound. That is, they have the minimum peak
crosscorrelation value for their code period and family size. A set of quaternary sequences
which have a smaller peak crosscorrelation than binary Gold codes are those developed
by Solé [180] and independently by Boztag, Hammons and Kumar [17, Family A]. These
codes are often referred to as ‘4-phase’ or ‘4-phase optimal’ codes in some literature where
comparisons are being made with binary sequences. In this thesis they will be referred to
as Boztas codes to avoid any confusion. Detailed information on these codes is provided
in chapter 4. The family size and code periods of both Boztag and Gold codes are the
same. Practical code generation techniques have therefore been developed that validate

the intuitive expectation that non-binary codes should perform better than binary codes.

4In question time at the IEEE Universal Wireless Access conference in Melbourne in April 1994,
Serdar Boztag remarked to the author of this thesis that this result is also true for aperiodic and odd
periodic correlation.
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An important point to consider however, is that the above discussion considers only
the peak value of the crosscorrelation, which applies in the worst case. For the average
level of performance the discussions in chapter 2 and the analysis and conclusions of
chapter 3, show that other features of the crosscorrelation spectrum should be consid-
ered as well as the peak value, e.g. the mean-square crosscorrelation. Harrison Rowe
developed bounds on the mean-square even periodic crosscorrelation value in [165], but
unfortunately his analysis does not seem easily extendable to provide the same compar-
ison between binary and non-binary codes.

The expectation that non-binary codes can provide a better level of system perfor-
mance than binary codes is also supported by simulation and analytical studies. In
simulating a DS/SSMA system Cacopardi et. al. [21, 20] found that for codes of period
N = 127, the use of Boztag codes could allow up to 50% more users than binary Gold
codes at a probability of bit error appropriate for speech (PBE = 107?). The analytical
results of Lam and Ozliitiirk [100, 136, 101] also showed that the quaternary Boztag codes
performed better than binary Gold codes, and these results were for the performance on
average. These papers by Ozliitiirk and Lam further show that non-binary codes with
q > 4, such as the Frank-Zadoff-Chu (FZC) codes (discussed in chapter 4) could provide
even better performance, but the improvement was not as significant as that between
binary and quaternary codes.

Thus the intuitive expectation that non-binary codes can lead to improved perfor-
mance has been proven for the worst case, and is supported by simulation and particularly
analytical results for the on-average case. It is for this reason, as well as the greater num-
ber of codes that they can provide, that non-binary code spread-spectrum is investigated
in this thesis.

To familiarise the reader with spread-spectrum systems other than the conventional
binary system, the following section reviews the key papers in the literature on this.
Detailed literature reviews on other topics relevant to the research are provided in later
chapters. Those later reviews consider techniques for determining the probability of bit-
error of a spread-spectrum system, the measure of system performance used in the thesis,
and non-binary code generation. The review in the next section describes specific systems

and their associated terminology. This is important because the same terminology may
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often be employed in different contexts, which then requires the reader to be careful when

making comparisons between systems.

1.3.1 Prior Research: Non-Binary Spread-Spectrum Systems

Early research in the open literature on spread-spectrum systems other than binary
was conducted by Pursley and Garber who published several papers on this. In a 1978
paper [154] Pursley and Garber considered two types of quadriphase spread-spectrum
system. Two systems were considered because they noted that although a quaternary
sequence can be decomposed into two binary sequences (as shown in chapter 4), there
are certain quadriphase sequences with a correlation property that cannot be represented
by a pair of binary sequences with the same type of correlation property. Pursley and
Garber discussed Barker codes (see chapter 4) as example of this.

The first system they considered was termed orthogonal biphase-coded carrier spread-
spectrum. This system consisted of a pair of binary data signals and a pair of binary code
waveforms. One data sequence and spreading code for the inphase channel, the other
data sequence and other spreading code for the quadrature channel. The analysis in their
paper showed that the aperiodic correlation of each binary code played an important role.
This is in contrast to the second system considered which was termed quadriphase-coded

carrier spread spectrum. In the second system each inphase and quadrature carrier was

T 3w Sm Im
R R

phase modulated ({ } radians) by one code. Two binary data bit streams then
multiplied each carrier. The analysis in the paper found that the complex correlation
parameters were important in the quadriphase-coded carrier system. This first system is
therefore not a non-binary coded system in the context of this thesis, whereas the second
system is, but neither is it the conventional binary system, hence its review here.

It should also be noted that the literature often refers to spread-spectrum systems that
use binary data and a single binary code only on the inphase channel as BPSK (Binary
Phase Shift-Keyed) spread-spectrum. Both of the above quadriphase spread-spectrum
systems are also referred to as QPSK (Quadriphase Shift-Keyed) spread-spectrum or
occasionally quaternary spread-spectrum. However, a large proportion of the literature

employing the term QPSK spread-spectrum generally refers to the biphase-coded carrier

system.
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Pursley, Garber and Lehnert extended QPSK spread-spectrum to consider “gener-
alised quadriphase spread-spectrum” in a 1980 paper [155]. This was a biphase-coded
carrier system, but a time offset was allowed between the inphase and quadrature chan-
nels. The system was then termed offset QPSK (OQPSK) spread-spectrum. The analysis
of this system was provided in the paper and an expression for the average signal to noise
ratio (SNR) derived. The average SNR was a parameter proposed by Pursley and Garber
in [150] as a measure of the performance of the system. An approximation to the PBE,
the performance measure used in this thesis, can be obtained by using the average SNR.
This approximation is discussed in detail in chapter 2.

Pursley et. al.’s 1980 paper also modified the analysis to not only allow an offset
between the inphase and quadrature channels, but to consider different code-chip pulse

shapes. If the code-chip waveform W(t) is sinusoidal:

\/i.sin(%t), 0<t<T.,

0, otherwise

U(t) = (1.22)
and the offset between the inphase and quadrature channels is T,/2, half the code-
chip duration, then the resultant signal is termed minimum shift-keyed (MSK) spread-
spectrum. More information on MSK spread-spectrum including relevant literature is
provided in section 3.2.3 in chapter 3.

Garber and Pursley continued the investigation into OQPSK spread-spectrum in [46].
In this later paper they provided a generalised expression for the transmitted signal,
which employed {£1,+j} codes with the orthogonal quadriphase-coded carrier system.
This system is then equivalent (see for example Krone and Sarwate [95]) to the system
of this thesis discussed in section 1.2. The author of this thesis found that the references
provided in section 1.2 gave a clearer description of the system. Garber and Pursley’s
paper also used the average interference parameter (AIP), a component of the average
SNR parameter, to compare different systems. The average interference parameter is
discussed in detail in section 2.2.1 of chapter 2 and is frequently referred to in later
chapters of this thesis.

Comparisons between the systems discussed so far have been conducted in a few
papers, and before continuing the review of different non-binary systems, three of these

papers are discussed below. These papers by Laforgia et. al., Lunayach, and Torrieri (all
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referenced below), provide some interesting results and important points to note.

Laforgia, Luvison and Zingarelli compared BPSK, QPSK, OQPSK and MSK spread-
spectrum in [99] using the results obtained from simulations of each system. Examining
the results of their paper, in particular [99, Table IV], they found that for lower bit-energy
to noise (E,/N,) ratios MSK had a lower PBE than QPSK, which was lower than OQPSK;
This was for ten users and a code period N = 511. As the E,/N, ratio increased further,
a region where the codes have more influence on performance (refer section 2.1), QPSK
performed better than MSK and OQPSK was significantly worse. When fifteen users were
considered OQPSK still performed the worst, but the difference was not as significant as
previously. These are interesting results and they illustrate an issue, that is, it is difficult
to draw general conclusions on issues relevant to spread-spectrum communications, in
this case on which is the best modulation method, from tests conducted on sets of actual
sequences (either by analysis or simulation). This problem and a means of its solution
are investigated in subsequent chapters in this thesis.

R.S. Lunayach [113] also investigated quadriphase spread-spectrum communications
with both BPSK and QPSK data modulation, biphase and quadriphase spreading and
long and short codes. In this paper Lunayach refers to biphase spreading as the situ-
ation where the same code is impressed onto the inphase and quadrature carrier, and
quadriphase spreading as the use of different binary codes on each carrier. These are dif-
ferent definitions to those of Pursley and Garber previously discussed. Torrieri [186, 187]
who uses the terminology of Lunayach also described the latter system as quaternary
direct-sequence.

This is another point to note when reading the literature on non-binary systems, the
same terminology is employed in different contexts. To be certain of the terminology
employed when comparing systems and particularly their conclusions, one must look at
the form of the transmitted signal. To avoid any confusion of terminology in this thesis,
the system is described as quaternary-coded CDMA (Q-CDMA). The definition of the
system of this thesis (given in section 1.2) is the same as the biphase SS system with a
polyphase-coded carrier of Fukumasa, Kohno and Imai [45]; that employed by Lam and
Ozliitiirk [101]; and discussed by Krone and Sarwate [95] as the orthogonal quadriphase

coded carrier system of Pursley et. al. in [46].
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Torrieri’s and Lunayach’s investigations led to the following conclusions, using their

terminology:

e Quadriphase DS systems performed better than binary under both tone and mul-

tiple access interference (MAI).

e Balanced quadriphase modulation was preferable to classical quadriphase modula-
tion against tone (narrowband) interference. The performance was the same under

multiple access interference for both systems.

The balanced quadriphase system of Torrieri, which using Pursley and Garber’s notation
is a system with the same binary data impressed onto each biphase-coded carrier, is
the closest to the system utilised in this thesis. However for the system in this thesis
each spreading code would be ternary {+1,0} rather than binary. The first conclusion
of better performance than the binary SS system should therefore hold for the system
of section 1.2. This is because when that system is viewed as employing ternary codes
on each carrier, the zeros in the codes can be exploited to reduce the crosscorrelation
between different codes. In contrast, it is not intuitively obvious why the QPSK or
MSK spread-spectrum systems should perform better than binary-code (BPSK) spread-
spectrum. Neither is it clear whether or not the second conclusion of better performance
under tone interference holds for the system in this thesis. Torrieri stated that the better
performance under tone interference occurred because a tone cannot have a phase which
can cancel both carriers simultaneously, and this can occur in the Q-CDMA system.
Returning to the discussion of different non-binary spread-spectrum systems, perhaps
the most significant recent contributions have been made by Ozliitiirk and Lam in a series
of papers. The research of Lam and Ozliitiirk [101] on non-binary spread-spectrum
systems was mentioned previously to show that the use of non-binary codes can provide
better performance than the use of binary codes. In their research Lam et. al. have
proposed and investigated several different non-binary spread-spectrum systems which
are discussed below. They have also developed analytical techniques to accurately bound
the probability of bit-error for the systems they considered. Chapter 2 reviews in detail
their method for bounding the probability of bit-error of the non-binary system used in
this thesis. This method was employed in the thesis whenever the PBE of the system

was required for a set of specific codes.
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In early research [136], Ozliitiirk and Lam investigated the non-binary spread-spectrum
system employed in this thesis. This research formed the basis of their later journal pub-
lication [101] referred to above and previously. These publications illustrated that sets of
non-binary codes could be found whose performance was better than sets of the so-called
best binary codes, Gold codes (which are discussed in chapter 4). The 1990 conference
paper [136] also considered a non-binary system employing long and short codes. In
agreement with the results of Kérkkéinen et. al. [79] for binary codes, previously men-
tioned, Ozliitiirk and Lam found similar levels of performance between long and short
non-binary code systems.

Later publications by Lam and Ozliitiirk (and Tantaratana) proposed and investi-
gated a variety of different non-binary systems. In their 1991 Information, Sciences
and Systems conference paper [102] they considered a DS/SSMA system in which each
user was provided with M non-binary sequences for transmission. Trellis Coded Mod-
ulation (TCM) was also incorporated with this system because of the improvement in
performance TCM has provided in other applications (see for example the research of G.
Ungerboeck). Similarities exist between the system in this paper and later multiuser or
multicode CDMA research. Multiuser research is primarily concerned with binary code
sequences, however [102] found better performance when non-binary sequences were em-
ployed. This is perhaps an issue for future multiuser CDMA research to consider.

Another system was employed in their 1992 Military Communications conference
paper [137]. This paper extended the simple non-binary code SSMA system to allow M-
PSK (M-ary phase shift-keyed) data. The results of this paper again show that a SSMA
system with non-binary codes performs better than a corresponding SSMA system using
M-PSK data and binary codes. In addition, figure 4 in the paper shows that the use of a
binary data signal provides better performance than either 4-PSK or 8-PSK data. This
is another reason why this thesis considers only binary data, the primary reason being
that the emphasis is upon the non-binary codes.

Ozliittirk, Tantaratana and Lam have also recently considered an additional non-
binary code system [138]. This system uses non-coherent binary data modulations such
as DPSK (differential phase shift-keying) and FSK (frequency shift-keying). Figure 4 in
the paper [138] shows that BPSK data modulation performs better than either DPSK
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or FSK data modulation. A point to note with this is that the channel model was
the same as that used in section 1.2, i.e. multipath propagation and fading are not
considered. If the model and analysis of their paper had considered multipath, fading or
other non-linearities (which are associated with the components of a practical system,
e.g. the high-power transmitter amplifier), then DPSK may well have provided improved
performance over BPSK data modulation. This issue is not investigated in this thesis,
but it could be considered in future research.

The review in this section has introduced the reader to the different non-binary
spread-spectrum systems that are discussed in the literature. The review has also high-
lighted several important conclusions in regard to the different systems. The considera-
tion of these conclusions contributed to the selection of the simple (or original) system
investigated by Ozliitiirk and Lam [136, 101] for research in this thesis. The research
in this thesis also concentrates on the non-binary codes, their generation and important
properties, and the simple system considered by Ozliitiirk and Lam is the most appro-
priate for investigating these issues. Further, because the emphasis is on the codes all
users are also assumed to be received at the same power level, and the channel is not
degraded by multipath propagation or fading.

To introduce the investigation of code properties, the next section discusses the prop-
erties pseudorandom codes are desired to possess. This discussion is based on an ex-
amination of the literature on binary pseudorandom codes and the properties have been
extended in that section to apply to non-binary codes. Examining the desired properties,
and after a consideration of the review of methods for determining the PBE, in the early
part of chapter 2, it should become clear that some properties require a more precise
definition. Defining the desired code properties more precisely is the first research issue
investigated in this thesis. This issue is proposed in the latter part of chapter 2 and

resolved in chapter 3.

1.4 Pseudorandom Code Properties

The analysis in section 1.2 shows that the crosscorrelations between codes determine

the performance in a multiple access environment, where the performance is measured
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by the probability of bit error (PBE). In practice however, the choice of a CDMA code
family for personal and mobile communication systems is dependent not only upon the
code family size and crosscorrelation spectra, but on many factors. Other factors which
require consideration when designing a complete communication system include: ca-
pacity, throughput, multipath outage, synchronisation and acquisition times. Although
these are not investigated in this thesis, the reader is reminded of their importance.
To commence the investigation of code properties, this section reviews those properties
which are commonly discussed in the literature on pseudorandom or pseudonoise (PN)
sequences.

Historically [145, 30, 114], the properties binary pseudorandom sequences used in
direct-sequence spread-spectrum are desired to have, are consistent with those that could
be expected to be obtained by tossing a fair coin N = 2™ —1 times, and by comparing two
sequences of NV coin tosses. To digress slightly, the choice of the code period as N = 2™ —1
corresponds to the period for a maximal-length sequence. Chapter 4 discusses maximal-
length sequences in some detail because they are an important class of PN sequences.
Thus to extend the desired properties to the non-binary code alphabet, the fair coin

analogy may be replaced by that of a fair ¢-sided dice. The properties then are:

1. Balance property: Over the complete sequence, the number of occurrences of

each symbol will be approximately equal.

2. (a) Run property: A run® of r contiguous identical symbols will occur about

N.q7" times in the sequence of length V.

(b) Window property: The occurrence of all r-tuples (r < m) will be approxi-

mately equal.

3. The autocorrelation, ¢;(7), of the sequence PN;(¢) with a time-shifted version of
itself PN;(¢ + 7) is small except as 7 — 0, where ‘small’ is defined relative to the

inphase autocorrelation ¢;(0) # 0.

4. The crosscorrelation, ¢; ;(7) for i # j, between PN,(¢) and PN;(t 4 7) is small in

comparison to the inphase autocorrelation for all 7.

5No runs of length r > m can exist, otherwise the period of the sequence is N = 1.
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The first three of these properties are referred to in this thesis as the randomness
properties. The Window property is the most general and the Run and Balance prop-
erties are special cases of this. The Balance property is important as it ensures that
the d.c. component (or mean value) of the code or code modulated signal can be ne-
glected. The Run and Window properties are important for comparing the structure of
the pseudorandom sequence with truly random noise or sequences.

The remaining two properties, referred to as the correlation properties, are also im-
portant when comparing the pseudonoise signal with random noise. Autocorrelation is
important in regard to the correct selection (acquisition) of the despreading sequence
by the receiver, the correct time alignment between the transmitted and despreading
sequences (synchronisation and tracking), and the self-interference which arises in a mul-
tipath environment. The crosscorrelation determines the mutual interference between
different simultaneously transmitted signals.

Two additional code properties are also required in certain situations: stability and a
high linear complexity. Stability is important in the generation of non-linear codes, and
the linear complexity of a code is a measure of how secure the code is; furthermore, linear
complexity is a property often investigated for non-linear codes as well. In chapter 4 the
novel method of code generation developed can produce non-linear codes, these properties
are therefore discussed in detail in that chapter.

Ensuring that the spreading sequence has the listed pseudorandom properties is im-
portant, not only to practical and performance considerations, but also when analysing
the system. Assuming that the sequences are truly random significantly reduces the
amount of computation required in analytical techniques, and the review of methods
for approximating the PBE in chapter 2 highlights this. The introduction to chapter 3
also discusses additional reasons why random codes are often assumed in place of deter-
ministic codes. Thus if the deterministic codes satisfy properties consistent with random
codes, then analytical techniques assuming the use of random codes should provide results
comparable to those for deterministic codes, but with a substantially reduced amount of
computation.

It is important to digress slightly at this point to make some comments in relation to

randomness and finite length random sequences. Randomness is an ensemble property.
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Thus in analysis, randomness is ascribed by giving a set of codes certain properties. To
define a finite length sequence as random really refers to the a priori conditions by which
the sequence was generated, not the a posteriori consideration of the properties of the
sequence. Pseudorandom sequences are therefore defined as those sequences, irrespective
of their generation, which have properties consistent with those expected of a random
sequence, such as one generated by the tossing of a fair coin or dice. In this thesis,
particularly chapter 5, where comparisons are made with random sequences, the reference
is to codes generated by a program which simulates the tossing of a fair ¢-side dice. These
issues on randomness will be discussed further in later chapters.

Returning to the discussion on desirable code properties, the ideal autocorrelation and
crosscorrelation spectra are a delta function and the zero function respectively. However,
in an asynchronous environment it is not possible to simultaneously satisfy both of these
properties, there is a tradeoff between having good autocorrelation properties and having
good crosscorrelation properties. This tradeoff is shown by the Welch bound which is
discussed in section 3.4. The Welch bound shows that for a given family size as the
peak crosscorrelation is reduced the peak out-of-phase autocorrelation value increases.
Many designers of codes therefore seek to simultaneously minimise both the peak cross-
and out-of-phase auto-correlation values for a given family size. This design approach is
commonly employed and is often termed the min-max criteria. The resultant codes may
also be described as being optimal with respect to the Welch bound.

Examining the desirable properties of PN codes it can be seen that those relating to
randomness (balance, run and window) are well defined. In contrast, the crosscorrelation
properties are not well defined; “How small is small?” Furthermore, the crosscorrelations
between codes determine the interference and consequently the PBE of the system. The
first research question considered in this thesis is therefore: “What features of the cross-
correlation spectrum influence performance and to what extent?” This question still
causes consternation in relation to binary codes, which the majority of spread-spectrum
systems employ. There are effectively two schools of thought. Code designers tend to
concentrate on the peak correlation values (the min-max criteria), and this gives an in-
dication of the worst case performance, but how likely is it to occur? In contrast, system

designers consider other features of the correlation spectrum. These features are best
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illustrated by different merit factors. The peak value is of course a simple merit factor,
but the reference here is to the mean-square crosscorrelation and sidelobe energy for
example.

Thus to help resolve the first research issue and more precisely define the desired
code properties, different merit factors are investigated in chapter 2. These merit factors
were formulated from the analysis of the probability of bit error of the system. The early
part of chapter 2 therefore reviews a selection of analytical methods for determining the
PBE. Not only does this introduce why the merit factors were proposed, but it provides
important background information for other aspects of the thesis and this is explained
further in that chapter.

The relative importance of different code properties and merit factors must of course
be investigated before code generation is. The early chapters of the thesis are therefore
concerned with code properties, and these chapters provide some important conclusions
in regard to code generation and the comparison of code families which are investigated
in later chapters. To highlight the important original contributions of this thesis to its

field they are summarised in the next section.

1.5 Contributions Of This Thesis

To complete the introduction, the original contributions of the thesis to its field are
highlighted for the reader.

The author of this thesis recognised the potential importance and advantages of
employing non-binary codes in a spread-spectrum system before conducting a literature
review. Once a literature search had been conducted, it then became clear that others
shared this view. The author has also noted increasing interest in this field during the last
three years. To prove that non-binary systems can perform better than binary systems
is clearly going to be difficult (as well as subjective), because many issues in relation to
performance and desirable code properties have not been resolved for binary codes before
the necessary extension to consider non-binary codes.

This thesis therefore contributes to the theory and understanding of spread-spectrum

systems employing non-binary (specifically quaternary) codes on a more fundamental
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level. The thesis develops a “meta-level” technique to evaluate the influence of different
features of the crosscorrelation spectra on system performance. The technique itself is
not as important as the conclusions drawn in relation to code properties by its use.
These conclusions have important ramifications for code generation and it shown that
the existing school of thought requires refinement.

In discussions with other researchers in this field (whose work is referenced), after
the publication independently of work by this author, it is apparent that the conclusions
drawn on code properties in this thesis are becoming increasingly accepted by system
designers. However, the author is not aware of any publications by others which translate
this knowledge on important code properties to the ideas in relation to code generation
(and indeed a novel code generation technique) developed by the author of this thesis.
Rather, others who share the views on important code properties tend to recommend
the use of random codes in the system, as opposed to the prior view of designing codes
to minimise the peak crosscorrelation value. Advocating the use of random codes does
not resolve the issue of code generation however. Code design or generation is therefore
the region where, in the opinion of the author, this thesis makes its most important
contributions to the field.

This thesis therefore contributes several important ideas in relation to code design
and the influence of code properties on system performance, for non-binary code spread-
spectrum systems. No prior research by others has been conducted on this, to the
best of the author’s knowledge, and the results obtained are consistent with the small,
but increasingly accepted results being published analogously for binary systems. The

research of this thesis also provides many avenues for future investigation.
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Chapter 2

System Performance: Deterministic

Codes

In this thesis, the system performance is measured by the probability of bit-error
(PBE). Obtaining the error probability by the complete simulation of a direct sequence
system involves, in most cases of interest, long run times to obtain results. This was
therefore considered inappropriate as a means of gaining an insight into how variations
in different parameters affect performance. Such knowledge is required before code gen-
eration can be considered. Analytical techniques are therefore employed in this thesis to
determine the PBE for the Q-CDMA system.

In the first section of this chapter, prior literature on analytical techniques for deter-
mining the PBE of spread-spectrum systems is reviewed. The review is not exhaustive,
but it highlights key papers which employ different techniques. Many of these meth-
ods have been developed primarily for binary spread-spectrum communications, but the
techniques can and in some cases have been extended to consider non-binary codes.

The review of different methods of deriving the PBE is important for several reasons:

1. An examination of the different methods provides an insight into code properties
that should be considered in relation to code design, i.e. which properties does the
system analysis highlight? This is to assist in resolving part of the first research

issue: the identification of important code properties.

2. One technique is reviewed in section 2.1.2 in greater detail than the others. This

method, which was developed by Ozliitiirk and Lam (based on the prior research
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of others), is regarded as very accurate and it has been employed throughout the
thesis whenever the PBE of a set of deterministic sequences has been calculated.
It also forms the basis of the novel analysis in chapter 3, which before it was
developed considered the different analytical approaches of the methods reviewed

in section 2.1.

In regard to the first point, some authors also define merit factors (such as the av-
erage signal to noise ratio, or average interference parameter), as a consequence of their
analysis. Merit factors are frequently employed in the literature for one of the following

purposes:
1. To select the optimal phase of a code.

Section 2.2, which investigates code phase, shows that because the transmission is over
an asynchronous channel, the phase of the codes is important. The phase of a code
should not be confused with the phase of the transmitted signal; code phase is common

terminology for the staring point of the sequence, it is not a phase angle.
2. To select subsets of codes from a large code family, or to compare code families.

Merit factors are employed for this second reason because their calculation requires sub-
stantially less computation than the calculation of the PBE does.

Section 2.2 therefore investigates the influence of the code phase on performance.
This is because there is no consensus in the literature on which is the optimal criteria,
and the different criteria emphasize different correlation features (via the merit factors).
Thus investigating the different criteria and determining the optimal criteria assists in
resolving the first research issue mentioned above.

Section 2.2.1 reviews the literature on the different criteria (or merit factors) and
discusses them in detail. Section 2.2.2 then compares the performance of a selection of
codes for each different criteria. These tests have been conducted in order to determine
the optimal criteria (and hence important properties), but as the discussion in section 2.3
shows, they provide another important result.

This chapter therefore serves several separate, but related purposes, and these are

important for later chapters of the thesis.
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2.1 Methods For Determining The Bit Error Prob-
ability

In determining the probability of bit error (PBE) of a system two analytical techniques
can be employed. An approximation to the PBE can be derived, or bounds (in some
instances approximations to bounds) can be obtained. Bounds provide more information
than an approximation as they provide a measure of the accuracy of the result, but they
are computationally more intensive, hence the use of approximations.

The literature review is therefore divided between approximations and bounds on the
PBE. Methods of approximating the PBE are reviewed in section 2.1.1 and bounding
techniques are reviewed in section 2.1.2. As mentioned previously, the review has several
purposes. One reason is to familiarise readers with the key papers and hence techniques
for calculating the PBE of the system. Therefore whilst the review is extensive it is by
no means exhaustive.

Another reason for the review is that understanding the different techniques and their
limitations provides an insight into important code properties to consider. Recall that
before code generation can be considered (in chapter 4), the designer needs to identify the
important properties and their relative importance. Approximations generally provide
more insight into the influence of code properties on performance than bounds, but
there is always the question of the validity (and accuracy) of the approximation. The
reader may be familiar with the use of a Gaussian approximation, a contentious issue in
spread-spectrum literature, this approximation is discussed in detail in section 2.1.1.

In the review of methods to bound the PBE of a spread-spectrum system, the ap-
proach of Lam and Ozliitiirk (which is directly applicable to the QPSK and Q-CDMA
systems), is reviewed in detail. There are two reasons for this, firstly it does not employ
the Gaussian approximation and it can be used to provide arbitrarily tight bounds on
the PBE without the need for calculation of the higher-order moments of the MAI. This
technique has therefore been used throughout the thesis in all tests which required an
accurate calculation of the PBE for a small set of deterministic sequences. Ozliitiirk
and Lam’s technique is used for example in section 2.2.2 where tests are conducted on

a selection of sequences in order to determine the optimal code phase criteria. These
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tests provide a significant conclusion in regard to resolving the first research issue on the
relative importance of code properties. This conclusion leads to the research of chap-
ter 3, and the second reason why Ozliitiirk and Lam’s technique is reviewed in detail. An
aspect of their method is used in the development of some novel analysis in chapter 3 to
overcome the problem identified in section 2.2.2 (and discussed further in section 2.3).
The review of methods for determining the PBE therefore serves several purposes in
regard to the research in this thesis, and some of these are relevant for the research in

later chapters.

2.1.1 Approximations To The PBE

The most commonly employed approximation to determine the PBE in a spread-
spectrum system is the Gaussian approximation. The Gaussian approximation assumes
that the multiple access interference (MAI) may be regarded as Gaussian noise of appro-
priate mean and variance. This was proposed by Pursley in 1977 in a paper on system
analysis [150]. By considering the variance of the MAI, Pursley derived an expression

for binary codes for the average signal-to-noise ratio (SNR):

[N
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(2.1)

where 24,,1(0) + p1,,1(1) is the average interference parameter (AIP) (which is dependent
on the crosscorrelations of the codes). The AIP is discussed, and fi,1(0) and g, (1) are
defined, in the section on merit factors 2.2.1 as an understanding of this parameter is

not required at this point. The probability of bit error (P,) is then given by:

P, = Q(SNR) (2.2)
where the Gaussian tail probability (or the Q-function) is:

Q(k) = \/%—W fo e (2.3)

It has been shown (for example in [136]), that these equations are also applicable to
non-binary systems (in particular the Q-CDMA system considered here), provided that
the AIP is redefined as 241,1(0) + Re{p,1(1)}. Pursley had previously defined the AIP

for complex-valued sequences in this manner in [154].
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In the 1977 paper [150], Pursley also gave a further approximation of the average
SNR which is applicable for random codes:

o=

(2.4)

m:{U‘l NO}

3N T 2E,
This can be (and commonly is) used for an initial system design to indicate the tradeoffs
between the code period (N), the number of users (U) and the bit-energy to noise (E,/N,)
ratio.

The above equations apply when the code-chip pulse shape is rectangular, but these
have been modified in later literature to consider different pulse shapes [159], and the
multipath channel [75]. Holtzman [67] also improved the accuracy of the equation for
random binary codes by using a conditional Gaussian approximation. The conditional
Gaussian approximation is discussed further later in this section.

It has been mentioned above that the use of the Gaussian approximation by Pursley
is a contentious issue in the literature. The usual justification for employing the Gaussian
approximation is the Central Limit Theorem [141, pp.214-221], particularly when the
code period is large. Yao [199], whose bounding technique is discussed in section 2.1.2,
examined the accuracy of the approximation and concluded that although the Gaussian
interference model is suitable for many situations, it is not accurate with small numbers
of users, low-length codes and high SNR (E,/N,).

In 1979, using an information theory approach, Mazo also examined [119] the validity
of the Gaussian approximation. He concluded that whilst a set of codes could be found
to make the approximation suitable for a particular user, the Gaussian approximation
really leads to an average over all possible ways of assigning sequences in a DS SSMA
system. Mazo’s conclusions also show that as the peak even periodic crosscorrelation
value for the code set increases, the Gaussian approximation becomes less accurate.

Pursley in his 1987 paper [153] on spread-spectrum for packet radio systems claimed
that the Gaussian approximation is accurate if U/N is not too large. Pursley suggested
that although one might expect the interference to be closer to Gaussian for a larger
number of interferers this is only true if the interference is normalised, as required by the
Central Limit Theorem, which it is not.

Pursley’s comments above disagree with those of later researchers however. In 1989,

Morrow and Lehnert [126] examined the Gaussian approximation in detail and their
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conclusions are now well accepted. Morrow and Lehnert discussed how the Central
Limit Theorem was often given as the justification for the Gaussian approximation when
the code period N was large. They then showed that regardless of N, a large number
of users U, was required before the standard Gaussian approximation became accurate,
provided that thermal noise could be neglected (i.e. high SNR or E}/N,); results which
are in agreement with those of Yao. They also found that the Gaussian approximation
holds reasonably well when long spreading sequences are used, the code period N > 1,
the number of users U > 1, and the PBE is not too small.

Pursley’s technique, often referred to as the standard Gaussian approximation, is
frequently employed throughout the literature. Clearly care must be taken with its use,
and because of the regions in which it is accurate it is not used to determine the PBE
for small sets of deterministic sequences in this thesis (e.g. section 2.2.2 and chapter 5).

However, Pursley’s technique is important for several reasons:

e Several merit factors and specifically criteria for selecting the optimal code phase
have been defined and developed from the analysis. This is shown in section 2.2.1

in the review of merit factors.

e These merit factors (as section 2.2.1 shows) highlight the importance of considering
not only the correlation values (related to p(0)), but also the adjacent pairs of
correlation values (related to p(1)). The definitions of £4(0) and (1) are given in

section 2.2.1.

Pursley’s technique is also a suitable (and computationally convenient) approximation
in regions where the PBE is small (and the performance is dominated by AWGN, rather
than the code properties), a region where commercial voice-only mobile communication
systems are likely to operate.

In their 1989 paper, Morrow and Lehnert developed a conditional Gaussian approxi-
mation to the PBE and claimed that this approach was more accurate than the standard
approximation. In the conditional Gaussian approximation, the Gaussian approxima-
tion is applied to the probability of bit error conditioned on different variables (e.g. code
delay, and the type of correlation). Sadowsky and Bahr, using large deviations theory

[167], examined this approximation and found that it provided a very good estimate
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if the interfering signals had equal power. When that was not the case (such as for
the Near-Far situation), the technique developed in their paper was more appropriate.
Their technique is a hybrid involving simulation (importance sampling) and analysis.
This thesis also assumes that the interfering signals all have the same power. Removing
this restriction would unnecessarily complicate the intention of the research, which is to
investigate code properties and code generation.

Morrow and Lehnert’s technique was developed for random binary signature se-
quences, but unlike equation 2.4 which does not include any factors (apart from the
period N) pertaining to codes, Morrow and Lehnert’s technique highlights the need to
consider adjacent pairs of code symbols, or the discrete-time aperiodic autocorrelation
at an offset of one code chip, i.e. C(1). This parameter is estimated for random se-
quences in [126]. The accuracy of the conditional Gaussian approximation, particularly
in the regions where the codes have the predominant influence on performance, led to
it being adapted in later literature to apply to deterministic sequences. The literature
on these later refinements (including the technique of Ozliitiirk and Lam) is discussed in
the review of methods for bounding the PBE in section 2.1.2.

A suitable concluding comment on the accuracy of the Gaussian approximation is a
quote from the paper by Sadowsky and Bahr: “Of course a problem with the Gaussian
approzimation (conditional or unconditional) is that it is difficult to predict where it will
break down.” Careful note has been taken of this warning. However not all methods of
approximating the PBE employ a Gaussian approximation, and some of these are now
discussed. Many of these techniques (and those bounding the PBE) can be traced or
related back to the research of Wu in [197, 196]. In the first paper [197] two methods were
developed. Both techniques used the moments of the interference, because they are easier
to evaluate than distributions, especially when the number of users is large. One method
used a Taylor series expansion of the Q-function and the other Gauss Quadrature Rules
(GQR) to express the PBE integral as a linear combination of a finite number of values
of the O-function. Wu’s paper, which discussed the computational complexity of many
prior techniques, found that the GQR approach was more efficient than a Taylor series
expansion. The accuracy of each technique could also be obtained from the convergence

in the terms of the series or expansion.
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In the companion paper [196], the Gram-Charlier method was used to expand the
unknown probability density function (PDF) of the multiple-access interference (MAI)
as terms of the derivatives of a known PDF, the normal distribution. This technique had
a lower computational complexity than the GQR approach, but it was inaccurate for
small user numbers and high Ej/N, ratios, regions where the codes have the dominant
influence on performance.

The series expansion method of Wu was used by Pursley and Geraniotis [49] in 1982,
to improve the accuracy of their approximation to the PBE. Their technique did not
employ a Gaussian approximation either. In the 1982 paper, the PBE was obtained
by integrating the characteristic function of the interference. This technique allowed
different code-chip pulse shapes to be considered and was developed for MSK, QPSK
and OQPSK as well as binary spread-spectrum. Except in special cases however, it re-
quired the numerical calculation of double integrals, which is computationally intensive,
and for this reason it has not been employed in this thesis. This work has also been ex-
tended in a later paper by Geraniotis and Ghaffari [48] to consider both synchronous and
asynchronous systems; random and deterministic sequences; and binary and quadriphase
systems. A point to remember when considering the novel analysis of chapter 3 is that
characteristic functions could have been employed, rather than the direct approach used.
The author made the choice arbitrarily, both are equally acceptable and have similar
limitations.

Thus in summary, Pursley’s standard Gaussian approximation best highlights some
important properties of codes to consider (and this will become clearer after the discus-
sion on merit factors in section 2.2.1), but it is not suitable for the tests in this thesis
which require the calculation of the PBE for small sets of deterministic sequences. This
latter comment also applies to the techniques of Wu. A more accurate approximation
(in the region of interest) is the one by Morrow and Lehnert, but this only applies to
random sequences. However, several important techniques which bound the PBE extend
this analysis to deterministic and then to non-binary sequences. These techniques are
reviewed along with others in the next section, in order to identify other (additional to
this section) important code properties, and to select a suitable method for accurately

calculating the PBE for small sets of deterministic sequences.

40



2.1.2 Bounds On The PBE

Early work on determining the bit error probability in spread-spectrum systems was
conducted by Yao [199]. Using a generalised moment of the multiple access interference
and an isomorphism theorem from Game (or Moment Space) theory, Yao was able to
relate the PBE to the generalised moment of the MAI. This theorem had been previously
applied to bound the PBE in intersymbol interference problems. Yao derived expressions
in [199] for the second, fourth, single exponential and multiple exponential moments, in
terms of the partial crosscorrelations of the codes. The second moment is the variance
of the MAI, as employed in the standard Gaussian approximation by Pursley which has
been discussed in the previous section.

Yao found that the bounds for the first three moments were tight if the code length
was long and the number of users small. For short codes or larger user numbers (subject
to a constraint given below), the bounds were not necessarily tight. Only the use of the
multiple exponential moment produced tight bounds for the PBE for most situations in
which the method is valid.

Thus there are two main disadvantages with Yao’s technique. Firstly, it is only
suitable if the MAI is less than the signal strength. This is the constraint between the
code period and number of users mentioned above. For example, Wu [197] showed that it
could be applied to a maximum of 5, m-sequences of length 127, before the constraint was
violated. Secondly, the complexity of Yao’s technique increases rapidly as the number of
codes (or users) increases.

The limitation that the total MAI must be less than the signal strength is also true of
the method by Pursley, Sarwate and Stark [159], the companion paper of [49] discussed
in the previous section. This approach used the convexity of the Q-function to upper and
lower bound the PBE integral (given later), by summations of terms of the Q-function.
It is therefore analogous to the Gauss Quadrature Rule approach of Wu. Although this
technique was shown to be tighter than the second moment bound of Yao, its complexity
also increased exponentially with the number of users. It was also remarked in this paper
that this technique could be extended to consider quadriphase (or Q-CDMA) systems.

The constraint that the total MAI must be less than the signal strength, is the reason
why the two methods above have not been employed in this thesis. Whilst the tests in
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this thesis only consider small user numbers, Wu’s example suggests that the criteria is
too restrictive. Alternatives without this constraint do exist, and these are now discussed.
Dou and Milstein’s method [31] for binary codes for example, can be used without the
restriction that the total MAI remain less than the signal strength. It also upper and
lower bounds the PBE integral by summations of Q-functions in a manner similar to the
approach above.

Gauss Quadrature Rules were also applied by Laforgia, Luvison and Zingarelli [99],
but their technique required evaluation of the higher order moments of the multiple
access interference. A large number of moments were required for reasonable accuracy,
even with small numbers of users and small code periods. The literature often regards the
evaluation of the higher order moments of the MAI as a drawback of such a technique,
because of the large amount of computation required in their calculation, but Laforgia
et. al. presented computationally efficient algorithms to calculate these. This paper was
also perhaps one of the first to present bounds on the PBE for QPSK, OQPSK and
MSK, as well as binary spread-spectrum systems. The results of this paper have been
discussed in section 1.3.1. This technique could have been applied in this thesis, but the
discussion below leads to a discussion on the technique the author considered the most
appropriate.

In 1987 in relation to random binary sequences, Lehnert and Pursley [108] developed
a new approach to the bounding of the PBE. This was an important paper in the devel-
opment of some later techniques, particularly the one which is employed throughout this
thesis. Rather than obtain upper and lower bounds by replacing the integral involved
in calculating the PBE by a summation of terms (numerical integration), the technique
of this paper bounded the probability density functions (PDFs) of the code-pair inter-
ferences. Upper and lower bounds on the PBE were then obtained via the upper and
lower bounds on the PDFs. An advantage of this technique was that its complexity was
polynomial rather than exponential.

Lehnert and Pursley’s technique was extended to consider deterministic binary se-
quences by Nazari and Zeimer in 1988, [130]. Instead of bounding the PDF, their ap-
proach bounded the cumulative density function (CDF) of the MAI This technique

clearly highlights the importance of considering not only correlation values, but also the
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adjacent pairs of values. This is in agreement with the properties Pursley’s standard
Gaussian approximation emphasizes, and it is not unexpected given that the continuous-
time (CT) crosscorrelation can be expressed in terms of the values and adjacent pairs of
values of the discrete-time (DT) crosscorrelation. Nazari and Zeimer’s paper also pro-
vides a very clear explanation on obtaining the upper and lower bounds on the PBE from
the CDF of the MAI. It also rigorously proves that their approach does provide upper
and lower bounds on the PBE. To digress slightly, Lehnert also extended his approach
to consider deterministic sequences in 1989 in [106].

The extension of Nazari and Zeimer’s analysis to non-binary CDMA systems was
made independently by Hsu and Lehnert [68], and Ozliitiirk and Lam [136], in conference
papers in 1990. Ozliitiirk and Lam initially considered the non-binary spread-spectrum
system of this thesis and then in later research applied this to M-ary data modulation, and
non-coherent and trellis coded modulation systems [102, 100, 137, 138]. This research
has been discussed in section 1.3.1. Hsu and Lehnert’s original work considered the
generalised QPSK signal formats, i.e. QPSK, OQPSK and MSK. Other publications by
them in relation to this include [69, 70]. For the sake of brevity, this technique will be
referred to as Ozliitiirk and Lam’s, as this was the only one that the author of this thesis
was aware of until Hsu and Lehnert’s 1990 paper was highlighted by a reviewer. The
reader is reminded however that the technique was developed independently by both sets
of authors.

It is this technique, because of its accuracy and direct applicability to the Q-CDMA
system, that is applied in this thesis whenever an accurate indication of the bit error
probability is required for a set of deterministic sequences. In summary, their technique
obtains an expression for the CDF of the total MAI. This is derived from the conditional
code-pair interferences and hence is analogous to Morrow and Lehnert’s conditional Gaus-
sian approximation to the PBE (discussed in the previous section), the accuracy of which
is considered very good for the region of interest.

The average probability of bit error P,, for BPSK data signalling and a quaternary
code alphabet {£1,+j}, is given by equation 2.5 [101, Eq. 2.10]:

r=[" f;(z).Q( 2}\2” (1- %)) d> (2.5)

where f;(z) is the probability density function (PDF) of the MAI Assuming mutual
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independence between all code-pair interferences, the PDF of the MAI is the (U — 1)-fold

convolution:
fI(Z) = (f12,1 *fls,l *"'fIU,1)(Z) (26)

The unconditional PDF of I, is related to the PDF of the code-pair interference, con-

ditional on delay and even or odd periodic correlation, as follows:

1 N-1 B
fro. () = IN Z Z f]u,1|zu,$(x|lm¢) (2.7)

b=¢,6 =0

If the code-chip pulse is rectangular, then Ozliitiirk and Lam [101] show that:

_ 1 1
f]u,luu’g(xﬂu,(ﬁ) :/0 W\/ﬁ.dé lz| < r (2.8)

where

r = VE+F5+G.02

A = Re{o(l)} B=Re{d(l.+1)}
C = Im{¢(l.)} D=Tm{p(l+1)}
E = A?4+ B?

F = 2A(B—A)+2C(D-0C)

G = (B—A?2+(D-C)

Expressions for the conditional cumulative density function (CDF) of L1, F; . 5(2),
for all values of the variables A to G are derived in [101].

Having derived an expression for the unconditional CDF of the MAI, Fj,  (z), the
PBE can be bounded as discussed below (a summary of [130, 101] based on the original
proposal in [108]). Let [—1/2S,1/25] denote the maximum range of the PDF of I,; and
define A = 24/25/M for some even (for convenience) integer M. The CDF of I, is
then sampled at the locations z; = (i — M/2 — 1)A for i € [1...M]. A round-down
PDF of I,; can then be obtained by moving the probability mass of I, in (z;, zit1)
to an impulse of strength F7, (zi41) — F1,,(2) at 2. Similarly for the round-up PDF,
the impulse is located at z;;1. Once the round-down and round-up PDFs of I,; have
been obtained, the round-down and round-up PDFs of the total MAI can be obtained
by a discrete convolution. The resultant will be a PDF of (U — 1)(M — 1) + 1 impulses
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of strength Pr(k) located at z, = (k — (U — 1)M/2 — 1)A for the lower bound, and at

!

2, = (k—(U—-1)(M/2—1)—1)A for the upper bound, where k € [1...(U—-1)(M —1)+1].
Since Q is a monotonically decreasing function the PBE can then be bounded as given

below:
(U-1)(M—1)+1

2Eb Zk>

P;(k). 1—-—=)| <P, 2.9

> me((-3)) < 29)
(U=1)(M=1)+1 °E g

P. < Py (k). bl1-zk 2.10

<z e (-3)) 210

Whilst techniques which bound the probability of bit error are accurate and highlight

the importance of some code properties, they generally do not give a good insight into the
relative importance of different code properties and hence how codes should be designed.
It could be suggested that to gain such an insight, one should just conduct tests with
actual sets of sequences using these approaches. Conclusions on the importance of dif-
ferent code properties could then be based on the results. However if test are conducted
in this manner, then one must consider the influence of code phase on the results. The
next section discusses and investigates code phase.

Several criteria have been proposed in the literature (mainly as a result of Pursley’s
standard Gaussian approximation), to select an optimal code phase, but there is no
consensus as to which is the most suitable. Further, these criteria employ different merit
factors (i.e. emphasize different correlation features), thus if the optimal code phase can
be identified, so a preliminary understanding of which correlation features should be
given greater emphasis can be obtained. Section 2.2.1 therefore discusses in detail merit
factors and criteria for selecting the optimal code phase. Section 2.2.2 then conducts tests
on a selection of quaternary codes using the accurate bounding technique of Ozliitiirk
and Lam (reviewed above) in order to determine which criteria (and hence correlation
features) should be emphasized. As the discussion in section 2.3 shows however, the

results of section 2.2.2 lead to further research on this issue in chapter 3.

2.2 The Influence Of Code Phase On Performance

In the previous section, techniques for determining the performance of a spread-
spectrum system have been reviewed. This review highlights the importance of con-

sidering not only the peak crosscorrelation of codes, as discussed in the Introduction,

45



but the occurrence frequencies of the discrete-time (DT) correlation values and the oc-
currence frequencies of adjacent pairs of DT correlation values, for both even and odd
periodic and hence aperiodic correlation.

To develop new code generation techniques, or evaluate existing techniques, the de-
signer requires a thorough understanding of how code properties (correlation features),
relate to and influence performance, hence the research question: “What is the relative
importance of different code properties on performance?” This then determines which
factors are the most important when designing or selecting codes, and which features
should be used to compare different code families.

One solution to the research issue, and the commonly employed solution when com-
paring code families, is to conduct tests with subsets of actual codes. The difficulty with
this approach is that there are many factors which can influence performance and it is
difficult to maintain control over all of them. The phase of the code, for example, can
make drawing conclusions on code properties difficult for the asynchronous environment.

This section therefore investigates the influence of the code phase on performance.

Definition 2.2.1 Code Phase - The initial starting point cq of the periodic sequence

c= (60761: - '7CN71)

Aperiodic and odd periodic correlation are influenced by the phase of the code, whilst
the even periodic correlation is not. In an asynchronous environment, assuming a ran-
dom binary information sequence, both even and odd periodic correlation are equally
important to performance. Thus as the odd periodic correlation varies with the code
phase, so will the performance (or PBE) of the system, and this is shown by an example
in section 2.2.2.

As mentioned previously, several criteria have been proposed to optimise the code
phase, but the literature is not clear as to the most suitable criteria. Many of the
criteria were developed from Pursley’s standard Gaussian approximation (reviewed in
section 2.1.1), and as part of the criteria merit factors are employed. Merit factors
emphasize different features of the crosscorrelation spectrum to consider, and the peak
value is of course a simple merit factor. However, approximations are often made so

that a merit factor may be more easily calculated. Such approximations may include
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the use of the Cauchy or Triangle inequalities and therefore whilst the approximations
may be accurate in some cases, they can be inaccurate in others. Thus to investigate the
influence of code phase on performance, criteria for selecting the code phase must first
be reviewed.

Identifying the relative importance of the different criteria, and particularly identify-
ing the optimal criteria for selecting the code phase, therefore provides an insight into
which merit factors should be emphasized, because the different criteria for selecting the
phase highlight different merit factors. Merit factors and criteria for selecting the code
phase are therefore reviewed in detail in section 2.2.1, and tests employing the different
criteria are conducted on subsets of codes in section 2.2.2. Finally, it should also be
noted that merit factors are often used to select subsets of codes or to compare different
code families, because they require substantially less computation than the calculation

of the PBE does. This is another reason for their investigation.

2.2.1 Merit Factors

Merit factors are used in spread-spectrum theory to compare code families, select
subsets of codes, and to select the phase of the code so that the performance may be

optimised. The criteria commonly employed to select the code phase are:
e Least Sidelobe Energy/ Auto-Optimal (LSE/AO) [156]
e Auto-Optimal/ Least Sidelobe Energy (AO/LSE) [156]

e Minimum, Mean-Square Crosscorrelation (MSC)

or Average Interference Parameter (AIP) [150, 158, 168, 157, 154, 156, 170, 56|

The first two are employed the most in the literature for selecting the phase of a code,
the third occasionally and the last infrequently. The reasons for this will become clear

in the following discussion, where the above terms are defined for codes a and b.

Definition 2.2.2 Sidelobe Energy

SE.=2 3 GG a5 Col=1) = [Ca0)]" (2.11)
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Sidelobe energy is a measure of the variance of the out-of-phase discrete-time au-
tocorrelation values and analogously, the mean-square crosscorrelation is a measure of
the variance of the aperiodic crosscorrelation values. Sidelobe energy may be defined
either with or without the factor of 2 shown in equation 2.11. In this thesis, when the
sidelobe energy of the aperiodic autocorrelation is calculated (for example section C.4
of appendix C), the factor of two has been included, as it highlights that the aperiodic
correlation is calculated over the delays (1 — N) to (N —1) and it shows the analogy with
the MSC better. When the sidelobe energy of the even or odd periodic autocorrelation
is calculated however, the factor of two is not included. Similarly the MSC in those cases
is only calculated over the delays 0 to N — 1. This discussion is important as some of
the original papers for the latter equations define the sidelobe energy of the aperiodic
autocorrelation without the factor of 2. Those equations have been suitably modified

here for consistency in this thesis.

Definition 2.2.3 Mean-square crosscorrelation

MSC = p1,(0) where

-1

pap(k) = Y Cap(D[Cap(l+k)]* (2.12)

I=1-N

The importance of the MSC can be seen in Pursley’s Gaussian approximation to the PBE,
equation 2.1 of section 2.1.1. The calculation of all of the mean-square crosscorrelations,
from equation 2.12, between codes in a family involves substantially more computation
than the calculation of all of the sidelobe energies of the codes in the family. However,
Sarwate and Pursley showed [158, Eq. 5.24] that the MSC can be rewritten in terms of

the autocorrelations of the code sequences:

N-1

pap(k) = 3. Ca([Co(l+ E))* (2.13)

I=1-N
This equation substantially reduces the amount of computation required to calculate the
MSC as discussed in [171].
The mean-square (aperiodic) correlation given above can also be expressed [156] in
terms of the mean-square (even) and mean-square (odd) correlations. An examination

of the tabular correlation values given in chapter 5 verifies this equation.

N-1 N-1 _ N—1
Y basD?+ D [dap(F =2 D [Cap(D)F (2.14)
1=0 1=0 I=1-N
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Sarwate and Pursley also showed [158, Eq. 5.26] that by applying the Cauchy inequality
to the following equation:
N-1 N-1
Z 1Cus(D)]? = N? + 2726{ Z Ca(l).[Cb(l)]*} (2.15)
I=1-N =1

bounds on the MSC could be obtained in terms of the sidelobe energy.

N? — \/SE,SE, < MSC,, < N? +4/SE,SE; (2.16)

Similar relations can be found if even or odd periodic correlation replaces aperiodic
correlation in the MSC and SE equations.

Thus by minimising the sidelobe energy, the bounds on the mean-square crosscorre-
lation can be made tight. This is the underlying principle of the least sidelobe energy
(LSE) criteria. O’Farrell discussed in [134] how this would not always provide good

performance, and subsequently proposed the following criteria:
e Maximum Sidelobe Energy/Auto-Optimal (MSE/AO)

This criteria ensures that the lower bound on the MSC is as low as possible and subsets
of codes can then be found which have lower MSC values than those of the LSE phase.
If the Gaussian approximation of Pursley is then used to determine the PBE, it can be
seen that the MSE phase subset will provide better performance than the LSE subset. A
minor disadvantage with the MSE algorithm is the need to sort the codes before selecting
the subset, but efficient algorithms exist for this. However, if the entire code family is
being considered, the LSE criterion is more important than MSE, as all codes then have
a smaller range of MSC values and hence the variation in performance is smaller when
different codes are considered.

The least or maximum sidelobe energy phase of a code is not necessarily unique.
Massey and Uhran [117] therefore introduced the additional criterion of an auto optimal

(AO) phase.

Definition 2.2.4 Auto Optimal - The code phase such that the peak out-of-phase odd
periodic autocorrelation is minimised. This phase may not be unique, so the one for

which the peak value occurs the least number of times is chosen.

This phase is important for simple multipath channels where it is desirable to minimise

the sidelobes of the autocorrelation. The odd periodic autocorrelation is considered
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because even periodic autocorrelation is independent of the phase of the code. The auto-
optimal code phase may not be unique either, although in combination with the MSE or
LSE phase the resultant generally is.

The selection of AO/LSE or LSE/AO generally depends upon whether multipath
propagation, or multiple access interference is perceived as having the greater degradation
on performance. The criteria AO/MSE is also worth consideration if subsets of codes
are employed. This criteria has not previously been proposed in the literature, but it is
a trivial extension of O’Farrell’s proposal.

The final merit factor referred to above is the average interference parameter (AIP).

Definition 2.2.5 Average Interference Parameter

AIP =145 = 2p0,(0) + Re{pa (1)} (2.17)

The average interference parameter (AIP) was derived in Pursley’s Gaussian approxi-
mation to the PBE (discussed in section 2.1.1), and is a component of the average SNR
another merit factor used by Pursley and commonly used in the literature to compare
subsets of codes. The definition of the AIP is dependent upon the code-chip pulse shape,
and the above definition is for a rectangular pulse shape. If the code-chip pulse shape is
sinusoidal, as for MSK spread-spectrum, then [152] defines the AIP as:

(15 + 2m)
1272

(15 —7)

AlPusic = 1272

11(0) + (1) (2.18)

Clearly the AIP is dependent on the mean-square crosscorrelation, but not only does it
consider the occurrence frequencies of the discrete-time crosscorrelation values, but also
the occurrence frequencies of the adjacent pairs of values. Pursley and Garber [154] also
related the AIP to the mean-square difference, a parameter often employed in RADAR
systems where spread-spectrum also finds application.

In summary therefore, the review of merit factors has highlighted different criteria,
or features of the crosscorrelation spectra that should be considered when designing or
evaluating spreading codes. The reader is reminded of the discussion in the Introduction
on the desired code properties, and in particular the inadequacy of the definition of the
correlation properties. Consideration must clearly be given to the MSC and AIP to

better define this.
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In the next section, section 2.2.2, the PBE of a subset of different codes is calcu-
lated with each of the different criteria for selecting the code phase: LSE/AO, AO/LSE,
MSE/AO, AO/MSE, minimisation of the AIP, and minimisation of the MSC. The reason
for this is to identify, if possible, an order of importance of the different criteria, which
then identifies an order of importance of the merit factors: sidelobe energy, peak value,
MSC and AIP, since they comprise the phase selection criteria. Certainly the discussion
in this section suggests an order, especially if Pursley’s standard Gaussian approximation
is used to calculate the PBE, but there is the question of the accuracy of the Gaussian
approximation (see section 2.1.1), and the Cauchy and Triangle inequalities. The tests
in section 2.2.2 therefore use the accurate bounding technique of Ozliitiirk and Lam (see
section 2.1.2), to compare the criteria and give an indication of the relative importance

of each, something the discussion in this section cannot provide.

2.2.2 Variation In Performance

This section illustrates the influence of code phase on the performance of the system
by testing the different criteria for selecting the code phase on a subset of sequences.
Ozliitiirk and Lam’s accurate technique for bounding the PBE has been employed in the
tests and the sequences are random quaternary codes. The codes were generated by a
computer program® which simulates the tossing of fair ¢-sided dice. These codes have
been employed so as to avoid any potential bias in the results which may have occurred
if a specific code family had been employed (i.e. many commonly used code families have
well defined correlation properties and relationships).

To digress slightly, whenever tests are conducted in this thesis they generally employ
codes of period N = 63. There are several reasons for this: Firstly, maximal-length codes
are defined in chapter 4 as those with a period of N = ¢ — 1, for the g-ary alphabet and
where m is an integer. Thus 63 is a length consistent with this. Many code generation
techniques produce codes of this period hence the comparison is easier, and fairer because
the PBE of the system is strongly dependent upon the period of the codes. Secondly,
the selection of the code period must be sufficiently large to provide meaningful results

without requiring excessive computation times for analysis programs, and in the author’s

! A modification to the algorithm ran0, given in [149, p.216], to generate uniformly distributed integer
[0..3] values, and map these values to {£1, +j}.

o1



opinion 63 is a suitable length for this. Finally, Chan and Lam commented [22, p.540]
that “.. commercially available parallel correlation-type receivers can only handle from
8 to 64 chips simultaneously. Thus the period of spreading sequences is limited to a small
number in practice.” This is also consistent with the choice of 63 as the code period.
Returning to the examination of variations due to code phase, figures 2.1 and 2.2 for

U =5 and U = 10 users, provide three important conclusions.

Conclusion 2.2.1 There is no single optimal criteria when LSE/AO, AO/LSE, MSE/AO
and AO/MSE are considered.?

That is, in figure 2.1 the LSE/AO phase has the worst performance, then AO/LSE and
AO/MSE which both have similar performance. The MSE/AO phase selections are the
best of these four criteria. In figure 2.2 however, the MSE/AO phase is now the second
worst, selection after the LSE/AO phase. The AO/LSE and AO/MSE phases still have
a similar level of performance. Thus it is not possible to conclude that any of these four
criteria is the optimal choice of phase selection in the multiple access environment, or
to determine the order of their importance. The LSE/AO phase is the worst in both
tests here, but it would not be difficult to find another subset of codes which perform
better with the LSE/AO phase than the MSE/AO phase. The discussion on O’Farrell’s
development of the MSE/AO criteria shows that this statement is true. The results of

Kérkkéinen and Leppénen in [80] for binary sequences support the conclusions above:

“It was found that use of AO/LSE and LSE/AO phase optimisation criteria
did not give any significant advantage in decibels as compared to randomly se-
lected sequence phases, as the criteria do not minimise crosscorrelation func-

tions directly.”

Conclusion 2.2.2 The minimum AIP phase is the phase most likely to ensure optimal

performance, and the minimum MSC phase is only slightly worse in comparison.

2A point to note with figures 2.1 and 2.2 is that the phase of each of the codes was adjusted to
satisfy the LSE/AO, MSE/AO, and AO/LSE criteria, as these involve autocorrelations. In selecting
the minimum or maximum MSC (and AIP) phase, the phase of the first code was fixed and that of the
remainder varied. The results therefore show how the performance is influenced when a property of the
code family is adjusted, rather than showing how the alteration of the phase of one code in the family
influences its performance.
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Figure 2.1: The influence of code phase. Five users.
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Figure 2.2: The influence of code phase. Ten users.
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Figures 2.1 and 2.2 further show that minimising the average interference parameter
provides the best performance in both cases, as this does directly minimise the cross-
correlation functions, unlike the criteria involving the sidelobe energy. Minimising the
MSC also results in a performance level which is only slightly worse than that for the
minimised AIP curves. This is important as section 2.2.1 has discussed how the MSC can
be computed with substantially less operations than the AIP. The AIP and MSC may
therefore be regarded as important merit factors, certainly more so than the sidelobe en-
ergy for this situation. Conclusions cannot be drawn on the relative importance between
the peak (odd periodic) crosscorrelation value and the sidelobe energy from these tests.
The even periodic crosscorrelation is of course independent of the code phase.

The small difference between the AIP and MSC phases is consistent with the com-
ments of Pursley and Sarwate [158, p.802]: “For most applications, however, the approz-
IMation Ty, & Ty, = 2p,,(0) is quite satisfactory.” The results of Kérkkéinen [77, 78,
Table 1] for binary codes, which show that the percentage of u(1) to r,, tends to zero
as N becomes large, also support the result here, as does an examination of the tabular
values given in chapter 5. Furthermore, the expectation of p(1), E{u(1)}, is equal to zero,
the proof of which for non-binary codes can be seen from equation 2.16 and [136, p.70],
hence E{AIP} = 2E{MSC}, i.e. the average value of the AIP is approximately equal
to twice the average value of the MSC, hence the minimised AIP and minimised MSC
phases should provide a similar level of performance. Ideally a proof that the variance of
p(1) is small in comparison with p(0) is also required to ensure that the MSC and AIP
phases produce similar results, but the author of this thesis is not aware of any proof of
this.

There is one further point to make in regard to the use of the AIP and MSC as merit
factors. The reader may be concerned with their use since they were derived as part of
Pursley’s Gaussian approximation to the PBE, and section 2.1.1 has discussed that this
approximation may not be accurate in the regions where the codes are the dominant
influence on performance. However, the MSC and AIP were derived by considering the
variance of MAI between two users, and hence derived directly from the interference
expressions which are dependent on the crosscorrelations. The Gaussian approximation

has therefore not been made at this stage of the analysis.
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The MSC and AIP also relate to the second moment in Yao’s bounding technique
which is discussed in section 2.1.2. It is worth considering whether the higher order
moments employed in Yao’s paper [199], should be employed as merit factors. This has
not been done, nor discussed in any prior literature. An examination of the fourth and
exponential moments in Yao’s paper shows however, that the moments depend only on
factors analogous to p(0) and p(1), with both of equal importance. The previous results
(and indeed those in chapter 5) have found p(0) > |u(1)|, hence it is not worthwhile
considering these higher order moments as merit factors, as any improvement gained
would be expected to be small in relation to the additional computation over the use of
the minimum MSC phase.

One further conclusion can be drawn from Figures 2.1 and 2.2:

Conclusion 2.2.3 The variation in performance (or the PBE) due to the variation in

code phase can be significant.

The large variation in the PBE for the maximum and minimum AIP (or MSC) phases
shows that the influence of code phase can be significant for smaller user numbers and
a higher E,/N, ratio, the region where the code properties have the greatest influence
on performance. Pursley et. al. [159, 49] also observed large variations when maximum
and minimum average SNR phases were employed in similar tests on binary sequences.
Their results thus support the result here for non-binary sequences. Pursley et. al. also
found that the difference between the maximum and minimum average SNR phases was
greater if the code-chip pulse shape was sinusoidal rather than rectangular, but they
did not provide an explanation as to why this was so. Section 3.2.3 explains why the
variation should be greater for the sinusoidal code-chip pulse shape. Thus care must
be taken when comparing code properties, subsets of codes, or code families from tests
conducted on a selection of sequences, because if the phase of the codes is not considered
then the conclusions are potentially subjective.

The results of this section have therefore provided three important conclusions, and
these conclusions are important to different aspects of the research in this thesis. First,
the conclusions assist in resolving the research issue of determining important code prop-
erties and their relative importance. Second, the conclusions are important for the re-

search in chapter 5 which compares different code families and generation techniques.
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These points are explained further in the next section which provides an overview of
this chapter, but the discussions in later chapters best show the significance of these

conclusions.

2.3 Discussion

The introduction to this chapter remarks that it serves several distinct but related
purposes, and as mentioned previously, some of the conclusions are relevant for the
research in later chapters. The conclusions are collected in this chapter however, because
they all stem from the same topics or investigations, but they will be discussed again in
later chapters. This section therefore provides an overview of the chapter to show how
the issues relate and to explain the significance of the conclusions for later chapters.

In section 2.1 literature on different analytical techniques for determining the PBE of
spread-spectrum systems is reviewed. Approximations are reviewed in section 2.1.1 and

bounds on the PBE are reviewed in section 2.1.2. The review serves several purposes:

1. Tt provides an insight of important code properties to consider, from a system anal-
ysis viewpoint. Specifically, it helps to identify the desirable correlation properties

of codes.

2. The review is also used to select the method (used throughout this thesis), of ac-
curately determining the PBE of subsets of deterministic sequences. This method,
which is referred to as Ozliitiirk and Lam’s technique, is discussed in detail as part
of the review. Furthermore, an aspect of their technique is also employed in the

novel analysis developed in chapter 3.

In the development of approximations to the PBE several merit factors have been
proposed. Merit factors are commonly used in the criteria to select an optimal code
phase, and they highlight important code properties to consider. They may also be
used to compare different code families; The peak value is an example of a merit factor
commonly used for this second purpose. Section 2.2.2 therefore investigates code phase,
because this is a property which can influence the PBE of the system. Section 2.2.1 re-

views the different criteria for selecting the code phase and the associated merit factors.
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The different criteria emphasize different merit factors (features of the crosscorrelation
spectrum), thus if the order of importance and the relative importance of the different
criteria is determined, so the same conclusions will apply to the merit factors (or cor-
relation features), and this helps to determine the important code properties and their
relative importance.

Section 2.2.2 therefore investigates the different criteria for selecting the code phase
by conducting tests on a selection of sequences. The results lead to two important

conclusions.

Conclusion 2.3.1 The minimum AIP phase is the code phase most likely to ensure the
best performance, and the minimum MSC phase is a close approximation to this. Criteria

minimising the sidelobe energy do not necessarily improve performance.

This conclusion is relevant to the first research issue of the thesis on determining
important code properties and their relative importance. It shows that the AIP highlights
important features of the crosscorrelation spectrum to consider, and that the MSC is a
dominant component of the AIP. These conclusions are supported by the results for

binary sequences discussed in section 2.2.2.

Conclusion 2.3.2 The variation in performance (PBE) due to the variation in code

phase can be significant.

This second conclusion is important not only in regard to investigating code proper-
ties, but also to how code families should be compared (in chapter 5). To explain further,
if two sets of codes with different peak values are compared and the codes have arbitrary
phases, then it is not possible to conclude in an unsubjective manner which set of codes
is the best, and hence how important the peak value is (i.e. the choice of different code
phases would not alter the peak even periodic crosscorrelation value, but it would alter
performance and thus perhaps the result). The reader may also recognise that this is how
many code families are compared in the literature (i.e. by a single merit factor, usually
the peak even periodic crosscorrelation value), and that it is not a sufficient comparison.

Another manner in which code families (or codes with different peak values for ex-
ample) could be compared is by conducting tests on subsets of sequences and comparing

their PBE. Conclusion 2.3.2 above shows that if this approach is to be employed then:
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1. The code phase must be suitably chosen so that it does not influence the results
(on how important the peak value is, or which set of codes is the best). The results

suggest that the minimum AIP phase is the most appropriate.

2. The conclusion of which set of codes is the best, or if a property is important or
not, only apply to the situation considered. Generalisations should be made with

the utmost care because other code selections may provide different conclusions.

Comparing code families, or determining if a property is important (in general, not
for the specific situation tested), is therefore difficult and potentially subjective if tests
involving actual sequences are conducted, because there are many factors which can
influence performance and it may not be possible to control or understand the influence
of the different factors.

To overcome the first part of the problem, whenever comparisons are made between
different code families (in chapter 5), the PBE is compared for the minimum (and max-
imum) AIP phases and it is stressed that the conclusions only apply to that specific
situation. Chapter 5 explains this further and shows that it is an acceptable approach to
meet the requirements in that chapter. Before considering the second part of the problem
one final remark on code phase is made. It could be suggested that the variation in code
phase should be averaged out but this is not feasible, because in a system of U users
with codes of period N there are NYV~! combinations of phase to consider.

To overcome the second part of the problem the next chapter develops a novel an-
alytical approach to investigate code properties. The method does not employ actual
sequences and therefore eliminates the need to consider variations caused by code phase
on the results. It also provides a better understanding of how different factors influence
the performance. Amongst other properties, the technique is used to investigate the
peak and mean-square values and resolve the importance of these. This is because as the
Introduction and chapter 4 discuss, spreading code designers concentrate on the peak
value, but the system analysis suggests that the mean-square value or AIP should be
emphasized. The next chapter therefore completes the investigation of the first research

issue: the determination of important code properties and their relative importance.
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Chapter 3

The Influence Of Code Properties

On Performance

Whilst much research has been conducted on evaluating the bit-error probability of
spread-spectrum systems, this does not provide a good insight into how to design codes.
The techniques for random codes are often used to provide an initial system design to
indicate the tradeoffs between system parameters (code period, PBE, number of users
and Ej/N, ratio). The paper by Geraniotis and Ghaffari [48] considers random codes for

the following reasons’:

“First, random signature sequences are often used in an attempt to match
certain characteristics of extremely complex signature sequences with a very
long period. Second, random signature sequence models may serve as sub-
stitutes for deterministic models when the communications engineer is given
little or no information about the structure of the signature sequences to be
used in the system. Finally, in cases where the number of active users is very
large, the required computational effort for evaluation of the conditional error
probability — given the number of interfering users — may become prohibitive

when different deterministic sequences are used by the different users.”

Random code models do not provide the code designer with an insight into properties to

consider, or how to select subsets of codes from a code family.

!Minor grammatical corrections have been made to the quote.
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Analytical techniques for deterministic sequences, although highlighting some code
properties to consider (more specifically features of the crosscorrelation spectra), do
not always give an indication of the relative importance of different factors, such as
whether the peak or mean-square crosscorrelation is more important. The results of the
previous chapter also show that determining the relative importance of code properties
(or features of the crosscorrelation spectra) on performance is potentially subjective
if tests are conducted with actual codes. This is because it is difficult to control or
understand the influences of all the different factors on performance. The variation due
to some factors such as code phase can be significant.

The code designer therefore requires a model between these two extremes. The model
needs to eliminate the variance in the PBE which can be caused by the choice of the
phases of the codes, but it must be more accurate than models for random codes so that
the variation in the performance (PBE) can be observed as a property of the codes (or
a feature of the crosscorrelation spectrum) is varied.

A model of this nature, and the associated system analysis has been developed by this
author and published in [163] and [162]. Section 3.1 and 3.2 of this chapter further refine
the research of those listed publications, resolving some important research issues which
had been posed but not investigated at the time of publication. The reader should note
that the conclusions drawn from the novel analysis in this chapter are more important
than the model and analysis on which they are based.

Section 3.3 develops some additional novel analysis to relate the randomness and
correlation properties of codes. Whilst only approximate, it does help to unify these
properties, which although conceptually related are often treated as independent entities
in the literature.

The conclusions drawn from the investigations in sections 3.2 and 3.3 have important
ramifications on the code design philosophy. Section 3.4 shows the significance of the
conclusions drawn from the research in those sections, and it also shows the significance

of some of the conclusions at the end of chapter 2.
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3.1 Analysing System Performance: Virtual Codes

The need to develop a model between the one used for random codes and accurate ones
for used deterministic codes, has been recognised in the introduction to this chapter. The
purpose of the model is to allow the variations due to one code (or correlation) property
on performance to be observed, whilst maintaining control over others. The conclusions
drawn from the analysis will then help to identify the relative importance between code
properties. This understanding is important when considering how to design codes, or
for comparing different code families. To develop this model the abstract concept of a

virtual set of codes is introduced, and the system analysis for this developed.

Definition 3.1.1 Virtual Set of Codes

A set of codes, that may or may not exist, which satisfy a defined set of properties.

A virtual set of codes is a set of codes which satisfy specific code properties. Their
generation method is not defined, but because their properties have been defined, the
influence of one factor on performance (such as the peak value), can be observed whilst
maintaining control over others (such as code phase).

The classic example of a set of virtual codes is the ideal (or truly random, orthogonal)
set. The autocorrelation function of each of the codes in the set is a delta function, and
the crosscorrelation function between each pair of codes in the set is the zero function.
This set does not exist (it violates the Welch bound given in section 3.4), but a virtual set

of codes could equally well be defined to satisfy less restrictive criteria, such as having:
e a three-valued crosscorrelation spectra, or
e a specified mean-square crosscorrelation value.

A set of Gold codes satisfy the first criteria and a search of random codes (generated by
the dice tossing analogy), could produce a set satisfying the second.

In this thesis, the properties which are defined for the virtual set of codes are:
e the code alphabet is quaternary {+1,+5} and

e the probability density functions (PDF) of the real and imaginary, even and odd

periodic continuous-time (CT) crosscorrelation spectra, are specified.
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Several different mathematical methods could be employed to determine the PBE once
the PDFs have been appropriately defined. In the theory here, the analysis operates on
the PDF's directly (with suitable coordinate transformations), to obtain an expression for
the cumulative density function (CDF) of the total multiple access interference (MAI).
An alternative approach, as employed in some of the techniques reviewed in section 2.1 of
chapter 2, would have been to use the characteristic functions of the PDFs. This was the
approach taken by Cowl, Squires and Shafi in [28], which the author of this thesis became
aware of after the publication of these ideas in [163, 162]. Cowl et. al. only considered
binary codes, and the emphasis in their paper was on features of the channel: multipath
and fading, not features of the codes. The important issue however, is the expression for
the CDF of the MAI, the manner in which it is obtained is less important.

Once an expression for the CDF of the MAI has been derived, the technique reviewed
in detail in section 2.1.2 for bounding (or more precisely bounding the approximation
to) the PBE can then be utilised. A simple example to illustrate the analysis is given
in section 3.1.1. The example although simple, is not without merit, as discussed in

section 3.1.2.

3.1.1 Example - Symmetric Uniform PDF

The analysis for a virtual set of codes is illustrated in this section by way of a simple
example: all of the relevant probability density functions (PDFs) are assumed to be
uniform. The example is not without merit, and it will be employed in section 3.2 to draw
conclusions on the relative importance of different correlation features. The discussion
in section 3.1.2 will also show that if the analysis is modified to consider asymmetric,
stepped PDFs that contain spikes at discrete locations, then the method could provide
an accurate (bounded) approximation to the bit-error probability of a deterministic set
of codes. However, the reader is reminded that the technique has not been developed
for that purpose. It has been developed to allow conclusions to be drawn on the relative
importance of different code properties, without the results being influenced by the choice
of code phase. Some of the techniques reviewed in section 2.1 are far more amenable if

an accurate determination of the PBE of a set of actual codes is required.

Example 3.1.1 Symmetric Uniform PDF
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The real and imaginary components for both the even and odd periodic continuous-time
crosscorrelation between a pair of codes, have a PDF which is uniform over the region

[—S,S] and zero outside of that region.

In section 1.2 of chapter 1, the contribution of the normalised code-pair interference

to the receiver’s decision statistic is given (equation 1.8) as:

I, = Re{@CT(Tu).ejg“} (3.1)

where

Ou = &y — Wo. Ty (3.2)

with for a rectangular code-chip pulse shape,

aCT = a(lu) + (¢(Zu + 1) - a(lu))éu (33)
LT, < 7, <(l,+1).T, (3.4)
Oy = (1o —L.T.)]T, (3.5)
Thus:
I, = EZ}TG. cosf — agfl sin 6 (3.6)

where ¢or is a convenient notation which expresses that the correlation is either even
periodic (¢er) or odd periodic (¢er), depending upon whether the two information bits
impressed onto the received sequences spanning the despreading code are the same sign
or different. The superscripts indicates the real and imaginary components of ¢, hence
EZ?TG = Re{¢or}. A final point to note with equation 3.6 is that Krone and Sarwate
define their initial signal phase (, here) as the negative of equation 3.2. This explains
why there is a negative in equation 3.6 above and not in the corresponding equations
given by Krone and Sarwate [95, Eq. 13,14].

In [101, p.1608], Lam and Ozliitiirk showed that 6 and 7 may be regarded as inde-
pendent if the carrier frequency w, is sufficiently large, which is true of any practical
system. Pursley [152, p.159] proved the independence of # and 7 by an alternate means,
whilst also showing that € is uniform over [—m, 7| if £ is uniform over [—m, 7| and £ and
7 are independent. The common assumption that & is uniformly distributed over [—7, 7]

is acceptable, as Torrieri states [186], due to the instability of the oscillator.
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. —Re T . .
Recognizing that I,, 1, ¢ , ¢CQ{H, and 0 are all random variables, equation 3.6 may be
rewritten as equation 3.7, with obvious associations for notational simplicity and where

each random variable is shown in bold.
z = xcos(0) — ysin(@) = rcos(0 + ¢) (3.7)

where r = /x? 4+ y? and ¢ = arctan(y/x).
As discussed above, 6 is uniform over [—m, 7] and for this example the probability

density function of x and analogously y is given by:

1
5g  lel=S
fa(@) = (3.8)

0 otherwise

Using these PDFs an expression for the cumulative density function (CDF) for the
code-pair interference F,(z) = Fj, , can be obtained. The derivations for these equations
are provided in section A.1 of appendix A. That analysis, which differs from existing
approaches, raises several issues concerning independence and conditional independence
of different random variables. Section 3.1.3 discusses these independence issues in detail.

Once an expression for F,(z) has been obtained, Ozliitiirk and Lam’s technique (re-
viewed in section 2.1.2) for obtaining bounds on the PBE can then be utilized to de-
termine bounds on the approximation to the probability of bit-error P,, which for a

Q-CDMA system is given by equation 2.5 of chapter 2, repeated below:

P= [ n)Q ( 2]\;]? (1 - %)) @ 9

where Q(.) is the Gaussian tail probability and f;(z) is the PDF of the MAI, which is

the (U — 1)-fold convolution between the PDFs of the code-pair interferences:

fI(Z) = (f12,1 * f13,1 *... fIU,l)(Z) (310)
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3.1.2 The Probability Density Function Of The Continuous-

Time Crosscorrelation Spectra

Example 3.1.1 of the previous section illustrates the analysis for a virtual set of codes
for a mathematically simple case. The example is not without merit however, as the
discussion in this section will show. Figure 3.1a shows as approximation to the PDF
of QSZ;TG, the real component of the even periodic crosscorrelation (figure 3.1b) between
a pair of codes. The codes are the quaternary maximal-length sequences (expressed in
polynomial form) D?+3.D? +3.D + 3 and D? + 3.D? 4+ 2.D + 3. Chapter 4 provides an
explanation of maximal-length sequences and their polynomial representation.

The form of the PDF in figure 3.1a is essentially uniform, hence the merit of exam-
ple 3.1.1, because the basic form of the equations and integrals solved will be applicable
to more realistic examples. The form of figure 3.1a will be discussed in greater detail
shortly, but first it is best to clarify figure 3.1a so that the reader understands that it is a
PDF in the true mathematical sense (its area is equal to one), but it is an approximation

to the PDF of the continuous variable QSZ;TG. Two additional points should also be made:

1. The PDFs shown in this thesis are for illustrative purposes only, they are not used

in any numerical calculations.

2. For reasons explained in the next section (in regard to conditional independence), it
is not possible to derive an expression for these PDF's unless the codes are assumed
to be completely random. The results would then no longer apply to specific

deterministic sequences as is required for illustration of the key points.

The Probability Density Function

Figure 3.1a was obtained by sampling the continuous-time (CT) crosscorrelation func-
tion ¢Z~2Te of figure 3.1b. Each sampled value of the CT crosscorrelation was then quan-
tised with a quantisation step size of A,. The sampling rate was sufficiently high to avoid
aliasing. The quantisation step size (or number of quantisation steps) was chosen by trial
and error in order to reduce the impact of quantisation error effects on the figure, given

that the true form of the PDF was known in advance, as a latter discussion explains.
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Figure 3.1b: Continuous-time crosscorrelation spectra.
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The process of quantisation leads to the use of the term ‘approximation’ in regard to the
PDF.

After sampling and quantisation, an occurrence frequency diagram (or histogram) of
the (sampled and quantised) CT crosscorrelation values was produced. The reader may
find it helpful to visualise this as analogue-to-digital conversion of the CT crosscorrelation
spectrum. Connected to the output of the A/D converter are counters to record how
many times each distinct digital output number occurs. This analogy will be extended
shortly.

To convert the histogram, or occurrence frequency diagram into a continuous function
(the PDF), an assumption needed to be made. The assumption was that the value at
each quantisation step along the correlation axis, could be uniformly distributed over the
quantisation interval, a reasonable assumption. Thus each discrete value in the histogram
has been divided by the quantisation width in order to produce the approximation to
the PDF. Note that this explains why the value in the PDF near the correlation value
of minus one is greater than one; The discrete value is less than one as it has to be, but
in distributing it over A, (with A, < 1), the resultant is greater than one. The reader
may again find it helpful to view this process in terms of digital to analogue conversion
and the operation of a sample-and-hold circuit to reproduce the waveform. That is, each
previously referred to counter (representing how many times a CT crosscorrelation value
has occurred), is polled in turn, input to the D/A converter and the PDF constructed
via the sample-and-hold circuit. Alternatively, this process may be viewed as the reverse
of an aspect of the method used by Ozliitiirk and Lam to bound the PBE, the technique
which section 2.1.2 describes in detail. The specific aspect of the method is the conversion
of the continuous PDF to the probability mass impulses. The reverse process has been
described above.

Figure 3.1a is therefore a PDF in the mathematical sense as it has an area equal to
one, but it is an approximation because of the quantisation process and the assumption

involved in converting the impulses at a point to a value over the range of width A,.

67



The Significance Of The Simple Example

Figure 3.1a shows that the approximation to the PDF of the continuous variable d)nge
in figure 3.1b (a plot of the real component of the continuous-time even periodic cross-
correlation), consists of uniform regions and spikes. The term ‘spike’ is used fairly loosely
and will be explained further shortly.

The shape of this PDF is easily explained by examining the continuous-time cross-
correlation spectrum of the two codes shown in figure 3.1b. Notice that the discrete-time
crosscorrelation values are —1,15 and —17. Consider first two values between, but not
including minus one and fifteen. All of those values will occur the same number of
times in the crosscorrelation spectrum. Hence the PDF is uniform between minus one
and fifteen. Similarly it will be uniform between minus one and minus seventeen. The
discrete-time crosscorrelation values occur a different number of times to those above
however, and this causes the spike at those locations. The height of each uniform re-
gion and spike is determined by the occurrence frequencies (or discrete PDF) of adjacent
pairs of the discrete-time crosscorrelation values, which is of course dependent on the
occurrence frequencies of the discrete-time crosscorrelation values themselves. Thus as
minus seventeen always occurs in isolation, a minus fifteen pair occurs only twice, and a
minus one pair regularly, so the height of the spike for minus one is much greater than
for minus fifteen, which is greater than for minus seventeen.

Thus the shape of the PDF for any continuous-time crosscorrelation spectrum can
be obtained, given the discrete-time correlation spectrum and assuming a rectangular
code-chip pulse shape. In section 3.2.3 a sinusoidal pulse shape is also considered.

The form of the PDF also means that the analysis for example 3.1.1 need only be mod-
ified to consider an asymmetric, stepped PDF that contains spikes at discrete locations
to be applicable to actual codes. The extension to allow asymmetry is relatively straight-
forward, the only difference is that each integration quadrant (figure A.1 in section A.1 of
appendix A) is no longer the same. Similarly the extension to consider stepped PDFs is
also straightforward. The incorporation of spikes into the analysis although conceptually
simple, is difficult in practice, not only with the direct approach given here, but also

using characteristic functions and other methods.
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Discussion of the term ‘spike’

The term ‘spike’ is used loosely in the above discussion. In figure 3.1a the term spike
refers to a uniform region of width A, and height A which has a uniform region of a
different height on both sides. Spikes only occur at values corresponding to the discrete-
time correlation values (—1, —17,+15). It is not clear whether the spikes are due to delta
functions or infinities in the PDF. Lehnert’s 1987 paper [108] includes delta functions
(hence the term spike above) in the PDF of the CT crosscorrelation at the locations
corresponding to the discrete-time correlation values. Significant effort was devoted to
modifying the analysis to include these delta functions, but a satisfactory result could
not be produced. The best approach was to model the spike by using a uniform region
of width e and the height some factor of 1/e and let € tend to zero. This meant that
the mathematics was tractable and straightforward, but due to the very large number
of terms in the equations, the symbolic mathematics package employed was not able
to produce a result. The same limitation in the symbolic mathematics package is also
encountered if the spike is treated as a uniform region of width A,.

The inability to extend the analysis to consider delta functions (or spikes) in the

distribution should not be seen as a disadvantage for several reasons:

1. The extension would be important if the approach was intended to determine the
PBE for actual sets of codes. This is not the reason it has been developed, as
the techniques reviewed in section 2.1 are far more amenable for determining the

performance of actual codes.

2. Consideration of spikes would allow the influence of occurrence frequencies of ad-
jacent pairs of correlation values on performance to be observed. However this is
not recommended, the results and discussions in section 2.2.2, and particularly the
results of Kérkkéiinen [78, Table 1] show that for most cases, the occurrence fre-
quencies of adjacent pairs of correlation values have little influence on performance.
Recall, that section 2.2.2 shows that the AIP = 2(0)+Re{u(1)} ~ 21(0) = 2MSC,
because £(0) > |u(1)| in most cases. The mean-square crosscorrelation p(0) is
dependent only on the occurrence frequencies of the correlation values. The occur-

rence frequencies of adjacent pairs of correlation values are represented by pu(1).
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Figure 3.2: A comparison of actual and virtual codes - uniform distribution.

Thus there is little benefit in knowledge to be gained by extending the analysis to
investigate this property.

Summary of this section

This section has shown the merit of the example considered in section 3.1.1 because,
in developing the analysis for a uniform distribution, the basic forms of the solutions of
the equations (integrations) can be applied in more complicated examples (ones which
model the PDF of actual sequences to a greater extent).

As an aside, figure 3.2 plots the PBE as a function of E,/N, for the two actual codes
used in figure 3.1a. Also shown in this figure are curves obtained from the analysis of
example 3.1.1 for a virtual set of two codes. This figure shows that there is a close
correspondence (over a large range) between the results of the virtual set of codes and
the accurate determination of the PBE.

The present state of the analysis for a virtual set of codes is therefore sufficient for

the purposes for which it is intended. Its intention is to provide qualitative, not quan-
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titative comparisons. This will become clearer in the remainder of this chapter. In
section 3.2 it is used to draw conclusions on features of the continuous-time crosscorre-
lation spectrum which can influence performance, and to observe the tradeoff between
them. The features of the continuous-time crosscorrelation spectrum are related to fea-
tures of the discrete-time crosscorrelation spectrum (including the MSC, the AIP, and
the peak value). Resolving whether the peak or MSC is more important has important
ramifications for code generation as section 3.4 shows. The resultant codes (emphasizing
the appropriate property) can then be optimised by choosing the minimum AIP phase as
section 2.2.2 has shown. It is not feasible to design codes to have a given AIP value. Sec-
tion 3.4 therefore relates the results of this chapter and chapter 2 to refine the philosophy
of code generation.

Finally, to complete section 3.1 and the development of the analysis for a virtual set
of codes, the issues of independence which have not been discussed in the development

of the analysis are treated in the following section.

3.1.3 Questions On Independence

When the code-chip pulse is rectangular, the continuous-time (CT) crosscorrelation

can be expressed in terms of the discrete-time (DT) values via:

bor(r) = o) + (61 +1) — ¢(1)).0 (3.11)

where § = (7 —1.T,) /T, as has been shown before. This shows the dependence of ¢, on
both ¢(I) and ¢(I + 1), i.e. an adjacent pair of DT correlation values, as well as even or
odd periodic correlation. Deriving an expression for the PDF of the CT crosscorrelation
spectrum from equation 3.11 is therefore difficult unless random codes are assumed, or
the PDF is conditioned on the correlation values as in Lam and Ozliitiirk’s or Nazari
and Zeimer’s analysis, discussed in section 2.1.2.

In the analysis of example 3.1.1 however, the dependence of ¢.; on the adjacent
pair of correlation values is not explicitly explained. This is because the reliance of the
CT crosscorrelation spectrum on an adjacent pair of DT crosscorrelation values is im-
plicit in the consideration of the form of the appropriate PDFs. This can be seen from

the discussion in regard to figure 3.1a. The discussion shows that the PDF of the CT
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crosscorrelation spectrum consists of: spikes at the locations of the DT crosscorrelation
values, and uniform regions in between. The height of each spike and the uniform re-
gion is dependent upon the occurrence of values and adjacent pairs of values in the DT
crosscorrelation spectrum. The dependence of the CT crosscorrelation spectrum on ad-
jacent pairs of DT crosscorrelation values is therefore implicit in the analysis employed in
section 3.1. The conditioning on even and odd periodic crosscorrelation is also implicit,
but this may be made explicit in the following manner if required. Analogously to the

approach of Lam and Ozliitiirk and assuming a random binary information sequence,

f%T - % (f¢CT T f$CT) (3.12)

where f(y indicates the PDF of the subscript correlation.

Two remaining questions of independence arise with the analysis:

1. The independence between the code-pair interferences (i.e. I,,; and I,; where

(m+n)#1).

2. The independence between the real and imaginary components of the CT crosscor-

relation, i.e. EZ?TG = x and Egén =y.

Clearly 0 is independent of x and y. In the analysis of section 3.1, independence has been
assumed to hold for both points above. To prove independence for either case appears
difficult. It could be argued that independence should not hold for the first point due to
the reliance of I,,,; and I, ; on the deterministic despreading code of user 1. However, if
the codes are random then the lemma given by Torrieri in [186, p.772] could be used to
argue the independence of Em’l and En’l and hence the code-pair interferences, but this

assumption is not suitable here.

Lemma 3.1.1 Extension of Torrieri’s theorem to non-binary codes.
Suppose that {c;} and {B;} are statistically independent random non-binary sequences.
Let ‘a’ and b’ denote arbitrary constants. Then o;B;a and o;B,b are statistically inde-

pendent random variables for j # k.

The author of this thesis is not aware of any analytical technique that does not assume
mutual independence between I, ; and I, ; for pseudorandom codes, nor any literature

which discusses the validity of this. Similarly, independence may not necessarily hold for
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the second point with deterministic quaternary codes. The assumption is obviously not
required in any analysis for binary codes, but like the first point is required in order to
simplify the analysis.

To examine the validity of the second assumption, statistical tests for independence
have been conducted on the crosscorrelation spectra of deterministic sequences, since
the author was not able to rigorously prove independence by argument. This need to
rigourously prove independence is not important, provided that the assumption is accept-
able (which the statistical tests will indicate), because the technique developed in this
chapter is intended to provide qualitative (not quantitative) conclusions on how correla-
tion features influence performance. The validity of the assumptions, whilst important,
are therefore not crucial.

The statistical method used to examine the independence of the real and imaginary
components of the CT crosscorrelation spectrum, was contingency table (or crosstabula-
tion) analysis [149, p.524]. This is a commonly employed technique which is a modified
form of the Chi-square test. Appendix B provides the relevant information on this test.

Consider first the real and imaginary components of the even periodic correlation for
a pair of random (dice toss) codes shown in figure 3.3. The chi-square test found that the
components could be regarded as independent, at a 95% confidence level. Next, consider
the real and imaginary components for the maximal-length sequences employed in the
previous section: D? = 3D? + 3D' + 3 and D? = 3D? + 2D' + 3. The chi-square test
classified the components of the even periodic crosscorrelation as dependent. This is an
expected result, because the discrete-time crosscorrelation spectrum of each component
takes only three values. In contrast, the odd periodic crosscorrelation components were
classified as independent on a 99.5% confidence level. This is also an expected result,
because the odd periodic crosscorrelation contains a substantial range of values.

Thus the more restrictive the criteria on the form or values that the crosscorrelation
can take, the less likely is the assumption of independence between the real and imaginary
components to be valid. Note that this does not mean that the more restrictive the
criteria on the PDFs the less likely is independence, so the assumptions in the analysis
are acceptable. This is also shown by the closeness of the results of figure 3.2 (given

previously), which compares the PBE for two deterministic sequences with the results
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Figure 3.3: Real and Imaginary Components

from the analysis of two virtual codes. For the two deterministic sequences the real
and imaginary components of the even periodic correlation were considered dependent,

whereas those of the odd periodic correlation were considered independent.

3.2 Other Factors Influencing System Performance

Section 3.1 has developed an analytical technique which allows the influence of features
of the crosscorrelation spectrum to be observed without having to conduct tests with
actual sequences. This is because of the large variation in performance (PBE) that is
possible for different code phase selections, as the results of section 2.2.2 have shown.

In this section, the analysis for a virtual set of codes is applied to resolve the relative
importance between the peak correlation value and the mean-square value, thus helping
to resolve the first research issue posed in the Introduction: identification of the impor-
tant code properties and their relative importance. This issue is resolved in the following

manner. Section 3.2.1 examines the influence on performance of the peak value, for a
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given CT crosscorrelation distribution. This test is to confirm that the analysis produces
an expected result, i.e. for a reduction in the peak value, with a given correlation dis-
tribution, the performance must improve. In the next subsection 3.2.2, the peak value
is fixed and the CT crosscorrelation distribution shape is varied. The results of this
section resolve the research issue, because the MSC is related to the shape of the CT
crosscorrelation distribution. The author does not derive a mathematical relationship
between the MSC and for example, the variance of the CT crosscorrelation distribu-
tion, but this could be considered in future research. The results of section 3.2.2 have
important ramifications on code generation and these are discussed further in section 3.4.

The CT crosscorrelation distribution is also influenced by the code-chip pulse shape
U(t), and this is investigated in section 3.2.3. This section shows that the analysis for
a virtual set of codes can be used to provide conclusions on the influence of different
code-chip pulse shapes on performance. The results of section 3.2.3 also provide an
explanation for a previously unexplained result in the literature.

The discussions on the importance of the results in this section and its three subsec-
tions are relatively brief, this is because collectively the results have important ramifica-
tions on the code design philosophy. Section 3.4 therefore discusses the results in detail
(along with those of section 3.3 and chapter 2), and shows how together, these separate
results indicate that the conventional code design philosophy is inappropriate. This then
provides the motivation for the different code design philosophy developed and applied
in chapter 4.

3.2.1 Peak Crosscorrelation Value

Using the results of example 3.1.1 (i.e. a symmetric uniform PDF for the crosscorrela-
tion values), figure 3.4 shows that as the peak (even or odd) crosscorrelation value (5)
is reduced, performance improves. Alternatively, figure 3.5 shows that a reduction in
the peak value allows a greater number of active users for a given level of performance.

These are expected results consistent with those observed for actual codes.
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Figure 3.6: PDF of the odd periodic crosscorrelation between a pair of m-sequences

3.2.2 Correlation PDF Shape

The analysis in this chapter has been concerned with the PDFs of the continuous-time
(CT) crosscorrelation spectra. In the previous subsection, the influence of the peak value
on performance has been observed for a given distribution shape. This section considers
a given peak crosscorrelation value (S) and investigates the influence of different dis-
tribution shapes. Those considered are the symmetric uniform PDF of example 3.1.1
and a symmetric triangular PDF, which is analysed in section A.2 of appendix A. Fig-
ure 3.6 shows? the PDF of the real component of the odd periodic crosscorrelation of
the maximal-length sequences employed previously. A rough approximation to PDFs of
this form could be a triangular distribution. A truncated and normalised Gaussian PDF
has also been considered, but this leads to an integral which cannot be expressed in a

closed form?® and needs to be solved numerically. Figure 3.7 also shows the very close

2The spike at minus one is off the scale.
3No closed form solution is given in [57], which is an extensive catalogue of integrals and their
solutions.
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correspondence between the PBE for the pair of actual codes, with the PDF shown in
figure 3.6, and the curves resulting from the analysis for two virtual codes with triangular
PDFs. The triangular distribution can therefore be used as an acceptable approximation
to the stepped PDF in some cases.

Considering triangular and uniform distributions for the same peak crosscorrelation
value, figure 3.8 shows that the virtual set of codes with the triangular PDF perform
better than those with the uniform PDF. This is an expected result, because the trian-
gular PDF is closer to a delta function PDF, for which the crosscorrelation would be
the desired zero function. More importantly however, this figure shows that it is not
sufficient to only minimise the peak crosscorrelation value, as the triangular distribution
with the larger peak value still performs better than the uniform distribution.

This tradeoff is important for two reasons. Firstly, the tradeoff means that a poten-
tially greater number of codes can be considered than previously. This will be shown in
the discussion in section 3.4. Secondly, the tradeoff favours the importance of the mean-

square crosscorrelation (MSC) over the peak value. This is because the mean-square
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crosscorrelation is a measure of the variance of the discrete-time (DT) crosscorrelation
PDF, which is related to the variance of the CT crosscorrelation PDF. Thus the virtual
set of codes with the lower MSC perform better, for a given peak value, than those
with the higher MSC. This will also be discussed in greater detail in section 3.4, and in
particular the ramifications on the code design philosophy are explained.

In the next subsection the analysis for a virtual set of codes is used to examine the
influence of the code-chip pulse shape on performance. The results are not applicable to
code generation, but the selection of the code-chip pulse shape can influence performance

so it is investigated for completeness.

3.2.3 Code-Chip Pulse Shape

The multiple-access capability of a spread-spectrum system is dependent not only on
the code sequence, but also the code-chip pulse shape. In this section the influence
of the code-chip pulse shape on the PDF of the continuous-time (CT) crosscorrelation

is examined. The results are not directly applicable to code generation, but they do
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illustrate that the analysis for a virtual set of codes can be applied to investigate this
issue. This is because the basic (not specific) form of the CT crosscorrelation PDF
is independent of the code-chip pulse shape, i.e. the basic form still consists of uniform
regions and spikes, and the analysis developed in section 3.1 (in particular the solution of
the equations and integrals) is therefore applicable. To reiterate, this section qualitatively
discusses the influence of the code-chip pulse shape on performance. It should also be
noted that the code-chip waveform (and indeed code sequence) determine the spectral
properties of the transmitted signal. Spectral properties are not investigated in this
thesis, but an interesting topic for future research might be to investigate the influence
of the different code properties (e.g. Balance, Run, and Window) of the code sequence
on the spectral density of the transmitted signal.

The CT crosscorrelation is related to the DT crosscorrelation by equation 1.9 (of

section 1.2) repeated below:
bor = (). Ry(r — LT.) + ¢(1 + 1).Ry(r — L.T,) (3.13)

where 73\1, and Ry are factors dependent upon the code-chip pulse shape. Most of
the research (and analysis) into spread spectrum-systems employs rectangular code-chip
pulse shapes because of their ease of generation. It is well known however, that other
pulse shapes can have improved spectral properties. Minimum shift-keyed (MSK) spread-

spectrum for example, uses a sinusoidal code-chip pulse shape, and for this case:

Ry(s) = —s.cos(ws/T,) + (T./x).sin(ns/T,) (3.14)

Ry(s) = (T.—s).cos(ns/T,) + (T./m).sin(ns/T.) (3.15)

The inphase and quadrature channels are also offset by 7./2 in a MSK system. The
sinusoidal code-chip waveform and offset between the inphase and quadrature carriers
ensures smooth phase transitions in the transmitted signal, and this improves its spectral
properties. Additional information on MSK spread-spectrum and its spectral properties
can be found in [107] for example.

Figure 3.9a shows an approximation of the PDF of the CT crosscorrelation when
a MSK code-chip waveform is employed. The true form is easily discerned from the

previous discussions and the correlation spectrum shown in figure 3.9b. These two figures
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have been generated by the same two codes used for the PDF and crosscorrelation of
figures 3.1a and 3.1b in section 3.1.2.

Comparing the PDF of figure 3.9a with the PDF of figure 3.1a, the main differences
are the new uniform region between 9.5 and 15, the additional spike at approximately
9.5 and the narrow uniform region close to minus one. These features arise because of
the influence of the sinusoidal waveform on adjacent pairs of the same correlation value.
Thus the variance of the CT crosscorrelation and hence the system performance is more
likely to be influenced by the occurrence frequencies of adjacent pairs of correlation values
(especially the same correlation value occurring twice in succession) for a sinusoidal code-
chip pulse shape, than for a rectangular one. This result is consistent with a comparison
of the average interference parameter (AIP) for rectangular and sinusoidal code-chip

pulse shapes.

AP = 2.(0) + LRe{p(1)} (3.16)
APys = B2 0 BT )
~ 0.18 (2(0) + 1.114p(1)) (3.17)

Examining equations 3.16 and 3.17 it can be seen that the relative importance of (1) in
relation to 1(0) is greater for the sinusoidal waveform. Thus p(1), which is dependent on
adjacent pairs of correlation values, will have a greater relative influence on performance
for the sinusoidal code-chip pulse shape. This explains the results of Geraniotis and
Pursley [49] who found that the selection of the phase of the code (which changes the
odd periodic correlation spectrum) is more important for a sinusoidal than rectangular
waveform. This result has not previously been explained in the literature.

The basic (not specific) form of the PDF, which consists of uniform regions and spikes,
is clearly independent of the code-chip pulse shape. Thus the results of the analysis for a
virtual set of codes could also be applicable to MSK spread-spectrum, provided that the

analysis is modified to include the offset between the inphase and quadrature channels.
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3.3 Code Symbol Occurrence

In previous sections the influence of features of the crosscorrelation spectrum on per-
formance has been investigated using the idea of virtual codes. The results show that the
shapes of the relevant continuous-time (CT) crosscorrelation PDFs have the most influ-
ence on performance. Further, these shapes are determined by features of the discrete-
time (DT) crosscorrelation spectrum, as well as the code-chip pulse shape. Thus the
system analysis does not consider the randomness properties of codes (Balance, Run,
and Window), even though conceptually one would expect them to be related to the
correlation properties.

The only prior theory relating randomness and correlation properties, that this author
is aware of, is for binary sequences. In 1975, Fredricsson [42] showed that the weight dis-
tribution of r-tuples of m-sequences can be related to the Hamming code that is the dual
of the m-sequence. Fredricsson also showed that the higher order autocorrelations are
related to the properties of the dual Hamming code. This section is therefore concerned
with the relationship between the randomness and crosscorrelation properties.

This section develops some novel analysis to relate the two types of properties. Specif-
ically, the following research question is investigated: “Do codes which satisfy the Balance
property have better correlation properties than codes that do not?” Whilst the novel
analysis is only approximate (the assumptions and their acceptability is explained), it
does serve to mathematically relate the two classes of properties. This is desirable from
a code designer’s viewpoint, because it provides an understanding of the relative impor-
tance of the properties, and how the alteration of one influences the other and of course
performance.

In the previous sections, the analysis has found that the PDFs of the separate real
and imaginary components are important. Hence an expression is required for the PDF
of a sum of N random variables, where +1 has probability «;, —1 has probability 5 and
0 has probability 7. These are the contributions to the real or imaginary components

of the crosscorrelation summation and they can be related to the probabilities of a code
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symbol occurring as follows:

» = (m)*+ (pa)? + 2pj.p—;
pSy = ()*+ (-j)*+2p1ps
P; = 2p1.pj + 2p_1.p—;

Py = 2p_1.pj+2p1pj (3.18)

In the above equations, p; for example, represents the probability of the code symbol j
(indicated by the subscript) occurring and p; for example, represents the probability that
the contribution to the crosscorrelation summation (indicated by the superscript ¢) is the
complex number j (indicated by the subscript). Hence, if the PDF for the real component
of the crosscorrelation is considered, then: o = pj, § =p<, and v = pj + pZ;, where the
probabilities (e.g. p§) are defined in the equation set 3.18. Analogous expressions can be
obtained if the imaginary component of the PDF is considered: o = p§, § = p®; and
=0+,

The even periodic crosscorrelation value of N (or jN), has a probability o of oc-
curring. The crosscorrelation value of N — 1 requires the summation to contain N — 1
ones and one zero, which has a probability of N !v. Similarly N — 2 requires N — 1
ones and a minus one, or N — 2 ones and two zeros as contributions to the summation.
An expression for the PDF at any correlation value is readily observed by continuing
the series and using the theorem of permutations [94, Theorem 2, p.908] to obtain a

multinomial distribution.

Theorem 3.3.1 If n things can be divided into ¢ classes, such that things belonging to
the same class are alike while things belonging to different classes are different, then the

number of permutations of these things taken all at a time is

n!
P T (n1+mno+ -+ n,=n) (3.19)

where n,, is the number of things in the mth class.

Thus for a crosscorrelation value (real or imaginary) of N —m : 0 < m < N, the value

of the PDF at that point is

Lmz/:% N! o N—(m=k) m—%ﬁk (3.20)
= (N — (m—k))!(m — 2k)Ik! g .
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and for the crosscorrelation value of —N + m, the PDF value at that point is

Lmz/:% N! /BN_(m—k) m—2k . k (3.21)
= (N — (m—k))(m — 2k)k! g :

The assumption with the above equations is that the code symbols are independent.
This is not true for deterministic sequences, but it may be an acceptable approximation
for reasonable code lengths if the deviation from equilikely code symbol occurrence is
small. Ronse, who has conducted a significant amount of research into shift-register
sequences, states that for codes which satisfy a generalised version of the Run property
[164, Second Randomness Postulate p.89]: “... the value of an element of a cycle is
nearly independent of its k predecessors’. The generalised run property requires the
number of occurrences of an element of the code, as a function of the sequence length, to
be nearly uniform. Thus if the deviation from equilikely symbol occurrence is small, the
generalised Run property may be satisfied as well and the assumption of independence
is then acceptable. Clearly however if the deviation is large, then the generalised Run
property cannot be satisfied, and independence may not hold. Section 4.4.2 investigates
the generalised Run property for a selection of deterministic sequences.

Figure 3.10 plots the discrete PDF's of the DT crosscorrelation components for equi-
likely symbol occurrence probabilities. The real and imaginary components of the PDFs
are identical. In contrast, figure 3.11 shows the situation where the code symbol oc-
currence probabilities (given in brackets for each symbol) are: —3;(0.1),—1(0.1),1(0.4)
and j(0.4). The mean-square (even periodic) crosscorrelation is greater for this second
set of probabilities. Indeed in extensive tests the author could find no probability set
with a lower mean-square (even periodic) crosscorrelation than that for balanced codes
(i.e. codes with an equilikely symbol occurrence). Previous results (section 2.2.2) show
that reducing the mean-square (aperiodic) crosscorrelation improves performance, and
the mean-square (aperiodic) crosscorrelation is related by equation 2.14 to the mean-
square (even periodic) and mean-square (odd periodic) crosscorrelations. As a first order
approximation therefore, codes which satisfy the Balance property may be expected to
perform better than those that do not. Ideally the analysis should be extended to con-
sider not only the Balance property, but also the Window property (for pairs of code
symbols), and derive expressions for the continuous-time even and odd periodic PDFs,

but this is left as future work as it is by no means a simple task.
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Figure 3.10: Equilikely code symbol occurrence probabilities
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3.4 The Ramifications For Code Generation

This chapter and the previous one have served to resolve many of the issues which need
to be considered before the generation of spreading codes can be investigated. The reason
for this is because of the disparity in the literature between the properties code designers
emphasize and the properties the system analysis emphasizes. This has been previously
discussed in this thesis as the inadequacy of the desired crosscorrelation properties, or
the issue of the mean-square crosscorrelation versus the peak crosscorrelation. Only a
small amount of literature for binary codes has previously been devoted to this topic and
that literature is discussed below. This thesis, to the best of the author’s knowledge, is
the first to examine the issue for non-binary codes. The results of chapters 2 and 3 have
led to several conclusions in relation to code properties. Those conclusions will now be
brought together and their ramifications for code generation discussed.

Many papers on code generation have investigated only the peak even periodic cross-
correlation and this provides an indication of the worse case system performance as
mentioned before. There is the question however, of how likely is the peak value to
occur? In a practical system, error correcting codes would be employed with the infor-
mation sequence, as well as spreading it for transmission, and this would overcome errors
generated by a large but infrequent peak value. Designing codes to minimise the peak
crosscorrelation value may therefore be overly conservative and not allow the maximum
number of users or codes the system is capable of. Rather, the codes should be designed
for the average performance level. Error correction coding would then be used to improve
performance. When the average system performance is considered, the investigation in
this thesis has shown the need to consider not only the peak value, but also the shape

of the distribution of the CT crosscorrelation PDFs. That shape is dependent upon:
e the code-chip pulse shape
e the occurrence frequencies of correlation values and
e the occurrence frequencies of adjacent pairs of correlation values.

In chapter 2 the merit factor referred to as the average interference parameter (AIP) is

shown to consider all of these factors. Minimising the AIP also improved the performance
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of the system in all of the tests conducted in section 2.2.2. This is in contrast to some
of the other criteria (and their associated merit factors) used to select the code phase.
The results of section 2.2.2 also show that minimising the MSC provides only a slight
degradation to performance, but with substantially reduced computation.

The mean-square crosscorrelation considers only the occurrence frequencies of cor-
relation values. Recent research by Chen and Oksman for binary codes [24] has also
identified the importance of the occurrence frequencies of the DT crosscorrelation values
to performance. Testing sets of deterministic sequences, their paper showed that in some
applications codes with more ideal occurrence frequencies out performed those of the
same peak value. This result is in agreement with the results of this thesis. In particu-
lar, Chen and Oksman considered binary codes with a four or five valued crosscorrelation
spectrum, and compared these with binary Gold codes which have only a three-valued
spectrum. They found that in some cases codes with a higher peak value and four or five
valued crosscorrelation performed better than Gold codes. Chen and Oksman recognised
the importance of this to code generation, because they found that there were many more
seed-polynomial pairs which could be used to generate such sequences. For the reader
not familiar with the generation of Gold codes, they are generated by a preferred pair of
m-sequences, which can be represented as polynomials. Only a relatively small number
of preferred pairs of m-sequences exist. Thus Chen and Oksman found that more codes
could be considered than previously recognised. Detailed information on Gold codes can
be found in for example, Sarwate and Pursley’s paper [171]. The importance of Chen
and Oksman’s result and the conclusion of section 3.2.2 that codes with a higher peak
but lower MSC can in some cases perform better than those of a lower peak value, can
also be seen by considering the Welch bound derived in [193]. Sarwate generalised this
in [169] to give a relationship between the peak crosscorrelation (¢,), peak out-of-phase

autocorrelation (¢,), number of codes (U) and code period (N), where ¢,(0) = N.

b N-1 (¢
(ﬁ) + NO -1 (ﬁ) > 1 (3.22)

Mow in a later publication [128] discussed some problems with the reasoning in Sarwate’s
paper, but the resultant equations as originally given were shown to be correct. Other
researchers have also derived bounds on the crosscorrelation and autocorrelation of a

given number of sequences, such as Sidelnikov [178] and Levenstein [109]. Kumar and
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Liu [97] also examined the specific case of non-binary roots-of-unity (r.o.u.) sequences,
giving a small improvement over Sidelnikov’s bounds. However, the above equation
adequately highlights the important results.

Sarwate commented in [169] that tradeoffs are possible between ¢, and ¢,. He noted
that, because of the steepness of the curve® relating them, a small increase in ¢, can lead
to a substantial reduction in ¢,. The reduction in @, can lead to improved synchronisation
and tracking performance of the system.

In this thesis, the emphasis is on increasing the number of potential codes which can
be considered. Rearranging equation 3.22 therefore (for ¢, < V/N otherwise a sensible

solution is not obtained) gives:

—2 —2 4

U§1+<%> (%) (1+% %—f—) (3.23)
Thus an increase in ¢,, the peak even or odd periodic crosscorrelation, for a fixed ¢, and
code period can increase the maximum number of codes which simultaneously satisfy
both criteria. The increase in ¢,, which could be obtained by choosing codes with better
correlation distribution shapes (or smaller MSC for comparable peak values), therefore
increases the number of potential which can be considered.

Thus changing the code design philosophy from the min-max criteria (minimise the
peak correlation), to minimising the mean-square crosscorrelation or choosing codes with
better correlation distributions, can lead to a greater number of codes that can be em-
ployed in the system for a given level of performance. It also means that a greater number
of codes and code generation techniques can be considered for the system, as Chen and
Oksman found for binary codes with the use of non-primitive polynomials in [24], and
similarly for Kumar et. al.’s nested chain technique in [96]. This issue will be discussed
in more detail shortly.

Although an examination of the system analysis highlights the importance of the
mean-square crosscorrelation value, very few authors have examined it for sets of codes.
Those who have however, have drawn some important conclusions and their results are
now discussed. Perhaps the first author to question the emphasis on the peak crosscor-

relation value was Hui [72, footnote 2]:

4Actually a plot [169, Fig.2] of C2 /N versus C2/N for the bound relating aperiodic cross- and auto-

correlation. The same conclusion holds for a plot of Ei /N versus 53 /N.
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“There is the question of whether specifically designed PN sequences (such
as the Gold codes) may achieve a higher capacity than sequences that are
generated randomly. The answer is no, due to the asynchronism of the trans-
mitters. The proof of this statement follows from a coding theorem for the

asynchronous multiple access channel ...”

The proof by Hui is given in his Ph.D. dissertation: “Fundamental issues of multiple
accessing”, Massachusetts Institute of Technology, Cambridge MA, 1983. The author of
this thesis was unable to obtain this dissertation, so the result has not been extended
to non-binary sequences, but it is not unreasonable to expect that the proof could be
extended to alphabets other than binary.

In [72] Hui proposed that it is better to search for good convolutional encoders in order
to improve the total throughput and decrease the error probability, rather than trying
to design PN sequences with good auto- and cross-correlations, which is difficult because
of the asynchronous nature of the channel. Hui is therefore indirectly (as it is not stated
explicitly in his paper), supporting the use of random codes and the selection of subsets
of those codes with suitable correlation properties; Certainly he is not supporting the
min-max approach to code design. Improvements are then obtained by error correction
coding on the data bits. This then leads to the research issue of the tradeoff between
the amount of spreading and error coding which should be employed if the bandwidth
is to remain constant. Hui concluded that the best case was all error coding and no
PN spreading. The author of this thesis did not investigate this tradeoff in detail and
therefore cannot make an informed comment, except that one would intuitively expect
the result to be somewhere in the middle if all factors are considered for the mobile
channel. As an example, removal of the PN sequence means that a Rake receiver cannot
be used in the multipath environment and this is well known to provide an improvement
in the performance of the system. One employing coding only would suffer intersymbol
interference (ISI) problems with a multipath channel.

Burr [19] also showed that there are situations in which the mean-square crosscorre-
lation is more important than the peak value. Further, Burr found that for many binary
codes the mean-square correlation is similar, even though the peak value of one is much

better than the other. The mean-square crosscorrelation of many codes has also been
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found to be approximately equal to that expected for random codes. Burr therefore
states that it is worthwhile considering using random codes. The obvious disadvantage
that he notes, is that there is no limit (other than the trivial value of +N) on the peak
crosscorrelation value. To eliminate the potential for very poor interference, codes with
these properties should therefore be removed.

Kérkkdinen’s research (sometimes in association with Leppénen), into the mean-
square crosscorrelation as a measure for comparing binary code families has also produced

analogous results. Kérkkdinen commented in [80] that:

“... there are no appreciable differences in SNR performance between sets of
Gold, Kasami and m-sequences of equal period and set size.

... the result is somewhat surprising, as it calls into question the accepted
belief that some code families are superior for DS/SSMA systems due to
the small absolute values of their mazimum periodic (even) crosscorrelation.
In addition, the SNR performance curves of sets of Gold, Kasami and m-
sequences of sufficiently long periods were found to be very close to those of
purely random, independent binary spreading codes of equal length.

... Thus the mean square cross-correlation (or cross-correlation spectrum,) is
perhaps a more realistic performance measure of a code family than a good

”»

bounded maximum crosscorrelation.

Extensive tabular results comparing the MSC for sets of binary: Gold, Kasami and
m-sequences, given in [77, 78, Table 1], show the similarity for a variety of code lengths.
Hammons and Kumar provided an explanation as to why this occurred in [63] using
results by Massey, and Kumar and Liu, referenced in their paper. The similarity of
the MSC values is explained using information theory relationships, and the interested
reader is referred to Hammons and Kumar’s paper and consequently to Massey’s work.
Mowbray, Pringle and Grant [129] also found similar performance for different code
families when simulating an asynchronous DS/SS system, and they also recognised that it
was because of the similar mean-square crosscorrelation values of the sequences employed.

In conclusion therefore, as most code generation techniques produce codes with sim-
ilar mean-square crosscorrelation values and values comparable to random codes, Burr’s

philosophy is worthwhile pursuing. That is, the use of random codes and then the se-

91



lection of subsets with the desirable correlation properties which have been previously
highlighted. However, recommending the use of random codes (a mathematical con-
cept) does not resolve the issue of code generation, but this is easily overcome. Rather
than designing for the correlation properties, the emphasis should be on designing for
the randomness properties. This is researched in the next chapter, where a novel code
generation technique is developed.

A final point to note before code generation is investigated, is that the expectations
of the mean-square crosscorrelation values for binary and quaternary codes are equal:

E(MSC) E(MSC) Thus similar performance would be expected on

binary — nonbinary-

average between binary and non-binary systems. Non-binary coded spread-spectrum
is still worthwhile pursuing however, because of the greater number of potential codes
and the reduction in the worse case performance. Ideally, an expression should also be
derived for the variance of the MSC for binary and non-binary codes. This may then
illustrate in a manner similar to the result for the peak value (section 1.3), the advantage
to performance of non-binary codes. The Introduction suggested that the work of Rowe

[165] may assist with this, and this could be investigated as a topic of future research.
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Chapter 4

Pseudorandom Code Generation

In the previous chapters of this thesis, the research investigates different properties
of pseudorandom codes and how those properties influence the performance in an asyn-
chronous multiple-access environment. The reason for this is because of the discrepancy
(see for example [95]) between the properties suggested by the analysis of the system,
and those emphasized by the literature on spreading-code generation. There is also the
additional issue of whether the separate real and imaginary components or the absolute
magnitudes of the correlation values should be considered for non-binary codes. The
two prior chapters have researched code properties and resolved the important issues.
Further, they show that the conventional code design philosophy may be inappropriate
for the asynchronous multiple-access channel.

A large majority of the literature on pseudorandom codes (binary or non-binary) em-
phasizes only the peak even periodic crosscorrelation value. Subsets with a small peak
odd periodic crosscorrelation value are then searched for. Recently, a small number of
researchers have also proposed techniques to minimise the peak even and odd periodic
crosscorrelation simultaneously, and these are discussed later in this chapter. However,
the results of the prior chapter show that designing codes to minimise the peak value
can lead to overly conservative designs. The shape of the relevant continuous-time cross-
correlation PDF's should also be considered, because in some cases they can be more
important than the peak values. The discussions in the prior chapters also relate the
PDF shape to the merit factors: mean-square crosscorrelation (MSC) and average inter-

ference parameter (AIP), factors other researchers have found to be important.
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Designing codes to have a given (or range) of MSC or AIP values is a very difficult task
however, particularly when the alphabet is to be constrained to binary or quaternary.
Several authors have recognised the importance of the MSC or AIP, and the difficulty
in designing for these properties, and therefore suggested that random codes should be
used in the system. Subsets with good correlation properties could then be selected from
the set of random codes. Other research has also illustrated that many code families
have similar MSC values (when not optimised) and that the value is similar to that
for random codes. Subsets can of course be optimised for better performance under
specific conditions. The use of random codes is therefore a valid proposal, but it does
not resolve how the codes are to be generated. How does one obtain (generate, select)
random codes? Randomness is an ensemble property. The performance of random codes
is obtained by making assumptions of the mathematical expectation of certain properties,
not from actual sequences. There are conceptual difficulties in defining a finite-length
sequence as random, as sections 1.4 and 4.4.2 discuss. Thus recommending the use of
random codes (the mathematical concept) does not explain how suitable codes (actual
sequences) can be obtained. The solution is an obvious one, that is, the codes should be
designed to satisfy the randomness properties given in section 1.4: Balance, Run, and
Window. Literature on code design (particularly m-sequences) has highlighted these as
important for PN codes, but in many cases spread-spectrum code designers consider only
the correlation properties. The randomness properties may be mentioned, but usually
codes are only designed to satisfy those properties when they are used in applications
other than spread-spectrum multiple-access communication (e.g. in cryptography, or as
random sequences for Monte-Carlo simulation). The design philosophy in this thesis is
therefore:

Design Philosophy

e The code family should contain a large number of codes (in comparison with the

code period).

e The codes should satisfy the desired randomness properties: Balance, Run and

Window.

e Subsets of codes with suitable correlation properties are then selected.
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e For ease of implementation and speed, a shift register configuration should be

retained for generation of the codes.

Notice, that by relaxing the constraints on the correlation of the codes, a greater number
of codes in the family is possible. The research in the previous chapters also shows
that the constraints on the peak correlation value can be relaxed without necessarily
compromising performance. A novel method of code generation based on this philosophy
is discussed in this chapter. The original proposal of this method was published by this
author in [161]. It is extended here and new results are presented.

Many code generation methods, including the novel one of this chapter, rely on an
understanding of Group theory. The relevant terms are therefore summarised in sec-
tion 4.1. An extensive literature review on non-binary code generation techniques is
given in section 4.2. This review highlights the techniques which are directly applicable
to Q-CDMA. Section 4.3 then develops the novel approach in detail. The randomness,
stability and security of the new codes is investigated in section 4.4. A brief comparison
with other code generation techniques is given in chapter 5, where the emphasis is on

the system performance (or PBE), for subsets of codes.

4.1 Fundamental Principles

Many pseudorandom code generation techniques utilise the principles and terminology
of Group theory, specifically those relating to Galois fields. This section provides the
definitions of terms from Group theory which are discussed and used in this chapter.
These definitions are based on those given in [16, chpt. 2,4,5] and [5, chpt. 3]. The
definitions of the terms, symbol, code and operator, may appear unnecessary, but it
is important that they are clearly stated so that confusion does not arise between, for

example, the addition operators defined in this chapter and conventional addition.

Definition 4.1.1 A symbol is an element of an alphabet; its only property is that it
can be distinguished from all other symbols of the alphabet.

Symbols will be shown as emphasized text, e.g. 2, in this thesis. For an alphabet of

cardinality ¢, the symbols are 0, 1, 2, -+, (¢-1). These symbols will be defined to be
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points of the signal constellation, or mapped onto the complex alphabet and they should

not be confused with the numbers 0, 1, 2, etc.

Definition 4.1.2 A code or sequence of length N, is an ordered set of N elements

each of which is a symbol of the same alphabet.

A code will be designated by a tilde over its name, e.g. A. Only periodic codes are

considered.

Definition 4.1.3 An operation on a pair of symbols is an arbitrarily defined function

that returns a symbol of the same alphabet.

Operations are defined by a table (often termed a specification), which gives the returned
symbol for each symbol pair. Only two operations are discussed in this paper: addition
and multiplication. In the same manner that symbols and numbers should not be con-
fused, the addition and multiplication operations should not be confused with integer,
modulo-¢, or GF(q) arithmetic, however the last one will arise as a special case of the

new approach in section 4.3.

Definition 4.1.4 A maximal-length sequence has a period of N = ¢™ — 1, where

m is the symbol memory order of the shift-register configuration, and q is as previously

defined.

Definition 4.1.5 An algebraic system denoted (Sg,So) consists of a finite set of

elements Sg and a set of operations So on elements or pairs of elements of Sg.

Definition 4.1.6 A group is a set together with an operation (denoted by e) on pairs

of elements in the set satisfying four properties:
1. Closure: For every A,B in the set, C=A®B 1is in the set.
2. Associativity: For every A,B,C in the set, Ae(BeC)=(AeB )eC.

3. Identity: There is an element E called the identity element which satisfies

AeE=EeA=A, for every A in the set.

4. Inverses: If A is in the set, then there is some element B in the set called an

inverse of A, such that AeB=BeA=E.
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o0 1(2]83 010101010
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212|301 20101231
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Table 4.1: Arithmetic for a Galois field of four elements, GF(4).

Definition 4.1.7 An Abelian group satisfies the additional property of commutativ-

ity, where AeB=BeA.

Definition 4.1.8 A quasigroup is an algebraic system (Sg, ®) if there is a binary op-
eration e defined in Sg, and when two elements A,BE Sg are given, then the equations

AeX=B and Y®A=B have a unique solution.
Definition 4.1.9 A loop s a quasigroup with an identity element E.

Definition 4.1.10 A finite field is a set of finite size which has two operations defined

on it: addition and multiplication, such that the following azioms are satisfied:
1. The set s an Abelian group under addition.

2. The field is closed under multiplication, and the set of non-zero' elements is an

Abelian group under multiplication.

3. Distributivity: A% (B+C)=A%*B+A*C and (B+C)xA=BkA+Cx*A.

Table 4.1 defines addition and multiplication for a Galois field of four elements, designated

as GF(4).

Definition 4.1.11 If there exists a given one-to-one correspondence, A <+ A, between
the set of all elements of the group (field/operator specification) G, and the set of all
elements of the group (field/operator specification) G, then if it preserves the operator
(field) structure, an isomorphic correspondence exists, and the two groups (fields/operator
specifications) are isomorphic. Hence if any relation of the form AeB=cC holds between
the elements of G, then A @B = C (where A<+ A, B«> B,C<> C), holds for the elements of
G.

!The arithmetic of GF(4) denotes the identity element under addition as “zero”.
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Delay element

u(t) u(t+1) u(t+2) u(t+3)

D) O a—
Addition Gain,
element multiplication

element

Figure 4.1: Example Feedback Shift Register Configuration

In this thesis, pseudorandom codes are generated by a feedback shift-register config-
uration, an example of which is shown in figure 4.1. The recurrence relation defining the
operation of the shift register, u(t +3) = 1 u(t +2) + 3 x u(t + 1) + 2 * u(¢), may be
expressed as D? = 1% D? 4+ 3% D' +2x D’ where D represents the memory element. This
latter notation, which is used throughout the thesis, may also be expressed for Galois or
linear arithmetic as the polynomial f(D) = D?+ D?+ 3D + 2, upon which mathematical
manipulations may be performed to derive results about the codes. Reference will of-
ten be made in coding theory to primitive, irreducible and minimal polynomials. These
polynomials are referred to in this chapter, but their definitions are not provided here
due to their reliance on many prior definitions. An understanding of the terms is also not
required to understand the theory or references to the polynomials in this chapter. The
reader interested in the definition of minimal, primitive, and irreducible polynomials is

referred to the introductory texts referenced previously on Group and coding theory.

4.2 Review Of Code Generation Techniques

In the review of non-binary code generation techniques it is convenient to divide the
designs into two classes. The first class is concerned with those techniques where the
code alphabet does not (in general) contain four symbols. The second class of sequences
consists of those designs that produce codes from an alphabet of four elements. The non-
binary code designs have been divided in this manner because the second class are often

directly applicable to a Q-CDMA system and the first are not. There are exceptions to
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this, for example quinary m-sequences could be mapped to the alphabet {£1, 47,0} and
possibly applied in a Q-CDMA system, but this is not investigated in this thesis.

A brief review of codes in the first class was conducted by Kumar and Moreno in
1991, [98]. Similarly Krone and Sarwate [95] reviewed those techniques applicable to
the second class in 1984. Many new techniques, particularly those of the second class,
have been proposed since those reviews. This section therefore reviews non-binary code
generation techniques to the present. The emphasis of this thesis is on Q-CDMA systems,
so the review of non-binary codes which cannot be applied to such a system is not as
complete as the review of codes which can. The review of the first class of codes therefore
concentrates on techniques which were not discussed in [98], except for some such as the
Frank-Zadoff-Chu (FZC) design, which are often referred to in literature on non-binary
spread-spectrum communications (and have been discussed in section 1.3.1 in relation
to the results of Lam et. al. ). Thus the reader interested in other code generation
techniques of this class is referred to [98] and the recent works [74] and [176].

Table 4.2 summarises a selection of techniques for generating non-binary codes with
an alphabet of, in general, more than four symbols. The majority of these designs produce
polyphase codes. A polyphase code by definition is one in which all the elements have

th yoots of unity (r.0.u) codes are also polyphase codes. An

the same magnitude. Thus p
example of a polyphase code family is the Frank, Zadoff, Chu (FZC) code family. FZC
sequences have an ideal even periodic autocorrelation function, and the peak magnitude
of the even periodic crosscorrelation between codes is equal to the square root of the code
period. FZC sequences are therefore optimal with respect to the Welch lower bound. The
total number of codes in the FZC family is given by the Euler totient function ¢(NV),
which is the number of integers relatively prime to N. Other polyphase code generation
techniques can produce families containing a greater number of codes. However, the
discussion in the Introduction shows that the use of polyphase codes with p > 4 can lead
to practical problems, particularly in a mobile telecommunications environment, hence
the concentration on quaternary spreading codes.

The non-binary code generation techniques which can produce quinary codes could

possibly be employed with a Q-CDMA system if the elements of the codes can be mapped
to the alphabet {41, +7, 0}, rather than the 5t 1oots of unity. The techniques of table 4.2
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‘ Name References Family ‘ Period ‘ Alphabet ‘
Frank [64, 40, 38] 1 ¢ ¢*h r.o.u.
Frank, Zadoff, Chu [25, 39, 169, 33] ©(N) N polyphase
Lee [105] code transform® % {0,£1, %5}

GF(p) [23, 50, 61, 103] (™ —1)/m pm—1 GF(p)

HISEATEREE G (pt) [61[’12;’ ;;1’4’5;]4 A1 gme—1)/m | pr—1 GF(p")

Gold [51, 103] P+ 1 1 GF(p)
complex GMW 9] b pm—1 P
quadric p—1¢ > 3, odd Nt o
Alltop  cubic 6] P p>5 pth I.0.1.
power residue M ¢ N pth o,
Liike [112] p"—1 p"—1 polyphase
Fan et. al. [35, 34] P P pth I.0.1.

Kasami GF(p) [111] p™ pm—1 GF(p)
Kirimoto/Oh-Hashi [84, 85] code transform® | ¢ —1 complex
R.V. Bent function [118] not given not given | p.q phase
Kumar/Moreno [98] ™ (p # 2) pm—1 polyphase
Scholtz/Welch [175, 169] J any polyphase
Popovié¢ [148] code transform? k.m? polyphase
Modulatable orthogonal [183] p—1 p? polyphase
pseudo-polyphase [182] N N7 complex

2Usually on an m-sequence.

By <¢(ij— 1 1) (s@(p’" - 1)) L e 1)-Ti(pm - 1); 7 a divisor of m.

m

1<J<m
“Where p is prime and the smallest divisor of N.

dWhere p = M.N + 1 is prime.

®Transform on an m-sequence of GF(q).

1f the period is an odd prime p, then p — 2 codes exist. Family size is not given for other periods.

9Transform on a FZC code of the period given. Usually the period is selected to be odd and a set
of m — 1 sequences using m — 1 different primitive N th yoots of unity are generated.

hPeriod of base m-sequence.

Table 4.2: Non-binary codes: (p prime; m, k, ¢ integers).
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‘ Name ‘ References ‘ Family ‘ Period ‘

Abbasi/Ghani [1] code transform
m-sequence [14, 95, 88, 143, 103] | (4™ —1)/m | 4m—1
BTQ [184, 8],[95, A,BJ, code transform
[44, 45]
Barker [54, 188] a <15°
m/2 2m — 1,

Novosad [133] 2 m = 2(mod 4)

. m/2 2m—1,
R.V. Bent function [118] 2 m = O(mod 4)
Mo [127] c <24
Solé [180],[17, AJ[63] 27+ 1 9 — 1
Boztag,Hammons,Kumar (17, B] 2m-1 2(2™ —1)
Welti [194] < om om
Gold [51],95, C| 1 1
Lerner/Sidelnikov [95, D] 2 pF#2
Sidelnikov [95, E] 4(2) pF—1

(p" = 1)/M,
Krone/Sarwate [95, F] M(4M) M a divisor
of p¥ — 1

Krone/Sarwate 95, G] 29 + 2 qg—1
Nested chain [96] d 2m —1

2QOne is found by an exhaustive search.

The remainder are found using Barker preserving transformations.
bNot all code periods exist.
¢Found by exhaustive search. Hence dependent on code period.
4See [96, Table 1]

Table 4.3: Quaternary codes: (p prime; m, k integers).

which have this potential are m-sequences, Gold and Kasami sequences, and the method
developed by Lee. Unlike the binary m-sequences or Gold and Kasami codes, there
is no longer an isomorphic correspondence between GF(5) and {+1,+7,0;+,x}. Thus
while such codes may have for example a near-ideal autocorrelation if the mapping is
from GF(5) to the 5t voots of unity, this may not directly translate into a near-ideal
autocorrelation spectrum if the mapping is from GF(5) to {£1,£4,0}. This issue and
quinary codes are not investigated in this thesis, but they could be examined as part of
further research. The important issue of which mapping from quaternary symbols to the
complex numbers {£1, £}, should be employed is treated in chapter 5.

Table 4.3 summarises quaternary code generation techniques. Maximal-length se-

quences (m-sequences) and Gold codes exist over GF(4) and are generated in an analo-
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gous manner to their binary counterparts. That is, a quaternary m-sequence is generated
by the linear feedback shift-register (LFSR) implementation of a primitive polynomial
over GF(4), and quaternary Gold codes G*) are constructed from the quaternary m-
sequences M; and M, via:

G® = M, + TF. M, (4.1)

where T is the sequence left-shift operator. Section 5.1 discusses the special requirements
on M; and M,.

To digress slightly, there is often confusion in the literature as to whether m-sequences
are generated from primitive, irreducible, or in some rare erroneous cases, minimal poly-
nomials, all of which are related. In the original paper on binary m-sequences [200],
Zierler defined them as being generated from primitive polynomials. Zierler also proved
that m-sequences satisfy the Balance, Run and Window properties; have a constant out-
of-phase autocorrelation of —1; and satisfy the shift-and-add property. The shift-and-add
property means that an m-sequence added to a time-shifted version of itself (another code
phase) is equal to some phase of a different m-sequence. This latter property is important
in proving many of the properties of m-sequences and Gold codes.

Irreducible polynomials will also produce maximal-length sequences and this often
leads to the confusion in the literature. On this point Pickholtz [146] makes the following
comment: If the linear-feedback shift-register (LFSR) is described by the characteristic
polynomial f(D), then

“A necessary condition that the LFSR is mazimal length is that f(D) is ir-

b

reducible. A sufficient condition is that f(D) is primitive.

Hence a maximal length sequence implies that f(D) is irreducible and f(D) irreducible
gives a maximal length sequence. If f(D) is primitive a maximal length sequence is
obtained, but a maximal length sequence is not necessarily generated from a primitive
polynomial.

Confusion also arises between the terms irreducible and primitive, because the number
of g-ary m-sequences is often defined as ¢(¢™ — 1)/m, where ¢(.) is the Euler-totient
function discussed previously. For quaternary alphabets and codes of period 63, this
implies that there are 12 irreducible polynomials which can produce maximal-length

sequences of period 63. Table 4.4 gives the 12 irreducible polynomials (from Green and
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polynomial polynomial
D3+ D?*+D+2 D?4+2D? +3D +2
D3+D?+D+3 D?4+2D?+3D +3
D3+ D?+2D+3 D?+4+3D?>+ D +2
D3+ D? 43D +2 D3 +3D* 42D +2
D?+2D?>+ D +3 D3 +3D*+2D +3
D?+2D%*+2D + 2 D3 +3D*+ 3D +3

g| || 7|

bt | b | e | b | et | bt
bt | | | ] ] —

Table 4.4: Polynomials which generate maximal length sequences.

Taylor [61]) and highlights the 6 primitive polynomials (as given by Balza et. al. in [14,
Table 1)) for codes of period 63. Thus the use of a primitive or irreducible polynomial
to produce an m-sequence is acceptable, even though by Zierler’s original definition only
primitive polynomials should be considered.

Returning to the discussion, the properties of quaternary m-sequences and Gold codes
are analogous to those of the binary versions, except for some important differences as
highlighted by Krone and Sarwate in [95]. For example, the autocorrelation of binary

m-sequences is:

N [(modN=0
o(l) = (4.2)

—1 otherwise

but the autocorrelation of quaternary m-sequences is given by:

N {mod N =0
o(l) =4 —1+j(N+1)/2 ifl =+N/3(mod N) (4.3)
-1 otherwise

Testing both the primitive and irreducible polynomials, it was verified that they have an
autocorrelation of the above form.

Very little research has been specifically conducted into quaternary m-sequences (or
quaternary Gold codes) because the alphabet is not prime and some of the good proper-
ties of binary codes are therefore altered for the quaternary sequences, as discussed above.
In this thesis, all twelve polynomials in table 4.4 may be referred to as m-sequences for
the reasons given below. However, the tests conducted in chapter 5 are restricted to only
those generated by primitive polynomials. The autocorrelation of all of the sequences

(irreducible or primitive) is the same. However, interesting results were obtained when
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the crosscorrelations were tested. Certain pairs of sequences produce even periodic cross-
correlations which are purely real-valued. This is not restricted to only pairs of primitive,
or pairs of irreducible polynomials, as both classes can in some instances produce this
result, as can some irreducible and primitive combinations. Other combinations have the
classic three-valued even crosscorrelation spectra for both the real and imaginary compo-
nents. Thus, in the consideration of the randomness and correlation properties, the use
of the term m-sequence for both irreducible and primitive polynomials is acceptable for
quaternary codes. The author has not investigated them in relation to the shift-and-add
property, because this is not of importance to the research of this thesis.

Another technique for generating quaternary codes and perhaps an obvious way, is
to combine binary sequences. The quaternary sequence a can be formed from the binary

{+£1} base sequences b and ¢, via for example:
1 , 1 .

Relationships can also be found between the quaternary and binary correlation functions
with this approach. This can provide a large number of codes [95, Table I] (260 of period
63), but although the properties of the lower-level sequences may be good, after their
combination and subsequent mapping to quaternary symbols, the new sequence cannot
be guaranteed to have good (as considered in the previous chapters) properties. For
example, Hammons and Kumar [63, p.222] note that the combination of two indepen-
dent Gold codes can produce a resultant quaternary code that has a peak even periodic
crosscorrelation which is twice as large as the peak of the binary Gold sequences from
which it is formed.

Several quaternary code generation techniques which do produce a family of codes
with good crosscorrelation properties (usually only the peak even periodic crosscorrela-
tion is considered), suffer from the expected problem of an insufficient number of codes
in the family, e.g. Barker codes; Sidelnikov sequences; real-valued (R.V.) Bent function
sequences; Novosad sequences; and the 4-phase near-optimal sequences of Boztasg, Ham-
mons and Kumar, family B. This is expected from the Welch/Sarwate bounds which
show how the family size and peak correlation may be traded off. A reduction in the peak
crosscorrelation leads to a smaller number of codes in the family. This is most clearly

illustrated by Kumar et. al.’s nested chain technique [96] which transforms a binary code
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family into a quaternary code family. Table 1 in [96] shows that the code family size
decreases as the peak crosscorrelation decreases.

Kumar et. al.’s nested chain technique is analogous to a binary to quaternary (BTQ)
transform, i.e. a mapping of binary symbols to quaternary symbols. The BTQ transfor-
mations of for example Antweiler et. al. [184, 8] (and the similar technique of Fukumasa
et. al. [44, 45]), produce quaternary sequences whose absolute peak crosscorrelation val-
ues (even and odd periodic) are smaller than the binary base sequences if the length of
the codes is an odd number. Considering the peak of real and imaginary components
does not allow the same conclusion to be drawn. The peak correlation value is the same
for an even code length and it may or may not be less for an odd code length. The

potential drawbacks of binary to quaternary transformations are therefore:

1. The number of quaternary codes is equal to the number of binary codes. However,
many binary code families contain an insufficient number of codes, and this was

one of the reasons for considering non-binary codes, to obtain larger code families.

2. BTQ transformations may not exploit the increased number of code symbols in the

quaternary alphabet to produce codes with smaller peak crosscorrelation values.

In regard to this second point, it has been shown in section 1.3 that a set of non-
binary codes should exist, which have a peak crosscorrelation value equal to 1/v/2 of
the value for the best binary codes, for a given family size. The only known example
of a set of quaternary codes which achieve this in comparison to binary Gold codes are
those proposed by Solé [180] and then independently as family A by Boztag et. al. in
[17]. These codes are often regarded as the best (in terms of the peak value and family
size) quaternary codes. Many results on the correlations of these codes are given in
[17], along with the characteristic polynomials from which the shift-register recurrence
relations can be derived. However, the author feels that the best description of deriving
the shift register recurrence relations from the characteristic polynomials is given in [18]
where the quaternary codes are used as a base for generating non-linear binary codes.
Some points to note in relation to these codes are: firstly, the arithmetic is modulo 4
(24), and secondly the codes are not maximal length.

The literature on the quaternary codes, both family A and B of Boztas, Hammons

and Kumar, considers the entire even periodic crosscorrelation distribution. The only
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other paper referenced above which also does this is by Matsufuji and Imamura [118]
which shows that the real-valued (R.V.) Bent function sequences have a 5-valued even
periodic distribution. Matsufuji and Imamura also show that the R.V. Bent sequences are
balanced. The remaining papers in most cases consider either only the autocorrelation
(and sidelobe energy) of the sequences, or the peak auto- and cross-correlation. The
absolute value is often considered rather than the real and imaginary component values
as well. The BTQ transformations of Antweiler et. al. and Fukumasa et. al. are also the
only ones to consider the odd periodic correlation as well as the even periodic correlation.
Similarly, a large proportion of the literature in relation to the non-binary (¢ > 4)
sequences reviewed in table 4.2 considers only the minimisation of the absolute peak even
crosscorrelation and out-of-phase autocorrelation simultaneously. Thus the reader can
now see the discrepancy between the properties emphasized by spreading code designers

and the properties highlighted by the system analysis.

4.3 The Dual Problem

The review of existing non-binary code generation techniques in the previous section
shows that many, though not all, contain a relatively small number of codes in the family
in comparison to the code period. Many have also been designed to simultaneously
minimise the non-trivial peak auto- and cross-correlations. Further, although the review
does not discuss this in detail, many techniques cannot be easily implemented by a
computer or in hardware. In regard to this point, it is considered beneficial at present to
retain a shift-register configuration for the generation of the codes due to the expected
increased speed of operation in comparison with accessing the code from memory, or
generating it via a Fast Fourier Transform (FFT) as Suehiro does.

Very few of the code generation techniques reviewed consider the randomness prop-
erties of the codes either. An important exception to this is the theory of m-sequences.
Historically m-sequences have formed the basis, or can be related to, many binary and
non-binary code generation techniques. Figure 4.2, which is an extension of [132, Fig. 1],
illustrates the relationship between m-sequences and other code generation techniques.

The mathematical basis of m-sequences is Group theory over the Galois field GF(2),
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a field containing the two binary elements and an operator {0,1,+}, which is usually
mapped onto {41, —1, %} by isomorphic correspondence. Note that a field contains two
operators, but binary multiplication is trivial and can therefore be neglected. To obtain
the recurrence relation which defines the shift-register architecture and generates the m-
sequence, one needs to find a primitive polynomial over GF(q). GF(q) is defined by the
addition and multiplication operations on the symbols of the alphabet. The problem of
generating codes could be viewed differently however, i.e. the following research question
could be posed: “Is it possible to find an arithmetic (operator definitions) for a given shift-
register configuration which will produce a maximal-length sequence?” The investigation
of this problem, referred to as the Dual Problem (DP), may be regarded as the converse
(or dual) of existing m-sequence theory. Figure 4.3 illustrates the relationship between
m-sequence and DP theory. The word dual was proposed because of the analogy with
the Primal-Dual problems in Linear Programming, it is not used in the sense of the dual
code of coding theory.

The concept of defining an arithmetic is not new and apart from any literature spe-
cific to mathematical research topics (e.g. number theory), it was employed by Welti in
[194]. The application of this as a method of pseudorandom code generation however,
has only been discussed by Koscielny and Mochnacki [90, 89, 125] to the best of the au-

thor’s knowledge. The author of this thesis became aware of Koscielny and Mochnacki’s
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work after independently publishing the Dual Problem idea in [161]. However, there are
significant differences between the two proposals, and these are discussed in section 4.3.4.

It is also important to realize that the entire essence of the Dual Problem is to pro-
vide an alternative view of code generation. Identification of which constraints should be
used to define the operators is the research issue, and this is treated in the next section,
section 4.3.1. Section 4.3.2 then examines the constraints employed in section 4.3.1 with
the Dual Problem to show that it is a valid method of code generation, i.e. they do gen-
erate pseudorandom codes. This section also provides an important conclusion in regard
to some of the properties satisfied by conventional finite field arithmetic, which the DP
arithmetics do not need to satisfy in order to generate PN codes. Section 4.3.3 therefore
compares, in greater detail, the properties satisfied by the arithmetics in section 4.3.1
with all of those satisfied by finite field operators. This section is particularly important
in the theory of the Dual Problem for PN code generation.

In summary therefore, this section concentrates on the properties of the arithmetics

employed in the Dual Problem. An investigation of the properties of the sequences
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Table 4.5: Operator Templates: (a) Addition @; (b) Multiplication ®

generated by the Dual Problem is given in section 4.4.

4.3.1 Addition And Multiplication Operators

The previous section introduced the concept of the Dual Problem as a method of code
generation. However, the concept of the Dual Problem does not specify which constraints
should be placed upon the arithmetic. This section therefore identifies suitable properties
for the addition and multiplication operators to constrain the problem.

To define the addition operator @, two of the properties of groups are employed: clo-
sure, and commutativity to provide symmetry. The other properties of groups: associa-
tivity, identity, and inverses, are not made mandatory in defining the operator structure.
The only other constraint utilized is the necessary, but not sufficient, condition for the
existence of a finite field: Every element should appear once and only once per row and
per column of the table defining the group (or the operator). This constraint, referred to
as the Balanced Symbol Distribution (BSD), ensures that the distribution of symbols in
the operator specification is uniform. It will be shown later that the BSD is important
in relation to the stability and randomness of the codes.

Over the quaternary alphabet, a computer search found 96 possible addition operators
existed with these constraints. Of these only 16 could form an Abelian group, these
16 result from isomorphic correspondence. Table 4.5(a) is a template for the addition
operator. Each element in the following sets is distinct: { A,B,c,D }; { B,E,F,G };
{c,pH,1}; { D,G,1,J }; with A...5e{ 0,1,2,3 }.

To define the second operator multiplication ®, closure and commutativity are again
used as constraints. In order to distinguish the addition and multiplication operators,

multiplication employs the extra constraint that 0RA=0, for all symbols A. This is
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not necessary, but it retains the similarity to integer and GF(¢) multiplication. The
constraint used for the addition operator, that each symbol occurs once and only once
per row and column, is again employed, but modified to only apply to the non-zero
symbols with multiplication. Thus in each row or column (except the one corresponding
to the null or zero symbol 0), each symbol appears once, thus maintaining the balanced
symbol distribution. A template of the multiplication operator is shown in table 4.5(b).
Each element in the following sets is distinct: { x,L,M }; { L.N,P }; { M,P,Q }; with
K...N,P,Qe{ 1,2,3 }.

Multiplication defines the gains of the feedback path from the shift-register stages. A
gain=0 (the null symbol) is not the same as the case where no feedback from that stage
is connected. To avoid confusion a gain=0 is not used. The operation 0®0 therefore
cannot occur by definition and thus although it need not strictly have been defined, it is
specified that 0®0=0 for completeness.

With these constraints and the four-symbol alphabet, six multiplication operators
exist. Three of these satisfy all of the properties of an Abelian group. Therefore the
total number of addition/multiplication operator combinations which need to be tested
on a given architecture for the production of maximal-length sequences is 576. This
value is dependent only on the cardinality of the alphabet and not on the coder memory
order m. The complexity of finding primitive polynomials is dependent on the coder
memory order. A point to note is that finding the DP addition operators is the “Latin
squares” problem from mathematics, with the extra constraint to provide symmetry for
the operator. Finding the Dual Problem codes by a computer algorithm is also very
simple to implement and this is discussed in the next section.

The next section, section 4.3.2, illustrates the ideas of the Dual Problem with an
example. It is also shown that not all of the shift-register configurations can produce
maximal-length sequences. This is due to the constraints employed with the Dual Prob-

lem, with other constraints this situation may not arise.
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4.3.2 Code Existence

To test the validity of the Dual Problem as a method of code generation, a generic
feedback shift-register coder was simulated in software. Its operation was verified by hand
calculation to ensure correctness. The simulation generated all 576 possible addition and
multiplication specification combinations for the quaternary alphabet, and tested these
as operators in the feedback configuration employed. A point to note is that GF(4)
arithmetic arises as a special case of the 576 possible DP arithmetics. This algorithm,
although the simplest, has a high computational complexity for finding all possible DP
codes for all possible coder configurations. However this need not necessarily be done,
one configuration may be chosen and only the codes for that one found.

Table C.1 given in appendix C shows the number of codes which exist for each monic
polynomial (shift-register architecture) for the symbol memory order m = 3 (the code
period is N = 63). This table also shows the number of codes which are distinct for
each configuration. The distinctness of the codes could be tested by an order O{N.U}
complexity algorithm; U is the number of codes for comparison, N the code period. The
reduced complexity of the distinctness test is a direct consequence of the stability of the
DP codes (shown in section 4.4.1), which allows the same initial register contents to be
used in all tests. Hence in testing the distinctness of the codes, time shifts (different code
phases) did not need to be considered.

Over all m = 3 shift-register configurations there exist 1692 codes of which 246 are
different. This is substantially more than the number of m-sequences of the same code
period. A point to note with the Dual Problem is that the emphasis need not be on
finding all of the DP codes, rather a shift-register configuration is selected and the codes
for that configuration are found. The complexity of the problem is then substantially
reduced in comparison with finding Gold codes for example, if one must first find the
primitive polynomials and then the preferred pairs of m-sequences.

Some important conclusions have been drawn in obtaining the results of table C.1.
Consider first the coder configuration: D* = 1@ D*® 1® D' ® 1® D°, a non-primitive
polynomial over GF(4). This shift-register configuration and the multiplication operator
m1l, given in table 4.6, produce eight distinct DP codes. These codes are labelled A...H

and the corresponding addition operators are given in section C.2 of appendix C.
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Table 4.6: Multiplication Operator, m1.

Associativity of the addition operator is not necessary for the production of any of
these eight DP codes. To show that A is non-associative it must be shown that there ex-
ists A,B,C € {0,1,2,5} such that: (A®B)®C#AD(BOC). Choosing A=1, B=1, C=0 gives
(A@B)BC=(181)®0=0®0=0#£AB(BSC)=18(1@0)=1®2=1. Thus the addition opera-
tor for A is non-associative. Note, that if each symbol is multiplied by 7 using the operator
m1 so as to be consistent with the example shift-register configuration, then associativity
still does not hold. This is because 1®3 = 3 for m1 and 8 = {A,B,c} € {0,1} above.
It is also possible to verify that the operators B. .. H are non-associative. Further as a
group requires associativity to hold, so the addition operator does not need to form a
group (or Abelian group) in the production of DP sequences. Neither is the existence of
a finite field required, because it relies on the addition operator forming a group. This
issue is investigated in greater detail in the next section.

An examination of table C.1 further shows that not all shift-register configurations
produce maximal-length sequences. The question arises therefore as to the existence of

g-ary DP codes for an arbitrary symbol memory order (m).

Theorem 4.3.1 DP codes produced by the constraints of section 4.3.1 will exist for all

symbol memory orders m.

Proof:

The Corollary given as [16, Corollary 4.6.14, p.89], proves that for every finite field GF(q)
and positive integer m, there exists at least one primitive polynomial f;"(D) over GF(q)
of degree m. The arithmetic of GF(q) arises as a special case of the set of arithmetics
for the Dual Problem, thus there is at least one DP code for every symbol memory order
m. That DP code is generated by the configuration f;"(D) and the arithmetic of GF(q).
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It should be noted, that no attempt is made to prove that the DP codes will always
produce more codes than m-sequence theory for a given symbol memory order, but it is
not unreasonable to accept this as true. A search by the author has also revealed the
existence of DP codes of period 255 (m = 4). Table C.4 gives the coder configurations
which produce DP codes of period N = 255 and the number of distinct sequences for
each configuration. The complete number of distinct sequences when all configurations
are considered could not be determined due to the memory limitations of the software
in which the program was implemented.

The results of table C.1 for codes of period 63 and table C.4 for codes of period 255
show, that in most instances, configurations which tap each delay element will produce
codes, but some exceptions to this have been found for the codes of period 255.

Thus in summary, this section has shown that the Dual Problem is a valid method of
code generation. It has also found that it is possible to relax some of the constraints on the
arithmetic used to generate the codes in order to obtain a larger number of sequences. The
next section therefore compares the constraints used with the Dual Problem arithmetics,
with the properties satisfied by conventional GF(¢) arithmetic. This then explains why

properties such as associativity can be removed in the production of the DP sequences.

4.3.3 Relationships To Group Theory

The results of section 4.3.2 have illustrated the validity of the Dual Problem for pro-
ducing quaternary codes. Further, the codes have been produced without the need for
a finite field to exist between the addition and multiplication operators. The question
arises therefore as to which operator properties are necessary to produce a maximal-
length sequence. This question is investigated in this section by considering each of the
properties which a finite field operator must satisfy. Those properties were defined in

section 4.1.

Associativity

Associativity is not a necessary condition for the production of a maximal-length se-

quence, as the previous section found. To illustrate why this is so consider the shift-

113



Figure 4.4b: Shift-register implementation D* =1® D*®1® D' & 1® D°.

register schematic in figure 4.4a. In this diagram three symbols are added together and
the order of application of addition need not be specified, hence suggesting that asso-
ciativity applies. Figure 4.4b is another interpretation of the same polynomial used for
figure 4.4a however, and this is what is implemented in the software simulation, and
how the system could be implemented if discrete electronic components are used for a
hardware construction. In this second system the order of addition of the three symbols

is always defined, hence associativity is not a necessary condition.

Identity

A shift-register of symbol memory order m, can have a maximum period of ¢". With
linear feedback (the use of GF(g) arithmetic or m-sequence theory), which is not true
for the majority of DP operators considered, this period is reduced by one due to the
self-perpetuation of the all-zero state. This occurs because 0+0=0, and 0xA=0 for all
symbols A. Thus it is the use of the addition identity element as the null element in the
multiplication operator, which ensures that the period of a maximal-length sequence is
N =q¢m — 1.

For the constraints utilized with the DP codes identity under addition is not strictly
specified, and consequently it is not possible to prove that period ¢™ cycles (referred to

as de Bruijn cycles [53, chpt. 6], [41, 198]) do not exist. Golomb [53, Theorem 9,p.124]
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states that in order to produce a sequence of length ¢™ from an m stage shift-register,
it is necessary to use all m available tap positions. Unfortunately, no proof was given so
this could not be used as a technique to disprove the existence of such cycles here. By
incorporating the extra constraint that there exists a symbol 5 €{ 0,1,2,3}, such that
B®p = [ and A= (3 for all symbols A, period ¢™ cycles can be eliminated. The defined
maximal-length quaternary sequences would then have a length of 4™ — 1. Defining such
an identity operator is not worthwhile however, as the codes are found by a computer
search which can ignore any such sequences. Secondly, if they do exist then they may
make good PN sequences. Golomb also showed in [53] that pure cycles do not exist if the
feedback configuration can be written in the form f,(x1,...,2,) = c.xy + g(22, ..., x,),
where ¢(.) represents the non-linear component of the feedback function f;(.). Thus
maintaining Galois arithmetic for the appropriate component of the feedback operation
could eliminate these cycles. This is an issue which may be considered in future research.

An identity element under multiplication, which conventional arithmetic denotes as
“one”, is also unnecessary. Maximal-length sequences exist for those operators which do
not satisfy this constraint. The multiplication operator m1 (given in table 4.6), which

is used in the example of section 4.3.2 illustrates this.

Inverses

The existence of an inverse for each symbol relies on the existence of an identity el-
ement. Identity does not contribute to the production of maximal-length sequences, as
shown above, but indirectly contributes to the period of the PN sequence. Consequently
an inverse for each element will not contribute to the existence of a maximal-length se-
quence. The author has as yet been unable to find any relationship between the properties
of pseudorandom sequences and inverses, and therefore considers that this constraint can
be removed. Identity and inverse are important in mathematically proving much of the
theory associated with linear feedback shift-registers (LFSRs). The removal of these
properties therefore means that the proofs of many results are not easily extendable to

the Dual Problem.
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Distributivity

Distributivity is not a necessary condition by the same reasoning that associativity
has been shown to be unnecessary i.e. the order of application of the operators is always
specified, hence (A®B)®(A®C) is always performed, never AQ(B®C). Distributivity may
only be important for minimizing, with some architectures, the number of operators used

and hence the number of discrete electronic components in the coder’s implementation.

Finite field

The results of section 4.3.2 have found that a finite field is not necessary for the
existence of maximal-length sequences. This is expected because definition 4.1.10 shows
that for a field to exist, a group must exist. In addition, the above discussion has shown
that some of the properties of groups are not necessary in defining the operators so as to
produce maximal-length sequences, thus a group and hence a finite field need not exist.
However, the existence of a finite field may ensure simplicity in the implementation
of the operators. Green and Taylor discuss the relationships between the operational
description of the circuit and the algebra employed in [62]. This issue is not investigated
in this thesis, but it could be pursued as future research.

The necessary, but not sufficient condition for the existence of a finite field, the
requirement of a balanced symbol distribution (where each symbol occurs once and only
once per row and per column of the operator specification) is important. Whilst this
feature seems to intuitively provide the desired randomness properties of PN sequences, it
is shown in section 4.4.1 that it is important in ensuring that the DP codes are stable. The
stability of the codes is then shown to be important in proving the randomness properties.
Before investigating the stability and other properties of DP codes in section 4.4, the next
section digresses slightly. This section has compared the DP arithmetics with arithmetics
used in Group theory. The next section compares them with the arithmetics used in
Spurious Galois Field theory, an idea proposed by Koscielny and Mochnacki and referred

to previously.
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4.3.4 Relationships To Spurious Galois Fields

Section 4.3.1 remarks that the author of this thesis became aware of a proposal using
arithmetics similar to those of the Dual Problem, after the author published the concept
in the journal paper [161]. Whilst similarities can be found between the arithmetics used
in the two independent proposals, the overlaying concepts are fundamentally different.
The Dual Problem can therefore be regarded as an original contribution to the knowledge
of spread-spectrum communications. The relationships between the arithmetics used in
the two proposals and their differences are discussed in this section.

In 1989 Koscielny proposed [90], for the field of cryptography, the idea of a Spurious
Galois Field SGF(q), which is an algebraic system (Sz, +, ) of ¢ elements satisfying the

following axioms [91]:
1. (S7,+) is an algebraic loop with identity element denoted by 0.

2. (S%,-) is an Abelian cyclic group, where Sy = Sz — {0}.
Hence Sz = {0, 1,w,...,w? 2}, where w is the generator of the multiplicative

group and w9 ! = 1, where 1 is the identity element under multiplication.

The reader may recognise the similarity with Galois field theory with this notation for

the code elements.
3. There exists —1 € Sz, such that —1 = 1 if ¢ is even, or —1 = w(@ /2 if ¢ is odd.
4. For any element A € Sg: -A= —1-A and A+ (-A) = 0.
5. Distributivity holds.
6. For all elements A € Sz, 0-A = 0.

Spurious Galois fields therefore satisfy all of the axioms of Galois fields except for
associativity. The multiplication table is the same for all SGF(q), but each has a different
addition table. Galois fields are therefore a subset of Spurious Galois fields, which are a
subset of the Dual Problem arithmetics proposed in this chapter. Koscielny found that
only one Spurious Galois field of four elements existed from which a PN code could be
generated. This may be contrasted with the 576 arithmetics for the Dual Problem which

can be used to generate quaternary PN codes.
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Koscielny and Mochnacki also proposed a more general (than Spurious Galois fields)
algebraic system in 1991 as a research note [92], the only publication at present in which
they have considered such an algebraic system. Defined as a Spurious ring (Sg, +, -), it

satisfies the following axioms:
1. (Sgr,+) is an arbitrary additive system.
2. There exists E € Sk such that for all A € Sg, E-A=A-E=E.
3. (8%, ) is an arbitrary multiplicative system, where 8% denotes Sz — {E}.

The term ‘arbitrary algebraic system’ refers to either an abelian or non-abelian, quasi-
group or group. Thus Spurious rings do not necessarily satisfy the property of commu-
tativity. Consideration of definition 4.1.8 for a quasigroup shows that this is equivalent
to the requirement of the Balanced Symbol Distribution (BSD): every element should
appear once and only once per row and column of the table defining the operator. A
Spurious ring with the additional constraint of commutativity is therefore equivalent to
the Dual Problem arithmetics with the constraints previously defined. However, the
reader is reminded that the Dual Problem can be defined with different constraints on
the arithmetics.

Koscielny and Mochnacki investigated Spurious Galois fields and Spurious rings for
the purpose of developing cryptographic keys to improve the complexity of stream ciphers
(see for example [125, 92, 91]). The PN codes were also generated from a given recurrence
relation; notice the difference here with the Dual Problem that finds recurrence relations
which produce maximal-length sequences. Thus there are fundamental differences be-
tween the two proposals in their development and subsequent application. Koscielny and
Mochnacki, who also researched properties important for the use of their codes in stream
ciphers, found that their codes had a high linear complexity. This property can also
be important in spread-spectrum communications so section 4.4.3 investigates the linear
complexity of DP sequences. Koscielny and Mochnacki did not investigate the stability,
randomness or correlation properties of their codes. These are investigated for the DP

codes in the next section and in chapter 5.
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4.4 Properties Of The Dual Problem Codes

This section investigates the stability, randomness and security (or linear complexity)
of the new codes. An investigation of the system performance (or correlation) of subsets
of codes and a brief comparison between different code generation techniques is given in

chapter 5.

4.4.1 Stability

The codes produced by the DP method are for the majority of cases non-linear. That
is, in most cases they are generated from a shift-register configuration which does not
employ linear (Galois Field arithmetic) feedback.

A desirable property of non-linear codes is the stability of the code sequence. This
allows the search for maximal-length non-linear codes to be independent of the initial
shift-register contents. Stability is also referred to in the literature as the reversibility of
the code and is equated with the state transition diagram of the code being branchless,
or containing only a pure cycle [53, p.15]. Each state represents the contents of the
shift-register at that time. Figure 4.5a is an example of a state transition diagram for a
stable code. All codes generated by a linear feedback shift-register (LFSR) are stable. In
contrast, figure 4.5b shows the state transition diagram for an unstable code. With the
unstable code several initial sequences need to be considered in the search for maximal-
length sequences. This not only increases the complexity of the search algorithm, but also

the algorithm for identifying the distinct codes, as time-shifts then need to be considered.

It will now be proven, after some preliminary definitions, that the Dual Problem

codes using the constraints discussed previously are stable.

Definition 4.4.1 For a register symbol memory order m, the contents of the register

cells define the state s:

AN
5= (50581: oo ':Smfl)

where s; is a symbol of the alphabet.
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Figure 4.5a: State transition diagram: Stable code

Figure 4.5b: State transition diagram: Unstable code

Definition 4.4.2 The next state function @, transforms the present state s, to the
next state n.

n= &(s) = (51,82, 5 Sm—1, F(s))

where F is the feedback function.
Definition 4.4.3 A code is stable if the function @ is invertible.
P(s)=P(s')=n=s=+

This last definition can be shown to be equivalent to the statement that no branches
exist in the state diagram for the coder. This is also equivalent to the statement that
each state has a unique successor and a unique predecessor. Golomb discusses stability

and the equivalence of these statements in [53, pp.115-116].

Theorem 4.4.1 DP codes produced using the addition and multiplication operators de-

fined by the constraints of section 4.3.1 are stable.
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The proof of this theorem is provided below as it highlights the constraints on the arith-
metic which are important in ensuring that the codes are stable.

Proof:

(i). The element of the highest order stage is the only different element from one state
to the next. This element is uniquely defined by the invariant feedback function, hence
the successor of each state is unique.

(ii). To prove that each state has a unique predecessor:

For a given memory order m, and state s, let the feedback symbol be n:
A
n=Fs)=a®...®a;®...® an

where a; : j € {1,...,m — 2} is present if a connection is fedback from that cell of
the shift-register. Element aq is always present, or the memory order is not m. Also
a; = g; ® s; where g; is the gain or multiplier in the feedback segment from stage j.

Assume that the predecessors s, and s’ of state n are unique. As the next state is

generated from definition 4.4.2 by:

SO

sj=s;:j=1...m—1 (4.5)

and F(s) = F(s") = n.

But n = go ® so ® F(s) = go ® s, ® F(s') where F is the feedback operation excluding the
first stage. Thus by (4.5), F(s) = F(s'). F(.) selects a row of the addition specification.
The result symbol 7, appears once and only once in that row via the balanced symbol
distribution (BSD) constraint, so gy ® s = go ® s = M. As the non-zero (by defini-
tion) symbol gy selects a row of the multiplication operation, and each result symbol 7
appears once and only once in that row (via the BSD), so sq = s, which implies that
s = s'. Hence each state has a unique predecessor.

The stability of the codes follows from (i) and (ii).
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Proving that the Dual Problem codes are stable is a requirement of proving (in the
next section) that they satisfy the desired randomness properties: Balance, Run and
Window, discussed in the Introduction. Stability is also important in a practical sense as
any glitch in the operation of the implemented coder can easily be recovered from with

a stable code. This is not true of an unstable code.

4.4.2 Randomness

Section 3.4 modifies the pseudorandom code design philosophy to emphasize the desired
randomness properties of codes (discussed in section 1.4). In testing Dual Problem codes
of period 63 and 255 all of the codes which have been considered satisfy the Balance,
Run and Window properties defined in section 1.4. This section therefore proves that
the DP codes satisfy these properties. The proofs are analogous to those of Zierler for

m-sequences, [200, Theorem 8 and corollary].

Theorem 4.4.2 DP codes produced using the addition and multiplication operators de-

fined by the constraints of section 4.3.1 satisfy the Window property defined in section 1.4.

Proof:

For » = m: Every m tuple occurs precisely once in the period, except for one tuple, as
the codes are maximal-length and stable.

For r < m: By induction, if for r = k each tuple occurs the same number of times,
then each tuple of length » = k — 1 also occurs the same number of times, unless it is a
subtuple of the missing tuple of length m, in which case it occurs one time less than the
others.

Theorem 4.4.3 DP codes produced using the addition and multiplication operators de-

fined by the constraints of section 4.3.1 satisfy the Run property defined in section 1.4.

Proof:
There are ¢™ possible states when wraparound of the sequence is considered. A run of
r symbols has a probability of 1/¢" of occurring unless it is part of the single missing

m-tuple. Thus the number of times each run occurs is ¢ ", unless it is a subtuple of the
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‘ run length H r=2 r=3

occurrence symbol

sequence 0123“0123
A 3 4 4 40 1 1 1
B 3 4 4 400 1 1 1
C 4 3 4 41 0 1 1
D 4 3 4 4|1 0 1 1
FE 4 3 4 401 0 1 1
F 3 4 4 400 1 1 1
G 4 3 4 41 0 1 1
H 3 4 4 40 1 1 1

Table 4.7: Occurrence of runs for sequences A...H.

missing tuple, in which cases it occurs one time less. Thus a run of r contiguous symbols
occurs approximately N.¢~" times in the sequence.

Corollary 4.4.1 DP codes produced using the addition and multiplication operators de-
fined by the constraints of section 4.3.1 satisfy the Balance property defined in section 1.4.

Proof:
Let » =1 in theorem 4.4.3.
| |

Table 4.7 shows the number of runs (of length » = 2 and r = 3) for each symbol
for the code sequences A to H , results which are in agreement with the Run property
given previously. Specific details on the generation of these codes has been given in sec-
tion 4.3.2. Satisfaction of the Window property for sequence A is shown by table 4.8.
Figure 4.6 also shows how the probability of the occurrence of each symbol (in sequence
A), as a function of the sequence length, is nearly uniform (apart from the initial tran-
sient). This is Ronse’s [164, p.89] second postulate, which is a generalisation of the Run
property. Ronse’s property is discussed in section 3.3 in relation to an element of a code
being nearly independent of its predecessors. Similar results have been obtained for all
other sequences tested.

To complete this section a few final comments need to be made. This section has

investigated several a posteriori tests for randomness, of which the Balance property
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occurrence symbol
0o 1 2 3
0 3 4 4 4
1 4 4 4 4
2 4 4 4 4
3 4 4 4 4

Table 4.8: Symbol pair occurrence for sequence A.
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Figure 4.6: Examination of the generalised Run property of Ronse, for sequence A.

has the most practical importance (as the Introduction discusses). There is however
no universally accepted test for randomness based on the properties of a finite length
sequence, nor can there be. The Introduction discusses this in some detail, as does Knuth
in [87, chapter 3]. Knuth also proposed a test for randomness referred to as the Spectral
test [87, pp.82-97], which Fredriccson [42] showed could be related to the higher-order
autocorrelations of the sequences. The spectral test and higher-order autocorrelations
are not investigated in this thesis. However, they could be considered in future research
as they provide a relationship between the randomness and correlation properties, and

relating these properties is important. Randomness could also be expected to be related
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to the degree of non-linearity of the sequence. In the next section the linear complexity
of the DP sequences is investigated. Linear complexity provides a good insight into
equivalent coders capable of generating the sequence. It is also important when the codes
need to be secure (i.e. they are not easy to crack). Secure codes are of primary importance
to military applications, but if the codes are secure then data encryption need not be
employed for public systems. Data encryption may reduce the effective information rate.
Linear complexity can therefore be an important property for spreading codes in some

applications.

4.4.3 Linear Complexity

In the previous section the randomness properties of the DP codes have been proven to
hold, and those of a subset of the sequences have been investigated. The randomness of
a code really reflects the possibility of predicting the next element in the sequence given
the previous elements, not the properties of the sequence generated. Thus one manner
in which randomness could be measured for a sequence is by how easy (or difficult) it is
to predict the next element given previous elements. If for example a binary m-sequence
is considered, then only 2m — 1 elements of the sequence (of period 2™ — 1) are required
in order to predict the entire sequence. The Berlekamp-Massey algorithm, given as
Theorem 2 of [116], can be used to reveal the structure of the m-sequence generator from
2m — 1 elements of the sequence. However, m-sequences satisfy the Balance, Run, and
Window properties. Clearly, there is a conflict between the two methods of measuring
the randomness of a sequence. This is discussed in further detail below.

The Berlekamp-Massey algorithm is an efficient technique for synthesising the shortest
linear (GF(q) arithmetic) feedback shift register (LFSR) of length L, capable of gener-
ating any given sequence (the actual generation method of which may be unknown).
Edwin Key employed this as the definition of the linear complexity of a nonlinear se-
quence in [82]. That is, the linear complexity of a sequence c, is defined as to be the
length L = A(c) of the shortest LEFSR capable of generating the sequence.

Thus from a military communications point of view, high linear complexity is impor-
tant in relation to the security of the system; “How easy is it to crack the codes?” This

issue is not as important for mobile or personal communications, but linear complexity
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can be interpreted as a measure of the randomness of the sequence as the first two para-
graphs above show. However, high linear complexity on its own does not guarantee good
randomness, for example the sequence consisting of all zeros except the last element has
a high linear complexity, but it does not satisfy the Balance, Run or Window properties.
Rueppel [166] therefore used the linear complexity profile, a plot of the linear complexity
An(c) as a function of the number of elements n of the sequence ¢ that have been pro-
cessed, to indicate randomness. Rueppel states that a good random sequence generator
should have a linear complexity profile which closely, but irregularly follows the n/2 line.
Using the distribution of the number of binary sequences with a given linear com-
plexity, Rueppel derived expressions for the expected step heights and lengths in the
profile. Rueppel commented that the distribution of the number of ¢-ary sequences with
complexity L, was given in “Gust 76”. Unfortunately, this reference was not defined in
Rueppel’s paper, so the results have not been extended here to g-ary sequences.
Figures 4.7 and 4.8 show the linear complexity profiles of the DP sequences A and B.
It is clear from these diagrams that by Rueppel’s definition these sequences are random,
as their linear complexity profiles follow the n/2-line in an irregular manner.
Employing the Berlekamp-Massey algorithm with the DP codes A to H, each has
been found to have a linear complexity of 32, and an irregular n/2-line profile as desired.
Thus DP codes can have high linear complexity, an expected result given the non-linear
nature of the feedback connections in some cases. DP codes may therefore be suitable
for applications other than as spreading codes, such as for use in stream ciphers. Future
research could therefore investigate different applications for the DP sequences. Two
additional points should be also noted. Firstly, a linear complexity of 32 means that 63
elements of the sequence are required to predict the next element, which is the entire
sequence length. Secondly, although DP codes can have high linear complexity, because
m-sequences are a subset of the DP codes, the linear complexity can be very low, L = m =
3, if the DP codes analysed are the m-sequences over GF(4). If high linear complexity is
important, then a subset of codes can be found by neglecting GF(4) and its isomorphic

fields when searching for codes.
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Figure 4.7: Linear complexity profile of DP code A
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Figure 4.8: Linear complexity profile of DP code B
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4.5 Overview

This chapter on code generation is an important component of the thesis. It provides
the motivation for the research of the first two chapters, and for the investigation in the
next chapter. Further, it provides the impetus for many future research topics, and these
are discussed in chapter 6. This section therefore provides an overview of this chapter
and summarises its key points.

The Introduction of this thesis discusses how very little prior research has been con-
ducted into non-binary, and specifically quaternary, code generation. However, as the
Introduction also shows, quaternary codes can provide many advantages for spread-
spectrum communications, hence their investigation in this thesis. Before code gener-
ation may be considered however, the code designer must have a good understanding
of code properties and how they influence performance. An examination of the exist-
ing literature on CDMA does not provide the necessary understanding, rather it shows
a disparity between the properties emphasized by spreading code designers and those
highlighted by the system analysis. This disparity has also been observed by others such
as Kérkkédinen in [78]. Chapters 2 and 3 have therefore investigated code properties
and they provide the necessary understanding for the system considered in this thesis.
The results in those chapters also support a different, from the conventional min-max
criteria, spreading code design philosophy. Rather than designing codes to minimise the
peak cross- and auto-correlation simultaneously, which restricts the number of codes in
the family, the codes are designed to satisfy the randomness properties. This then allows
a greater number of potential codes to be considered. Subsets of codes satisfying other
important properties can then be selected. This alternate code design philosophy has
been discussed in the introduction to this chapter.

To develop a novel method of code generation for this approach, the author researched
existing non-binary (and indeed binary) code generation techniques. Section 4.2 is a lit-
erature review of the different methods used to generate non-binary spreading codes.
The review is separated into those techniques which are capable of generating quater-
nary {1,475} codes, and those which are not. One technique reviewed, m-sequence
generation, provides the initiative for the development of the novel approach (the Dual

Problem) in section 4.3.
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In the theory of m-sequences an arithmetic is chosen (GF(q)), and the primitive
polynomials found. A primitive polynomial can then be implemented by a shift-register
configuration, which will generate a maximal-length sequence (an m-sequence), for any
non-zero initial condition. In contrast, the Dual Problem considers a given shift-register
configuration and then finds an arithmetic (the operators used in the feedback path of
the shift-register architecture), so that the coder produces a maximal-length sequence.
Thus the Dual Problem views m-sequence theory in reverse, and this is perhaps best
illustrated by figure 4.3.

The main research issue however, is to identify the constraints on the arithmetic, i.e.
to identify what properties the arithmetic operators must satisfy. This has been dis-
cussed in section 4.3.1, where the constraints specified for the operators are closure and
commutativity, and that the operators satisfy the balanced symbol distribution (BSD).
The balanced symbol distribution requires that every symbol should appear once and
only once per row and per column in the table defining the operator. For the multipli-
cation operator this only applies to the non-zero symbols. This property, the BSD, has
been shown to be important in proving the stability and subsequently the randomness
properties of the DP sequences, as discussed below.

Section 4.3.2 then shows that the Dual Problem (with these constraints), is a valid
approach to code generation. This has been done by proving that with these constraints
DP sequences exist for all code periods ¢™—1, where m is an integer and ¢ is the alphabet

size. What is more important however, is that section 4.3.2 shows that:

1. The DP arithmetics do not need to form a finite-field, and the two operators of the

arithmetic do not need to form a group (in Group theory terminology).

2. The Dual Problem produces a substantially greater number of codes (for a given

code period), than m-sequence theory does.

To explain the first point, the relationships between the Dual Problem arithmetics and
finite-field arithmetics are discussed in detail in section 4.3.3. That discussion verifies
that some of the properties satisfied by finite-field arithmetics can be removed for PN
code generation. The removal of these properties is the reason why the Dual Problem

generates more codes than m-sequence theory. However, if the sequences generated by
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the Dual Problem are to be successfully applied in spread-spectrum communications,
then it is their properties which are important. Thus the investigation of some of their
properties in section 4.4.

The nature of the Dual Problem makes it difficult to prove general results on the
properties satisfied by DP sequences, particularly in relation to their correlation, but

there are two important properties which can be proven.

1. Tt is possible to prove that the Dual Problem sequences are stable. The proof of
the stability of the DP sequences is given in section 4.4.1, and this proof relies
upon the codes satisfying the balanced symbol distribution. Stability is important
for non-linear codes (which the DP sequences are in general), because it allows the
search for maximal-length sequences to be independent of the initial shift-register
contents. Thus it reduces the search space or computational complexity of finding
the codes. Further, stability is also important in proving the second series of

properties below.

2. It is possible to prove the randomness properties of the DP sequences, i.e. the
Balance, Run, and Window properties have been proven in section 4.4.2; These are

properties which the code design philosophy of chapter 4 emphasizes.

To complete the investigation (in this chapter), of properties satisfied by the DP
sequences, section 4.4.3 investigates a property related to randomness, linear complexity.
Linear complexity is an important property when PN codes are used in cryptography
applications, but it can also be important for spread-spectrum communications because
it is a measure of how secure a code is. In section 4.4.3 the linear complexity and linear
complexity profiles of a selection of DP sequences have been investigated. The results in
this section show that DP sequences can have high linear complexities, hence they are
very secure, and they may be considered for different applications in future research.

As mentioned above however, it is very difficult to prove any results about the correla-
tion properties of DP sequences. Consequently, the correlation properties of a selection of
DP sequences are investigated in the next chapter. The investigation concentrates on the
crosscorrelation properties of the codes, and specifically it compares the performance of

subsets of DP sequences with the performance of subsets of other quaternary sequences
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(i.e. sequences generated by some of the techniques reviewed in section 4.2). Tabular
values of the autocorrelation of selected DP sequences are given in appendix C.4. They
have been included as an appendix because the important features of the autocorrelation
spectrum have not been investigated as they have for the crosscorrelation spectrum. To
determine the important features of the autocorrelation spectrum, the issues of synchro-
nisation, acquisition and tracking, or transmission over a multipath channel need to be
investigated. This thesis does not investigate those issues, but concentrates instead on
transmission over the multiple-access channel. These issues can of course be investigated

further in future research.
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Chapter 5

Code Generation Comparisons

In the previous chapter a new approach to code generation has been developed and
implemented, and properties relevant to the randomness of individual sequences have also
been investigated. In this chapter, using the knowledge of chapters 2 and 3 in relation to
system performance and code properties, the new code generation technique is evaluated
against some of the other existing approaches reviewed in section 4.2 of chapter 4. The
comparison is by no means exhaustive; nor is the intention to specify which is the best
code generation technique, as clearly that is subjective and dependent upon many issues
which have been researched and discussed in this thesis. It is also dependent upon the
specific transmission channel that is employed and this thesis considers only a simple
model, without several features of actual channels. The importance of this chapter is
therefore to show that subsets of Dual Problem codes can perform comparably to other
techniques, thus verifying that the refined code design philosophy, and specifically the
Dual Problem approach to generating codes, is an acceptable technique.

The Dual Problem codes are compared with several other techniques in this chapter,
including: Boztag, Hammons and Kumar (family A4), or Solé codes; Novosad sequences;
random codes generated by a program which simulates the tossing of four-sided dice;
codes obtained by a binary to quaternary (BTQ) transformation on binary Gold codes;
quaternary m-sequences and Gold codes. The period of all codes considered is 63. The
Nested chain technique could also have been used for comparison, but those discussed
above adequately illustrate the necessary results. Methods of code generation which

do not produce sequences of period 63 have not been considered, because the system
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performance is strongly dependent upon the choice of code period, and a comparison
between sequences of different length would therefore be unfair. Specific details on the
generation of the codes employed in the tests are provided in section 5.1.

Although the emphasis of this chapter is a comparison of the performance using codes
generated by different techniques, the randomness and linear complexity properties of
the codes are also compared in section 5.2 for completeness. However this chapter does
not compare the autocorrelation properties of the codes and this is for a deliberate
reason. The autocorrelation properties of different codes are not compared because the
emphasis is on the multiple-access channel. Furthermore, the issues of synchronisation,
acquisition and tracking, or transmission over a multipath channel are not investigated
in this thesis, and it is for these issues that the autocorrelation properties are important.
Thus future research is required to investigate these issues for the Q-CDMA system
before a comparison of the autocorrelation properties of different techniques can be made.
However for the interested reader, the literature reviewed in section 4.2 does provide
some information on the autocorrelation properties of each technique. This information
is usually only the magnitude of the peak (even periodic) out-of-phase autocorrelation
value, or the sidelobe energy, but in some cases more detailed on the autocorrelation
spectrum is provided. Section C.4 of appendix C also provides tabular information on the
peak values and sidelobe energies for a selection of DP sequences. The author compared
the magnitudes of these values with those expected an obtained for random sequences in
[161]. The comparison concluded that the DP sequences have autocorrelation properties
consistent with those of random codes. Certainly some of the other techniques reviewed
do have better properties, but that is to be expected given their design approach which
emphasized this property.

As mentioned above, the aim of this chapter is to compare the performance of subsets
of codes generated by different techniques with subsets of DP sequences, and section 5.3
does this. The random or dice toss codes are employed to provide a comparison for
average performance, following the philosophy of some authors that random codes should
be used in the system. The codes developed by Solé and independently by Boztas,
Hammons and Kumar (family A), simply referred to as Boztag codes, are employed

because they were expected to provide very good system performance. These codes are
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held in high regard in the small but expanding literature on non-binary spread-spectrum.
They are perhaps regarded analogously to the use of binary Gold codes as a benchmark for
comparisons in binary spread-spectrum systems. The Boztas codes have also been shown
to have the optimal (in relation to the Welch bound) peak even periodic crosscorrelation
value. The mean-square (aperiodic) crosscorrelation of these codes is also very good,
i.e. it is generally less than the expected value of the MSC for random codes, £(MSC).
Ozliitiirk and Lam [136] have shown that £(MSC) = N? for random non-binary codes,
thus for codes of period 63, £(MSC) = 3969.

The other code families are compared for completeness, and they provide some inter-
esting results. Of more importance however are the results of section 5.3 in regard to the
selection of subsets of the DP sequences. The selection of subsets of sequences is part of
the code design philosophy of chapter 4, hence these results should be considered when
applying DP codes in spread-spectrum communications. This is explained further in the

summary of the chapter given in section 5.4.

5.1 Quaternary Codes Employed For Comparison With
The Dual Problem Codes

This section provides the specific details on the generation of the codes used for com-
parison with those of the Dual Problem in the following two sections.

The Boztag codes (family A) of period 63, can be generated from the recurrence
relations provided below, where the characteristic polynomial f(z) = 2% + 223 + 3z + 1,
or 1002031 from [17, Table 1], is expressed as the recurrence relation D¢ = 2D3 + D + 3
in the notation of this thesis. In a short hand notation this may be expressed as 002013.
Notice the difference between the two notations is primarily that 1 and 3 are replaced
by each other. This is because in modulo-4 arithmetic (24) minus one is equal to three,
minus two is equal to two etc.

The six possible coder configurations for this period (expressed in the shorthand no-
tation of this thesis), are: 002013, 330213, 103323, 102003 and 120333. Each of these con-
figurations is capable of generating 65 distinct codes. These sequences are not maximal-

length however, so 45 — 1 initial conditions need to be considered in finding the codes
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for a given configuration. Boztag, Hammons and Kumar found the distinct sequences by
loading the shift register with states not previously seen during the generation of prior
sequences. It would be an interesting aside to directly compare the computational com-
plexity of finding the Dual Problem codes with the computational complexity of finding
all of the codes of family A. The two techniques may well have a similar complexity.

In this chapter, the coder configuration employed is 120333, or D¢ = D>+2D*+3D?+
3D' + 3. The first initial condition is {3,3,1,0,0,0}, where the last element a zero is
loaded into the delay element from which the output is tapped. The remaining initial con-
ditions are {2,1,1,0,0,0}, {1,1,1,0,0,0}, {1,2,0,0,0,0}, {3,1,0,0,0,0},{2,1,0,0,0,0},
{3,0,0,0,0,0} and {1,0,0,0,0,0}. Each of these initial conditions corresponds to a code
labelled B 41 tO B A8 Tespectively.

The eight Novosad sequences of period 63 used in the tests of this chapter are given
in [133, p.1085]. The four m-sequences used are the first four primitive polynomials given
in table 4.4 of section 4.2.

Binary Gold codes, which are well known in the literature, can be generated us-
ing equation 4.1, given a preferred pair of m-sequences. A preferred pair of binary
m-sequences are a pair which have a specific three-valued even periodic crosscorrelation
spectrum. Sarwate and Pursley’s paper [171] discusses this in detail. The even periodic
crosscorrelation of binary Gold codes (and the preferred pair of m-sequences) of period
63 takes only the values from the set {—17,—1,+15}.

The only papers published on quaternary Gold codes are by Robert Gold in a company
report [51] which the author of this thesis was not able to obtain, and by Krone and
Sarwate in [95] which was based on Gold’s report. In [95] two primitive polynomials,
m-sequences U and V over GF(4) were considered. Each quaternary m-sequence was
decomposed into two binary m-sequences U = [W, X| and V' = [Y, Z] by [95, Eq. 17].
The quaternary Gold codes were then defined to be those for which W and Y formed
a preferred pair of binary m-sequences. No similar statement was made concerning the
selection of X and Z.

This thesis takes a slightly different approach which is more analogous to binary Gold
code generation. To generate quaternary Gold codes the two primitive polynomial m-

sequences f(D) = D3>+ D?+ D + 2 and f(D) = D?+ D? + 3D + 2 (initial conditions
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{1,0,0}) are employed as the preferred pair. This is because in testing the even periodic
crosscorrelation of these two codes it was found that the real component of the corre-
lation is three valued {—17,—1,+15} and the imaginary component also three-valued
{0,4+8}. Thus because the components have a three-valued crosscorrelation spectrum,
so the two sequences above were selected as the preferred pair. The quaternary Gold se-
quences are generated from these two sequences in the same manner as binary Gold codes
are generated from a preferred pair, i.e. using equation 4.1. Testing the even periodic
crosscorrelations of the first eight sequences it has been found that the real component
takes values from the set {—17, —1,+15} and the imaginary component values from the
sets {0,+8} or {0, £16} or {0, +8, +16}.

The reader can recognise that just as there were similarities between the binary
and quaternary m-sequences, there are similarities between binary and quaternary Gold
codes. However, there are also important differences as has been shown and previously
discussed. Krone and Sarwate discussed this in further detail and showed (based on
Gold’s report), that depending upon the binary base sequences employed, the family of
quaternary Gold codes either had poor crosscorrelation properties or poor autocorrelation
properties. Quaternary Gold codes and indeed quaternary m-sequences are therefore
rarely investigated in the literature, as they are not as highly regarded as their binary
counterparts. Indeed, of the techniques discussed here and in chapter 4, including the
BTQ transform below, only the codes of Boztag, Hammons and Kumar (or Solé), have
been considered in any detail as they provide a large family of codes with good correlation
properties.

The binary to quaternary (BTQ) transform discussed in [184] and [9] is applied to a
family of binary Gold codes to generate the BT(Q codes used in this chapter. The binary
Gold codes are generated from the preferred pair of m-sequences DS = D%+ D3 + D? 41
and D% = D’ + 1 as given by [171, Figure 5]. The initial condition employed for both
sequences is {1,0,0,0,0,0}, and the variable ‘s’ in the BT(Q transformation, which is
defined in the papers referenced, has been set equal to one. Specific information on the
generation of the DP codes is provided in the sections in which they are discussed.

The following two sections compare the properties of a selection of codes for the

different techniques, with subsets of DP codes. Section 5.2 compares the randomness
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code max | min
DP 32 3
m-sequences 3 3
Gold 6 3
BTQ (Gold) | 15 9
Boztas 21 21
Novosad 31 19

Table 5.1: Linear complexity of quaternary sequences of period 63

and linear complexity properties, and section 5.3 provides comparisons of the system

performance (PBE). These two sections provide some important results.

5.2 Randomness And Complexity

In section 4.4 the randomness and linear complexity properties of the Dual Problem
codes have been investigated. In this section those results for the DP sequences are
compared with the corresponding results (for those properties), for the other quaternary
code generation techniques considered.

Considering first the linear complexity of the codes, table 5.1 shows that the Dual
Problem codes can have the highest linear complexity, a maximum value of 32. However,
their minimum value can be very low (equal to 3), because the quaternary m-sequences
are a subset of the DP codes. The linear complexity of m-sequences of period ¢ — 1
is well known to be m, which equals 3 for quaternary codes of period 63. Similarly, the
linear complexity of Gold codes is known to be 2m, or 6 for codes of period 63. The
minimum value of 3 occurs only for the first two Gold codes as these are the preferred
pair of m-sequences. These generalisations have been verified for the codes employed in
the tests. A general result for the linear complexity of the BTQ transformation, given
that of the binary base sequence, is not available, however the tests conducted on the
codes considered show that it has increased from a maximum of 12 and minimum of 6
for the binary Gold codes to a maximum of 15 and minimum of 9 for the transformed
codes. An increase in complexity may or may not hold for other base sequences.

Examining the Boztas codes produces an interesting result. All eight sequences con-

sidered have the same linear complexity and can be generated from the same recurrence
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code Balance | Run | Window
DP Yes Yes Yes
m-sequences Yes Yes Yes
Gold Yes No No
BTQ (Gold) No No No
Boztas No No No
Novosad Yes Yes No

Table 5.2: Randomness properties of quaternary sequences of period 63

relation (or polynomial) over GF(4). This is an interesting result which the author has
not seen reported in any prior literature concerning these sequences, and it may assist in
furthering the understanding of these codes and their relationships with other families.

The results of table 5.1 therefore indicate that the DP, Boztag and Novosad sequences
can have good linear complexities and are thus secure codes. Additional data encryption
may not be necessary therefore when these codes are employed as spreading codes. This is
an advantage because data encryption can reduce the information rate or the throughput
of the system.

Comparisons may also be made between the linear complexity of the quaternary codes
and several binary codes of the same period (N = 63) using table 1 in No and Kumar’s
paper [132]. Binary No sequences have a linear complexity of at least 12; binary Gold
codes have a complexity of exactly 12; the small set of Kasami sequences 9; and the large
set of Kasami sequences 15. Thus the quaternary sequences perform well in comparison
with these binary sequences of the same code period.

The next series of properties by which the different code families are compared are the
randomness properties. Table 5.2 shows the results of testing subsets of the codes for the
three randomness properties: Balance, Run and Window. These properties have been
proven for m-sequences and DP codes. General results are unavailable for the other code
families, so these results only apply to the specific sequences tested. The importance of
the Balance property has been discussed in section 1.4. If the codes are not balanced
then the resultant transmitted signal has a d.c. offset and this is commonly regarded as
a disadvantage in spread-spectrum communications. The importance of the remaining

two randomness properties for comparing the structure of the PN code (or pseudonoise
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signal), with the structure of true noise has also been discussed. In addition, section 3.3
also relates (in an approximate manner), the correlation of the codes to the Balance
property. The results suggest that it is important to retain the balance property, but the
approximate nature and assumptions involved in obtaining the result must be considered.
Certainly the next section shows that Boztag codes, which do not satisfy the Balance

property, have very good correlation properties.

5.3 System Performance

The research in this thesis has investigated the use of non-binary codes for spread-
spectrum multiple-access communication. This research has focussed on the spreading
codes and their properties, and how those properties influence the performance as mea-
sured by the probability of bit error (PBE). Indeed, this research led to the development
of an alternate (to the conventional) code design philosophy in chapter 4. A novel method
of code generation, the Dual Problem, has also been developed in that chapter for this
design philosophy.

In this section, the performance of subsets of the DP codes is compared with the
performance of subsets of codes generated by other means (as discussed in section 5.1).
This comparison has carefully considered the results and conclusions of earlier chapters,
and in particular section 2.2. To explain further, the codes are not compared via tab-
ular values of crosscorrelation merit factors, instead their PBE versus Ej/N, curves are
compared. The maximum and minimum AIP phases are also used for the comparison
to avoid potentially subjective conclusions, which can arise if arbitrary code phases are
employed.

Before comparing the performance of different subsets of codes however, it is impor-
tant to reiterate one comment. The intention of this section is not to determine which
is the best code generation technique. Rather, the intention is to show that the perfor-
mance of subsets of DP sequences can be comparable to the performance of subsets of
other code generation techniques. This then means that the Dual Problem sequences are
acceptable for use as spreading codes for non-binary spread-spectrum communication.

In considering the correlation of the codes an important issue, with some quaternary
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generation techniques, is the mapping between the code symbols and the complex num-
bers. For example, the mapping between GF(4) symbols for m-sequences and Gold codes
or modulo-4 (24) symbols for Boztag codes, and the complex numbers ¢, : {+1,+5}. In
the literature, the mapping from GF(2), which is equal to modulo-2 (25) arithmetic, to
the real numbers {£1}, is via the isomorphic mapping: {0,1} = {1, —1}. The literature
is not clear on the mapping from GF(4):{0,1, 2,3}, which is not equal to 2, : {0,1,2, 3},
to the complex numbers ¢4 : {+1,45}. This is because a large proportion of the re-
search into non-binary codes, which in itself is very small, concentrates on those of prime
cardinality, in which case GF(p)=2,, for all prime numbers p. Further, if correlation is
discussed it is generally only the even periodic correlation and more specifically the peak
value which is considered. The importance of this particularly in relation to m-sequences
is discussed shortly.

The mapping between the symbols of the code and the complex numbers is important
as it can in some cases affect the crosscorrelation of the codes. Clearly this mapping is
important when codes have been designed to satisfy specific crosscorrelation properties;
Boztag codes are an example of one such technique. Boztas, Hammons and Kumar,
employed the mapping from 24 to ¢4 of Mp : {0,1,2,3} = {1,7,—1,—j}. That is,
an element s of 2, is given by the complex number w*, where w = /—1. This is
consistent with the mapping used from GF(2)=2, to {£1}, with w = —1. With the
above mapping from 24, the maximum magnitude of the even periodic crosscorrelation
|Prmaz|; of Boztag codes can be shown to be |@paz| < 1+ /N + 1, or for codes of period
N = 63, |dmaz| < 9. Boztag, Hammons and Kumar have also derived expressions for the
occurrence frequencies of the even periodic correlation of the family with this mapping
(see for example [17]). In testing the eight Boztag codes B4 to Bg discussed previously,
the expressions for |¢,,q..| and the values that can occur in the correlation spectra have
been verified. The correlation properties of the Boztas codes are regarded as very good,
especially considering the large family size.

If a different mapping from 2, to C4 is employed, then the Boztas codes no longer
have such good crosscorrelation properties. Indeed for the mapping Mg : {0,1,2,3} =
{—j,—1,1,j}, the peak even periodic crosscorrelation of the eight codes considered is 31,

a large value. The mean-square crosscorrelations and average interference parameters are
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also significantly worse. Figures 5.1 and 5.2 show the difference in performance for the
two mappings. Using the incorrect mapping significantly degrades performance at higher
(> 10dB) E,/N, ratios. The analytical technique of Ogzliitiirk and Lam [101], which is
reviewed in chapter 2, was employed to calculate the probability of bit-error for these sets
of deterministic sequences. It should be noted when viewing these figures that a PBE
of 1072 for example, could not be observed in practical situations. The assumption of
the analysis that the channel is stationary for this time would not be true. However, the
figures have included these values so as to highlight the differences between the different
code generation techniques.

When the two different mappings are tested on m-sequences, the peak and mean-
square values for the even periodic correlation remain unchanged. This is perhaps ex-
pected given that the codes satisfy all of the randomness properties. The change of
mapping would have little influence on the structure of the codes in relation to the even
periodic correlation equation. Differences occur in the peak and mean-square values
with odd and aperiodic correlation for different mappings, but this is again expected (i.e.
the situation is analogous to the influence of code phase). The differences are not as
substantial as for the Boztag sequences however.

With the Dual Problem method, the arithmetic can vary with each code. Two tech-
niques can therefore be used in transforming the symbols {0,1,2,3} to the complex num-
bers {£1,+j}. Firstly, a single mapping could be used, regardless of the arithmetic of
the coder. This is the approach employed by the author in this thesis. The mapping
is Mg :{0,1,2,3} = {—j,—1,1, 7}, which was arbitrarily chosen. Testing this mapping
and that used by Boztag et. al. on the four DP codes A to 5, figures 5.3 and 5.4 show
that there is little variation in performance.

This is expected, given that DP codes are designed to satisfy the randomness prop-

erties and not specific correlation properties, and the discussion above for m-sequences.
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peak MSC

peak MSC codes max min .
Re | Im max | min

Re | Im | Re | Im
B,A | 31118 | 4423 BA || 3120 | 11 | 10 | 4751 | 3387
C,A | 32| 17 | 4423 C.A | 32] 21| 12| 11 | 5055 | 3631
D.A )10 | 13 | 3615 DA |16 17| 10| 9 | 4463 | 3223
?g 1‘3‘ ‘133 ;gig EA | 18|63 |10 9 | 7287|3315
A FA || 17] 16| 9 | 10 | 4463 | 3223
G,A |12 ) 31 1 3959 G.A | 20|31 ] 10| 11 | 4859 | 2851
H,A | 17 | 32 | 5495 HA | 21| 32| 11|14 | 4695 | 3751
C.B | 10} 17 | 3727 OB [ 18]21] 8 | 9 |4619 2835
E,D 131101 3615 ED || 17|18 | 11 | 12 | 4999 | 3311
H,G ) 14 11 1 3087 HG |18 ]17 12| 9 | 4539 | 3051
F,D | 14 | 63 | 7615 F.D | 20|63 12| 11 | 8047 | 3791

F.E ]| 10 | 13 | 3615 F.BE || 16 | 17 | 10 | 11 | 4479 | 3547

codes

Table 5.3: a) Even Periodic b) Odd Periodic Crosscorrelation

The second approach is to search for a mapping that is consistent between the DP
arithmetic and the complex correlation operation, analogous to the mapping used for
binary codes. This has not been investigated in this thesis as it requires a much greater
mathematical treatment of the DP arithmetics, which is discussed as part of possible
future research in section 6.2 . The author is also not aware of any prior research into
this issue, except for a comment made by Krone and Sarwate [95] in relation to a private
communication between them and Alltop. They remarked that Alltop had examined
the autocorrelation of quaternary m-sequences and found it to be independent of the
mapping from GF(4) to ¢4, a result which has been verified by the author of this thesis.
This result, and because research into quaternary codes is still in its infancy, are perhaps
two reasons why this issue has not previously been researched or discussed.

The figures for the DP and Boztag codes also show that the set of four DP codes A
to ZND, perform poorly in comparison with the four Boztag codes. Similarly a comparison
(see figures 5.11 and 5.14 provided later) of the eight Boztag codes B4y to Bas, with the
eight DP codes A to H, shows the performance of the Boztas codes to be significantly
better. Tables 5.3 and 5.4 show the correlation properties of this subset of DP codes, and
provides an explanation of the poor performance of these codes. They show, that in
some cases, pairs of the DP sequences A to H have very poor crosscorrelation properties.

One such example is for the codes codes A and E, which have the maximum possible peak
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peak MSC ATP
codes max min
Re | Im | Re | Im

B,A || 31 | 19 | 16 | 11 | 4587 | 3905 | 9274 | 7704
C,A || 32|17 | 16 | 10 | 4739 | 4027 | 9190 | 7884
DA || 13| 15| 9 | 10 | 4039 | 3419 | 8158 | 6562
E.A || 16 | 63 | 10 | 32 | 7451 | 5465 | 14310 | 10448
F.A || 15|13 |10 | 9 | 4039 | 3419 | 8158 | 6562
G,A || 13 | 31 | 10 | 16 | 4409 | 3405 | 8592 | 6684
HA || 19|32 | 11 | 16 | 5095 | 4623 | 10120 | 8922
C,B || 13|19 | 8 | 11 | 4173 | 3281 | 8346 | 6472
E.D || 14 | 14 | 10 | 10 | 4307 | 3463 | 8452 | 6744
HG |15 13 | 11 | 7 | 3813 | 3069 | 7242 | 5868
F.D || 17 | 63 | 11 | 32 | 7831 | 5703 | 15114 | 10952
FE || 12 15| 9 | 11 | 4047 | 3581 | 8156 | 6900

max | min | max min

Table 5.4: Aperiodic Crosscorrelation

crosscorrelation value. This was a reservation expressed by Burr in relation to employing
random codes, and clearly this pair would not be considered in a practical system.

The reason why this code pair has such poor crosscorrelation properties has been
explained by the author of this thesis in [161]. These two codes are isomorphic (allowing
for time shifts), i.e. each symbol of one code has a one-to-one mapping to a symbol of
the second code, and for the two codes above the mapping is {0,1,2,3} ; & {1,3,0,2} ;.
Further to this, when the above symbols are mapped to the complex alphabet, the two
real-valued symbols of one code must map to the two imaginary-valued symbols (or two
real-valued symbols) of the other, so that the complex even periodic crosscorrelation at
some delay is —63, or 0 & j63. This is not necessarily a disadvantage however, as it
may be possible to partition this set of codes into subsets, and an example of this would
be the partitions {A, E} and {D, F}. Tables 5.3(a) and (b) show that there is poor
crosscorrelation within each of these subsets, but good crosscorrelation between subsets,
and this could possibly be beneficial to multiuser CDMA systems. Indeed, the author
has had some correspondence with researchers of multiuser CDMA on this topic. Future
research proposed in chapter 6 in relation to the structure of the DP codes could also
alleviate the above problem, and the analogy with preferred pairs of m-sequences may

be of assistance.
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To digress slightly, the values given in these tables can also be used to verify some
of the relationships discussed in chapter 2. Firstly, these tables numerically verify equa-
tion 2.14, which shows that the sum of the even and odd periodic mean-square cross-
correlations is equal to twice the mean-square aperiodic crosscorrelation, e.g. for codes
A and B: 4423 + 4751 = 2 x 4587. Secondly, they show agreement with the comment
that the AIP can be approximated by twice the MSC, e.g. for codes A and B, the
ATP=9274~ 2 x 4587 = 9174.

The performance of the set of DP sequences Ato H is poor because the codes are
too similar, which is not surprising since they are generated by the same shift-register
configuration and multiplication operator, only the addition operator is different for
each sequence. A second approach to selecting a subset of DP sequences is therefore
investigated. For this second set the DP sequences are generated by different shift-
register configurations, but the same arithmetic (the addition operator of sequence A
and the multiplication operator m1). The shift-register configurations for the codes in
this set are D? = 1@ D*® 1® D@ 1 = 111 and 112,221, and 332. A comparison of
figure 5.5 with figure 5.1 (given previously), shows that the performance with these four
DP codes is only slightly worse than the performance with the 4 Boztas codes. The
difference is less than 1dB for a PBE less than 107!, and to see the significance of this
recall that voice transmissions often require a PBE of only 1072. The reader may also
recognise that the selection of a subset of DP codes in this manner is analogous to the
generation of m-sequences, and this generalisation could be investigated further in future
research.

Notice also that the difference in performance between the maximum and minimum
AIP phases of the Boztag codes in figure 5.1 is less than for the set of DP codes in
figure 5.5. This may be considered a possible advantage for the Boztag codes as it reduces
the need to find the optimal code phase. On this point, figure 5.6 shows that the four
BTQ(Gold) codes have the smallest variation in performance between the maximum
and minimum AIP phases. However, their performance is worse than the Boztag or
DP (same arithmetic, different polynomial) codes at higher (> 10dB) E,/N, ratios.
This is an expected result and it is discussed further in section 5.4. Tests on the first

four m-sequences also found that their performance is very poor in comparison with
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Figure 5.5: The performance of DP codes. (same arithmetic, different polynomial). Four
users.

other techniques, but this result can be explained by considering the average interference
parameter (AIP) of these sequences. The AIP of one pair of sequences (min 9350, max
11208) is much greater than the expected value of the AIP for random codes (2N? =
7938), and this significantly degrades the performance for four users. Note that the peak
even periodic crosscorrelation for this pair is only 17, thus highlighting the importance
of considering factors other than the peak value. The first four Novosad and the first
four random (or dice toss) sequences also have, like the BTQ codes, a large difference in
performance between the maximum and minimum AIP phases. Figures 5.7 and 5.8 show
the performance for four Novosad and the four random sequences respectively. Note that
the BTQ(Gold) and Novosad sequences were generated or given directly with elements
of ¢, : {#£j, +1}, hence the issue of which mapping to employ does not arise.

The reader should also recognise that at lower (< 10 dB) Ej,/N, ratios the the perfor-
mance of all of the different code families is comparable. This is expected because this is

a region in which the performance is determined more by the noise rather than the code
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Figure 5.8: The performance of random codes. Four users.

properties. Commercial systems for personal or mobile communication may well operate
in this region (e.g. higher user numbers, or lower E,/N, ratios), because they may only
require a PBE of 1072 for voice transmission. The code design philosophy used in this
thesis and the notion of using random (or Dual Problem) codes is then appropriate.

Another alternative to using DP codes of the same arithmetic, but different shift-
register configurations, is to consider subsets of DP codes generated by different arith-
metics and using different shift-register configurations. As an example, the following eight
coder configurations produce DP codes, if the addition operators correspond to those of
Ato H (given in appendix C.2), and the multiplication operator is m1: 111,113,-
23,112,121,223,-32 and 332. The shorthand notation —23 corresponds to the polynomial
D3 = 2@ D'® 3® D°. Figure 5.9 shows the performance for the first four of these codes,
and it can be seen that the performance for the minimum AIP phase is comparable with
that of the Boztasg codes for four users.

Comparisons may also be made for eight users between this subset of DP codes and

Boztag, Novosad, random, BTQ(Gold) and Gold codes. Figures 5.10 to 5.16 provide the
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Figure 5.9: The performance of DP codes (different arithmetics and polynomials). Four
users.

performance of each subset respectively. Note that only four codes exist for the specific
example considered of a subset of DP codes using the same arithmetic and different
shift-register configurations. Only six m-sequences generated by primitive polynomials
exist as well.

Figures 5.10 to 5.16 show that the Novosad sequences perform slightly better with the
minimum AIP phase than the Boztas sequences, but slightly worse with the maximum
AIP phase. However, at a PBE less than 1076 the difference is negligible between these
techniques. The subset of DP sequences considered above, and the random (or dice
toss) codes, have only slightly poorer performance with their minimum AIP phases. The
BTQ(Gold) and quaternary Gold sequences perform poorly, as do the DP sequences Ato
H. These results are expected given prior discussions. The selection of the maximum and
minimum AIP phases is also less significant with the BTQ(Gold) codes than for the other
techniques. The random (or dice toss) codes have the largest variation in performance

between the maximum and minimum AIP phases.
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Figure 5.16: The performance of Gold codes. Eight users.

In summary therefore, the Dual Problem of code generation is a suitable method
for designing spreading codes, because subsets of sequences can be found for which the
performance is comparable to random codes, and indeed to the other quaternary code
generation methods considered here. Some subsets of DP sequences can result in very
poor performance, but the investigation in this chapter has explained how this can occur,
and hence this problem can be avoided. This is explained further in the next section
which provides an overview of this chapter. The next section also explains many of the
results of this section in further detail. However, there is one point which should be
restated. It is very difficult to make generalisations on the relative merits of a code
family from tests which compare the PBE of subsets of codes. The conclusions drawn
from the tests are only valid for the specific situations considered, and tests with other
code could lead to a different code family being regarded as the best. The results in the
latter part of chapter 2 emphasized this point. Thus the intention of this section has
been to show that the DP codes provide an acceptable level of performance, and this is

true provided that subsets of the sequences are chosen with care.
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5.4 Discussion

The aim of this chapter has been to show that sequences generated by the Dual Problem
are suitable for use in spread-spectrum multiple-access communications. As the research
in the latter part of chapter 2 illustrated however, comparing code families is a difficult
task. Certainly they should not be compared by a single merit factor alone, such as by
their peak or mean-square value. Rather, the performance of subsets of codes should be
compared, but again as results in chapter 2 illustrate, this comparison should employ the
maximum and minimum AIP phases to allow for variations due to code phase. Further,
it must also be recognised that the conclusions only apply for the specific situation con-
sidered. Thus instead of attempting to show that there is an optimal code generation
technique, the intention in this chapter has been to identify situations which will result
in an unacceptable level of performance, i.e. a level of performance which is significantly
worse than for random codes, and this has been done for the DP sequences. Further, in
recognising the ways in which the subsets have been selected and the resultant perfor-
mance, a deeper mathematical investigation of the relationship between the arithmetic
and the coder configuration might lead to a refinement of the Dual Problem. Specifically
it could lead to a reduction of the search space for DP codes, and the removal of the
problem encountered for the subset A to H. This is discussed in detail along with other
recommendations for future research in section 6.2.

With these comments in mind, the results of section 5.3 may now be summarised. The
Boztag codes have been found to provide good system performance, and this technique is
particularly important because of the large number of codes in the family in comparison
to the code period. The Novosad sequences also provide good performance (comparable
to Boztag codes), but only eight Novosad sequences of period 63 exist, and this may be
an insufficient amount. The similarity of performance between these techniques can also
be expected because they have comparable peak and mean-square values for even, odd
and aperiodic crosscorrelation. The mean-square crosscorrelation values for the subsets
of sequences tested are also, in general, less than for those expected for random codes
(see chapter 3), hence the better performance than random codes.

In examining the results for the binary to quaternary transformation, it can be con-

cluded that although this approach ensures that the peak even and odd periodic cross-
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correlation magnitudes are the same, this may not necessarily improve the performance
in general. This result again illustrates the importance when designing codes of consid-
ering other factors as well as the peak value. The BTQ transformation does not exploit
the additional number of symbols available in the quaternary code in order to reduce
the crosscorrelations and hence improve performance. The quaternary Gold codes and
quaternary m-sequences tested have also been found to provide poor performance, but
again this result is expected as those techniques are really designed for alphabets of prime
cardinality.

The results of the previous section also show, that when subsets of Dual Problem codes
are chosen with care their performance can be comparable to the other code generation
techniques considered, and that was the aim of this chapter. In addition, the results of
section 5.2 show that subsets of the Dual Problem codes can also be used where secure
codes are required, because they can have a high linear complexity. This is perhaps a
property more important for a military communication system than a public system, but
it also means that future research may consider other applications for the DP sequences,
for example in cryptography. Section 5.3 also shows that the Dual Problem codes satisfy
the Balance property, unlike Boztag codes and those of many other techniques, and this
may be important in a practical system.

Hence the refined code design philosophy and the novel technique of code generation
developed in chapter 4, can (with care) provide codes suitable for non-binary spread-
spectrum communications. The technique does not provide the best level of performance,
but it is comparable to that of random codes. The difference between the code families
also became comparable at lower bit-error probabilities, and a commercial mobile or per-
sonal communication system would generally operate in this region, thus supporting the
refined code design philosophy. Certainly the Dual Problem technique, which has been
developed as part of this philosophy, is worth pursuing in future research, particularly
because of the understanding it might provide to the theory of generating pseudorandom

codes.
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Chapter 6

Conclusions And Recommendations

6.1 Conclusions

After reviewing the literature on spread-spectrum communications, the author of this
thesis (like others) recognised the potential advantages of CDMA for the growing mobile
or personal communications market. However, an investigation of binary code generation
techniques shows that many provide an insufficient number of codes for this application.
Using non-binary codes has been recognised as one solution to this problem, and this is

the solution which this thesis has investigated for the reasons given below.

1. Firstly, a detailed literature review shows that only a small amount of research
has been conducted into non-binary spread-spectrum systems, but that this is
increasing. Chapter 1 in this thesis summarises the different types of non-binary
systems which are discussed in the literature. An examination of the literature
also shows that, as well as providing more codes, the best non-binary codes have
a peak crosscorrelation value which is less than that of the best binary codes, and
the proof of this is given in chapter 1, the Introduction. Sets of non-binary codes
which provide better performance than sets of binary sequences can therefore be
found, and the literature confirming this is also referenced in the Introduction. In
addition, the Introduction also explains the importance of restricting the codes
to the quaternary alphabet when transmission is over the mobile communication

channel. Practical reasons have been given for this.

2. Secondly, a detailed review of non-binary code generation techniques, given in
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chapter 4, shows that:

(a) literature and research into non-binary codes is very small (in relation to that

for binary codes), and

(b) often this research is concerned with alphabets other than quaternary.

Hence, the advantages of using non-binary codes in spread-spectrum communications,
and the small amount of prior research into the topic, have provided the motivation for
the research in this thesis, of which a summary is now given.

The early sections in the Introduction discuss the advantages and disadvantages of
spread-spectrum communication, and in particular non-binary code spread-spectrum.
They also summarise the current state of commercial proposals for CDMA, and in-
troduce the basic theory and key equations. Section 1.4 also reviews the properties of
pseudorandom (PN) codes which are commonly discussed in the literature, and this leads
‘ to the first area of investigation. The review in section 1.4 of PN code properties and
consideration of the operation of the system given in the section 1.2 shows a disparity be-
tween the properties many code designers consider important and those that the analysis
of the system emphasizes. Kéarkkéiinen had also commented on this in [78] in relation to
binary codes. Two possible reasons can be suggested for this disparity in the literature.
Firstly, it is difficult to design code families to satisfy the properties emphasized by the
system analysis, and secondly, very little research has been conducted on the relative im-
portance of different code properties on performance, even for binary codes. This thesis
is the first to have investigated this second issue for non-binary codes. An investigation
of the important properties (and specifically features of the crosscorrelation of spectrum)
of the codes needed to be undertaken before code generation could be considered. The
early chapters in this thesis therefore research this issue.

Chapter 2 commences the investigation by reviewing the literature on techniques for
determining the probability of bit error (PBE) of the system. The PBE is the measure
of system performance used throughout this thesis. The review is divided into two and
considers techniques which approximate the PBE and techniques which bound the PBE.
The former are easier to calculate and provide a better insight into important features
of the crosscorrelation spectra than the latter, but the latter are more accurate. This

review also serves two other important purposes:
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1. It describes in detail the accurate analytical technique used throughout the thesis to
determine the PBE of sets of deterministic sequences. Simulation is not considered
because of the typically long run times that would be required to produce results
in the region of interest, which are the regions where the codes have the dominant

influence on performance.

2. That accurate technique also forms the basis for the development of a novel method
in chapter 3, which is used to examine the relative importance of different features

of the crosscorrelation spectrum on performance.

The methods for approximating the PBE propose several merit factors. These merit
factors, such as the average signal to noise ratio (SNR), average interference parameter
(AIP), and mean-square crosscorrelation (MSC), emphasize the properties which system
designers consider important. Hence the discussion on these in section 2.2.1. Primarily,
merit factors form the basis of criteria used to select the appropriate code phases which
optimise performance. The phase or starting point of the code is important because
the transmission is over an asynchronous channel, where both odd and even periodic
correlation are equally important. The odd periodic correlation and consequently the
performance of the system are influenced by the phase of the codes. There is, however,
no consensus in the literature on which criteria should be used, but this needs to be
resolved before different code properties or families are compared. The following two
points may clarify why this is so.

Firstly, in researching different methods of code generation one must have a method
of comparing them. The initial intention was to do this by conducting tests to determine
the PBE of sets of sequences, and then compare the results. This approach was also
considered initially as a means of comparing code properties, but as a later discussion
shows this simple approach is naive. An understanding of the relative importance of
different code properties on performance is required before new codes can be designed.

The second reason for investigating code phase is because the different criteria for
selecting the phase employ different merit factors, and these merit factors highlight dif-
ferent correlation features. Thus if the relative importance of the different criteria (or at
least the optimal criteria) could be determined, then this would provide an insight into

the relative importance of different correlation features (or at least highlight those of the
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most importance).

Section 2.2.2 therefore investigates the different criteria for selecting the phase of the
codes. It is shown that the criteria commonly used, LSE/AO and AO/LSE, do not guar-
antee that the performance will be better than for randomly selected code phases. Nor is
it possible to conclude, for example, that the AO/LSE phase is better than the LSE/AO
or MSE/AO phases. The criteria of minimising the AIP (or the close approximation,
minimising the MSC) does ensure the best performance in all of the tests of this thesis.
The discussion in chapter 2 shows that these results are expected. The results of sec-
tion 2.2.2 also show that the variation in the PBE between the maximum and minimum
AIP phases can be substantial in regions where the codes have the dominant influence
on performance.

Testing the different criteria for selecting the code phase, therefore provides several

important conclusions (additional to those above):

1. The AIP is a merit factor which highlights the properties of the codes (or their

crosscorrelation spectra) which have an important influence on performance.

2. If different code families or subsets of codes are to be selected from tests comparing
their PBE, then the conclusions are only applicable to that specific situation. Any
generalisation will be subjective because of the variation possible in the PBE with

different phases.

3. It is not possible to determine the relative importance of different code properties by
conducting tests on specific subsets of sequences. This is because it is not possible
or practical to average out the variations in the PBE which different factors can

cause, and these variations can be significant.

The results of chapter 2 therefore show that a different approach is required to de-
termine the relative importance of different code properties on performance. The simple
approach is not satisfactory. Chapter 3 therefore discusses a proposal by the author
which has been published in [163], refined in [162] and is further refined in this thesis, to
achieve this. The proposal considers a virtual set of codes and develops the appropriate
system analysis for them. The virtual code model can be regarded as lying between the

extremes of those used for random codes and deterministic sequences. A virtual set of
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codes is defined to be a set which may or may not exist, whose correlation properties
are appropriately defined. Thus the influence of different factors on performance can be
observed in a less subjective manner. The technique is in effect a simplification of an
accurate technique for bounding the PBE given in section 2.1.2. The new technique is
illustrated by an example in section 3.1.1. The accuracy of the method and the assump-
tions involved are also investigated in chapter 3, and it is shown that they are acceptable
for its intended use.

Virtual codes have been used in this thesis to investigate the influence of the peak
value and shape of the continuous-time crosscorrelation distribution on performance.
The research confirms the expected result that a reduction in the peak value improves
the performance. What is of more importance is that the research shows that in some
cases the shape can have a greater influence on performance than the peak value. This
is important because as the discussion in chapter 3 shows, the tradeoff between these
two factors can allow a greater number of active users. Furthermore, consideration of
the Welch bound shows that a greater number of codes can be considered for use in
the system than the min-max design criteria suggests. Clearly, these conclusions have
important ramifications for the code design philosophy.

The shape of the continuous-time crosscorrelation spectrum is dependent upon:
e the occurrence frequencies of the discrete-time crosscorrelation values,

e the occurrence frequencies of the adjacent pairs of discrete-time crosscorrelation

values, and
e the code-chip pulse shape.

The results from the tests conducted in section 2.2.2 highlight the importance of the two
merit factors, the AIP and the MSC. The MSC may be regarded as a measure of the
variance of the occurrence frequencies of the discrete-time crosscorrelation values, and
the AIP is related to the MSC with an additional factor to account for the occurrence
frequencies of adjacent pairs of discrete-time crosscorrelation values. The AIP also takes
into account the code-chip pulse shape, hence the results at the end of chapter 2 and in

chapter 3 are in agreement.
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Further support of the conclusion that the shape of the crosscorrelation distribution
can be more important than the peak value is given by the conclusions of Chen and
Oksman in [24]. In testing sets of deterministic binary sequences, they found that the
occurrence frequencies of discrete-time crosscorrelation values could be more important
than the peak value. They further recognised (from a different argument to the one given
in this thesis) that this result allowed a greater number of code generation techniques
(and codes) to be considered than previously thought.

The conclusions in chapter 3 have therefore resolved the first research issue: to deter-
mine the important code properties and their relative importance. In addition, resolving
the research issue has an important ramification on code design and subset selection. In

summary:

1. The AIP illustrates all of the important properties which influence the crosscorre-

lation spectrum and hence performance.

2. The MSC is often a sufficient approximation to the AIP, as the results of chapter 2

show.

3. The MSC can be more important than the peak value. Consequently, if the min-
max criteria is used to select subsets of codes, then this may not produce optimal
performance. Furthermore, if the min-max criteria is used to design code families

then it may unnecessarily restrict the family size.

Discussions with Kéarkkédinen at the International Symposium on Spread Spectrum
Techniques and Applications (ISSSTA’94) identified further research on binary spread-
spectrum systems supporting these conclusions. The literature pertaining to this, by
Karkkainen et. al., Burr, Hui, and Grant, is discussed in chapter 3. Specifically, these
authors also recognised the importance of the mean-square crosscorrelation value. They
also concluded, therefore, that the conventional philosophy of designing codes to have,
or selecting codes with, the minimum peak (usually only even periodic) crosscorrelation
value is insufficient for the asynchronous multiple-access channel. Further, and perhaps
more importantly for code design, these authors found that the MSC of codes from
different families is often very similar, for arbitrary code phases, even though the peak

values are not. In addition, the MSC values are comparable to those expected of random
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codes. Kérkkiinen also discussed in [78] how James Massey had shown this to be an
expected result of coding theory.

As a consequence of the similarity (on average) of the MSC value of many codes from
different families, and its similarity to the expected value for random codes, the authors
listed above suggested that random spreading codes should be used, and subsets of codes
with suitable properties selected for the specific application. The results of chapters 2
and 3 show how subsets should be selected, but consideration must also be given to
properties important for other issues, e.g. acquisition and tracking. Using random codes
may not provide optimal performance for a specific set of circumstances, but it does
provide a large code family, and the performance of other code families tends to that
of random codes as the number of users is increased, or alternatively, as the FEj/N,
ratio is decreased. However, proposing the use of random codes does not overcome the
issue of code generation, and this is perhaps where the thesis makes its most important
contribution to the knowledge of the field. Chapter 4 proposes a refined code design
philosophy; the code family is to be designed to contain a large number of non-binary
sequences, but rather than the conventional conflicting constraint of specifying stringent
correlation properties, the codes are to be designed to satisfy the randomness properties
(as discussed in section 1.4). The codes are also generated by a shift-register configuration
for practical reasons.

As far as the author is aware, the only other pseudorandom codes used in spread-
spectrum systems, which emphasize the randomness properties are m-sequences, but the
difficulty with employing m-sequences is the small number of codes in the family. Con-
sidering the manner in which m-sequences are generated led to the proposal of a novel
approach to code generation. This approach, referred to as the Dual Problem, was pub-
lished by the author of this thesis in [161], and it is further refined in chapter 4. Rather
than considering a given arithmetic (e.g. Galois field) and finding shift-register config-
urations (or primitive polynomials) which produce maximal-length sequences, the new
approach considers a coder configuration and finds suitable arithmetics so that the coder
generates a maximal-length sequence. Tests in chapter 4 show that a significantly greater
number of codes can be produced by this method, and these codes satisfy the desired

randomness properties. Although applicable for non-binary codes of any cardinality, the
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method is only used to generate quaternary codes in this thesis.

Examination of the properties of these arithmetics, in particular consideration as
to which properties of the arithmetic are important, why they are important, and how
they influence the operation of the coder, verifies that not all of the properties of finite
field arithmetic (from Group theory) are necessary for this application. For example,
associativity, distributivity, identity and inverse can be removed. After the publication
of the novel proposal in [161], the author became aware of research by Koscielny and
Mochnacki who had, in their own words, discovered by accident that associativity of
the addition operator could be removed in the generation of PN codes. This supports
the conclusions of this author that associativity is not necessary. Unlike [161] however,
Koscielny and Mochnacki did not explain why it could be removed. Neither did they
consider maximal-length sequences or apply their codes as spreading sequences. Instead,
they investigated them for use in stream ciphers and cryptography applications. These
and other significant differences have been discussed in chapter 4.

This thesis also provides the proof of the stability of the DP codes and discusses the
importance of this. The randomness properties: Balance, Run and Window are also
proven, as is the existence of the codes. Koscielny and Mochnacki did not consider these
issues, concentrating instead on those relevant to their application. A point to note is
that it is very difficult to prove general results in relation to the properties of the DP
codes, due to the nature of their generation. Many of the recommendations for future
research therefore suggest possible ways of improving the understanding of these codes,
and this could then improve the understanding of other techniques.

Chapter 4 also examines the linear complexity of the DP codes, because Koscielny
and Mochnacki found that their codes (a special case of the DP codes) could have high
linear complexity. Linear complexity is an important property of PN codes in crypto-
graphic applications, and it can also be important for spread-spectrum communications.
Subsets of DP codes have been found which have a very high linear complexity, but be-
cause m-sequences are a special case of the DP codes, and m-sequences have poor linear
complexity, so other subsets of DP codes with low linear complexity can be found.

The last research chapter of this thesis, chapter 5, compares subsets of the DP codes

with a selection of other quaternary techniques. The comparison is provided for com-
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pleteness and is not intended to show that any given technique is better than another.
The research of the early chapters shows that such a comparison is influenced by many
factors and conclusions drawn cannot necessarily be generalised from the specific situ-
ations considered. The research in chapter 5 therefore intends to show that DP codes
perform comparably to random codes, and this is shown to be true in most cases. The
selection of a subset of the codes in a certain manner can provide poor performance, but
the reasons for this have been recognised and discussed. Other subset selections tested
do have performance comparable to random codes and codes from the other quaternary
families considered. Thus with care, subsets of Dual Problem codes can be found which
are suitable for non-binary spread-spectrum multiple-access. Certainly these novel codes
provide many avenues for future research, recommendations for which are given in the
next section.

The results of this thesis also provide contributions to the understanding of non-binary
coded spread-spectrum multiple-access on several levels, which is important because

although the field is still in its infancy, research is increasingly considering it.

6.2 Recommendations For Future Work

The motivation for future research into non-binary coded spread-spectrum communi-
cations will be provided by the increasing number of commercial applications of spread-
spectrum technology, particularly in the mobile or personal communications market. In
such systems, families containing large numbers of codes will be required. The use of
long codes is discussed in the Introduction as one method of providing for a large number
of potential users. The use of non-binary codes, as investigated in this thesis is another,
which is also applicable to the former approach. Non-binary codes can provide the addi-
tional advantage of potentially reduced correlations and therefore improve performance,
or allow a greater number of active users. For this reason they may well be considered
for use in spread-spectrum systems employing long codes.

The development of commercial systems generates several practical issues which can

be researched, for example:

1. A potential problem with quaternary systems is self interference that can arise be-
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tween the inphase and quadrature channels, because of the imperfections in prac-

tical oscillators and phase-shift circuitry.

2. Consideration could also be given to increasing the code length from ¢" — 1 to ¢".
This then means that the data and code generator clocks can be made coincident,
which not only reduces the complexity of the system, but as discussed by Scholtz
in [173] can improve the privacy of the system. Fiebig et. al. [37] investigated
this issue in relation to m-sequences and found that performance was generally
degraded. Investigating the issue for sets of DP sequences may prove to be more
worthwhile, since m-sequences have a number of special properties, such as sat-
isfying the randomness properties, the shift-and-add property, and the near-ideal
(for binary codes) autocorrelation spectrum. The insertion of a different code sym-
bol into the code would completely disrupt this, as Fiebig et. al. found. A simple
approach would be to place an additional memory element at the output of the
shift-register (after the feedback tap) which initially contained the additional sym-
bol. This then maintains the shift-register configuration and simplifies the problem

that Fiebig considered of determining where to place the additional symbol.

The avenue of investigation for the second point proposed above, the inclusion of an
extra memory element at the output of the feedback shift-register configuration, arises in
some cases as a solution to the Berlekamp-Massey algorithm. This algorithm is used to
determine the linear complexity of the codes as measured by the shortest linear feedback
shift-register capable of generating the codes. The algorithm could be employed in future
research to investigate the structure of the DP codes in relation to the arithmetic and
feedback configuration employed. This may then reduce the search space for finding the
codes, overcome problems in the selection of subsets with poor performance, and possibly
eliminate the need to test codes for uniqueness.

Research which could assist this investigation includes that by Green and associates
[59, 58, 60] in relation to non-linear binary shift-registers and their polynomial repre-
sentations. Key [82] also investigated the structure of non-linear binary codes and this
research could be considered as well. A different approach was employed by Lindholm
[110] who researched the weight-tuple distributions of binary codes and related these to

the generating polynomial. Pursuing this avenue of research could further the under-
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standing of the relationships between the code properties of complexity, randomness and
correlation. This would then assist in the understanding of not only the Dual Problem
codes, but possibly other code generation techniques as well. It is the author’s opinion
that the next stage of research into the Dual Problem should be pursued from a more
rigorous mathematical viewpoint. This could then refine the arithmetic definition, lead
to a reduced search space for finding the codes and assist in the selection of subsets for
use in spread-spectrum communications.

Another field of CDMA research receiving increasing attention is multiuser systems.
In such systems a smart receiver is employed to reduce the multiple-access interference
and improve performance. It has been discussed in the Introduction (section 1.3.1) how
the use of non-binary codes with Trellis Coded Modulation (TCM) can improve perfor-
mance over binary-code spread-spectrum with TCM. There are many parallels between
the binary SS/TCM system and multiuser CDMA research, hence the consideration of
non-binary codes may provide further areas of investigation and gains for that field.

The research of this thesis therefore contributes to the understanding of direct-
sequence spread-spectrum systems employing non-binary codes on several levels, all con-
cerned with the fundamental component of the system, the spreading codes. No prior
research has investigated non-binary codes for spread-spectrum systems in such detail, to
the best of the author’s knowledge. The research required the resolution of many issues
in relation to code properties which still cause contention in the literature on binary
codes, and are rarely considered in the small amount of literature relating to non-binary
codes. The development of the Dual Problem approach to code design also proposes
many avenues for future research which the author hopes are pursued because of the po-
tential for improving the overall understanding of code generation and spread-spectrum
systems. Thus the work of this thesis provides original contributions to the knowledge

of the field, and a promising basis for this future research.
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Appendix A

Analysis For The Examples Of
Chapter 3

A.1 Symmetric Uniform PDF

This appendix provides information relevant to deriving the CDF of the code pair
interference if the PDF of the real and imaginary components of the even and odd
periodic crosscorrelation spectra have a symmetric (about the zero value) uniform PDF.
This example can be extended to consider the more difficult case of an asymmetric
stepped PDF containing spikes at discrete locations, which is the form of the PDF for
an actual set of codes.

For the example of section 3.1.1, the probability density function of x and analogously

vy, is given as:
oo lel<S
fa(@) = (A.1)
0 otherwise
Since @ is uniformly distributed over [—S,S] and x, y and 6 are assumed independent,

S0 fayo(z,y,0) is as given as below.

- lz] < S, |yl < Sand || <
fm,y,@(xa?J?g) = (AQ)

0 otherwise

Converting to polar coordinates fi. ., (7, @, w) = 1. fy4.0(r cos @, rsin g, w), defining o =
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Figure A.2: Integration regions z > 0, z < 0 and z = 0, with o = arccos(z/r).

0 + ¢ and integrating over ¢ will eliminate the variable ¢. Care needs to be taken in
the integration in the region S < r < /25 however, because of the conversion to polar
coordinates. Figure A.1 illustrates one of the four symmetrical integration regions.

Thus for 0 <r < S:
3o r
fra(r,a) =4 /0 T dp = — (A.3)

and for S < r < /2S:

Ar
o) =4 [ e = 2 (A4)

where A = arccos(S/r). To obtain the CDF of the code-pair interference F,(z), f.o(r, @)
needs to be integrated over the regions illustrated in figure A.2. The symbolic mathe-
matics program Mathematica [195] was employed by the author for this.
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It can be shown that:

F(z]z=0) = /; /OS fra(r,a).dr.da + /f /OS fra(r, a).dr.da

m V28 - V28
+ / / fr,a(r,oz).dr.doz+/ / fra(r, a).dr.dao
53 JS -7 S

2

T z T S
F(z0<2<8) = / / fra(r,a).dr.da + " / fra(r,a).dr.da
-7 J0O arccos(z/r

T V28 —arccos(z/r)
+ / / Jra(r, Oz).dr.doz+ / fra(r,a).dr.da

rccos(z/r) J S

—arccos(z/r) /28
+ / / fra(r, a).dr.do
S

-7

22

1 z
= 1+E 2—§—§arccos<@>+211

F(z]S <2< V28) = /7; /OS fra(r, a).dr.da+ /7; /Sz fra(r, a).dr.do

—arccos(z/r)

T V28
+ / " )/ fra(r, a).dr.da+

TCCOS -7

22

1
= 14+ = 2———— 27,
+4S 32 arccos <\/_S)+ 2

and F(z]z <0)=1— F(z]z > 0). Where

V28
I, = /s arccos(s/r)arccos(z/r)? dr

= i(z — 1)arccos G I - z
22 V28 8S S2

38% — 2% +2,/5%(252 — 22

V28
/ fra(r, a).dr.do

)

z (52+22)ln S% — 2/25% — 22 I
21 S 228 S2 — 22

SZ_Z2

V28
I, = /Z arccos(s/r)arccos(z/r)? dr

= i(E—l)accos G 2—£
DT ' V25 ) 8S 52

38% — 2% +2,/5%(252 — 22

}

)

+ In

_5’2

z (S? +2%), |S? — 2252 — 22 N
27S 228 22 — 52 o

}

A bounded approximation to the bit error probability can now be obtained via the

method of Ozliitiirk and Lam reviewed in section 2.1.2.
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A.2 Symmetric Triangular PDF

This appendix derives the CDF of the code-pair interference when the real and imag-
inary components for the even and odd periodic crosscorrelation spectra have a PDF

which is triangular in the region [—S, S]. That is

- — <
SR for [z| < S

0 otherwise

and analogously for f,(y). Following the analysis outlined in the previous section of this

appendix, it can be shown that

7 TQ——+7r> 0<r<8
fralra) =9 (— - — +4\/— —1+7 —4arccos(s/r)) S <r<v28
752 52
0 otherwise

(A.6)
From this, expressions for F,(z) the CDF of the code-pair interference can be derived.

Again following the outline in the previous section, it can be shown that F,(z|z = 0) = 0.5

2 2
(352—1—223)\/1—?%—( 75%2 + 31S%2 — 2°) 2—%

—S?%arccos(z/S) + (185° — 6m.S%)arccos (

and that:

F(z0<z<8) = 1+37T53

)

2
+ 42°In(z) — 42°In (S + S4/1 — % } — 8713 + 81,

F(2|S<2<V2S) = 1-2 +

6753 T

2(25% — 3wS? + 22)4/ gi (7 — 3)arccos ( Zzs)]

—87, + 87
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and F,(z|z <0) =1— F,(z|z > 0) where Z; and Z, are as given in the previous section
and

r2

V2s r
I; = /2 abrccos(z/r)ﬁ—s2 ﬁ—l.dr
T2 - g—; arccos (\/%s)
= +
6mS 3
z 531 S% — 24252 — 22 352—7521 352 — 22 +2,/52(252 — 2?)
T 6753 | = 52 — 22 a 2 " 52 — 22
7 v2s o [r? p
= — = -1
4 /s fcu"ccos(z/r)7TS2 5 r
22— g—; arccos (\/%s)
= +
6mS 3
z 531 S% — 24/25% — 22 352—7521 357 — 22 +2,/52(252 — 22)
T 6758 | 2 22 — 52 a 2 " 22 — 52
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Appendix B

Contingency Table Analysis

This appendix provides information relevant to the statistical independence test: con-
tingency table or crosstabulation analysis. The definitions provided below are taken from

[135, p.295-297].

“Definition 10.2

Two variables that have been categorised in a two-way table are independent

if the probability that a measurement is classified into a given cell of a table is
equal to the probability of being classified into that row times the probability of

being classified into that column. This must be true for all cells of the table.

The test statistic is )
_F..
=3 [%] (B.1)
i g ij
where n;; and F;j are respectively the observed and expected number of mea-

surments falling in the cell for the ith row and jth column.”

“Definition 10.3

The expected number of measurments E;; falling in the i, j cell (cell of the it

h

row andjth column of the table) is taken to be E;; = (row i total)(column j total)/n

when the two variables are independent. [n = 3, 3" n;;] 7

The null hypothesis Hy is that the two variables are independent, and the alternate
hypothesis is that they are dependent. Hypothesis Hy is rejected if x? exceeds the
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tabulated value of chi-square (for example [94, Table A12]), for a significance level of «
and (r —1)(c—1) degrees of freedom, where the number of rows in the table is r and the
number of columns is c.

Care must be taken when using contingency table analysis however, as [135, p.270]

states:

“Cochran (1954) indicates that the approzimation [chi-square independence

test] should be good if no E;j is less than 1 and no more than 20% of the E;;’s

”»

are less than 5.

This constraint was adhered to when the test was used in section 3.1.3.
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Appendix C

Dual Problem

C.1 DP (N=63) Code Existence

Gain MLS Total No. | Distinct Gain MLS Total no. | Distinct
D?D'DY | existence | of codes | for coder D?D'DY | existence | of codes | for coder

-11 no 0 0 2-3 no 0 0
-12 yes 36 6 211 yes 40 22
-138 yes 36 6 212 yes 46 37
- 21 yes 36 6 213 yes 52 19
-22 no 0 0 221 yes 88 70
-23 yes 36 6 222 yes 40 28
-31 yes 36 6 223 yes 88 70
-32 yes 36 6 231 yes 52 19
-33 no 0 0 232 yes 46 37
1-1 no 0 0 233 yes 40 22
1-2 no 0 0 3 -1 no 0 0
1-3 no 0 0 3 -2 no 0 0
111 yes 40 28 3 -3 no 0 0
112 yes 88 70 311 yes 40 22
1138 yes 88 70 312 yes 52 19
121 yes 46 37 313 yes 46 37
122 yes 40 22 321 yes 52 19
128 yes 52 19 322 yes 40 22
131 yes 46 37 328 yes 46 37
132 yes 52 19 331 yes 88 70
133 yes 40 22 332 yes 88 70
21 no 0 0 333 yes 40 28
2-2 no 0 0

t: The dash indicates no feedback connection

Table C.1: Existence and repetition of period 63 DP codes.
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C.2 A Selection Of Addition Operators

This section contains the addition operators used in examples of the Dual Problem

codes throughout this thesis.

(@0 1 2 3]

(@0 1 2 3]

[e[0 1 2 3]

(@0 1 2 3]

SN |™~ [N
N(|D|M
NN |N
~ (| |N D
D™~ |N [N
N ||~ N
S| ||
N|™N | D
~ (N |
DN |N |
N[N |
~ (NN
N (DN [~
||~ [N
D™~ |N [N
~ |||
N |™N|N D
N[~ ™M
SN |
D™~ |N [N

Table C.2: Addition operators for codes: A..

(o]0 1 2 3]

(@0 1 2 3]

(@0 1 2 3]

[e[0 1 2 3]

SN[ |
N (SN |~
~ (NS |
N N[N
D[N
~ (DN
N[N [N
SN[~ |
N[N |~
|~ (NN
N D[~ [N
(N[N [~
~ [N
N[N
D[N
NN (DN
~ N[
D[N~
N (D[N |
D[N

H.

Table C.3: Addition operators for codes: F ..
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C.3 DP (N=255) Code Existence

This section lists the coder configurations capable of producing Dual Problem codes of
period N = 255. The notation — 1 1 1 specifies the coder D* = 1@ D*® 1@ D'® 1@ D°.
The abbreviation “Tot.” specifies the total number of codes found, and “Dist.”, the

number of distinct sequences for that coder.

Coder | Tot. | Dist. | Coder | Tot. | Dist. || Coder | Tot. | Dist.
-1111| 16 10 1-11 8 2 1281 3 3
-112| 14 8 1-12| 24 21 1288 15 15
-118| 14 8 1-18| 24 21 18-1)| 27 21
-121 8 8 1-21| 24 21 18-2| 18 15
-122]| 16 13 1-22] 20 17 13-3| 8 5
-123| 38 20 1-23| 27 15 1311 11 5
-181 8 8 1-81| 24 21 1312 25 25
-132| 38 20 1-32]| 27 15 1313 37 28
-183| 16 13 1-33| 20 17 1321] 3 3
-2111| 16 13 11-11] 8 8 1322 15 15
-212| 8 8 1-21] 18 9 1331 25 22
-213| 38 20 1-3] 18 9 1332 4 1
-221| 14 8 112) 21 21 1388 23 20
-222| 16 10 118 21 21 2--1| 36 6
-223| 14 8 121\ 4 1 2--3| 36 6
-281| 38 20 122 32 29 2-111] 20 17
-232| 8 8 128 19 7 2-12| 24 21
-283| 16 13 131 4 1 2-13| 27 15
-311| 16 13 182 19 7 2-21| 24 21
-312| 38 20 1133 32 29 2-22| 8 2
-313| 8 8 12-1| 27 21 2-23| 24 21
-321| 38 20 12-2] 8 5 2-381| 27 15
-322| 16 13 12-3| 18 15 2-32| 24 21
-323| 8 8 1211] 11 5 2-33| 20 17
-331]| 14 8 1212 37 28 21-1| 8 5
-382| 14 8 1213 25 25 21-2| 27 21

N MM NN NN KNR~N

-38338| 16 10 1221 25 22 21-3| 18 15
1--2| 36 6 1222 23 20 2111\ 23 20
1--3| 36 6 1223 4 1 2112\ 25 22

Table C.4: DP coder configurations producing codes of period 255. Part I.
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Coder | Tot. | Dist. | Coder | Tot. | Dist. || Coder | Tot. | Dist.
2118 4 1 3-—-11| 36 6 32-21 8 5
22-11 18 9 3--21 36 6 32-8| 27 21
22-2| 8 8 3-111| 20 17 32111 15 15
22-3| 18 9 3-121] 27 15 3218] 3 3
2211 32 29 3-135| 24 21 3221 4 1
2212 4 1 3-211| 27 15 3222 23 20
2213 19 7 3-221 20 17 3223 25 22
2221 21 21 3-238| 24 21 3281 25 25
2223 21 21 3-381]| 24 21 3232 37 28
2231 19 7 3-32| 24 21 3238 11 5
2232 4 1 3-83] 8 2 33—-11| 18 9
22383 32 29 31-11] 8 5 33-21| 18 9
28—-11 18 15 31-21| 18 15 33-3] 8 8
23-2| 27 21 31-381] 27 21 3311 32 29
23-38| 8 5 3111 23 20 3312 19 7
2311 15 15 3112 4 1 3313 4 1
2812 3 3 3118 25 22 3321 19 7
2821 25 25 3122 15 15 3322 32 29
23822 11 5 3128 3 3 3328 4 1
23238 37 28 3181 37 28 3331 21 21
2331 4 1 3132 25 25 3332 21 21
2332 25 22 3133 11 5

23338 23 20 32-11| 18 15

Table C.5: DP coder configurations producing codes of period 255. Part II.
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C.4 Tabular Autocorrelation Values Of Selected Dual
Problem Sequences

This section provides tabular information on the autocorrelation properties of a selec-
tion of Dual Problem codes. Tables C.6 (a) and (b) and C.7 provide the peak out-of-phase
value of the real and imaginary components and the sidelobe energy for even periodic,
odd periodic and aperiodic autocorrelation. A detailed comparison of the autocorrelation
properties of codes from different families is not provided in this thesis, because it is not
relevant to the research which has investigated code properties for the multiple-access
channel and subsequently code generation.

The autocorrelation properties of codes are important when transmission is over a
multipath channel and in regard to synchronisation, acquisition and tracking. These
issues are not investigated in this thesis, thus a comparison using merit factors alone
could be misleading without having investigated these properties and situations in detail.
However, the reader interested in the autocorrelation properties of different codes is
referred to the literature referenced for each technique in chapter 4. The reader is also
referred to the prior work by this author in [161] which shows that the peak out-of-phase
magnitudes and sidelobe energies of a selection of DP sequences are comparable with
those of random codes.

Future research could therefore investigate the suitability of the DP sequences in

relation to the issues of acquisition, tracking, synchronisation and a multipath channel.
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peak
code Re TTm SE
A |11 ] 14 | 3646
B | 9 |10 | 2286
C | 9 |10 2286
D || 11 | 14 | 3646
E | 11| 14 | 3646
F | 11| 14 | 3646
G || 11]12] 3182
H || 11 ] 12| 3182

peak SE

code max min )

Re | Im | Re | Im | % | ™
A [ 17]18] 9 | 105270 | 2694
B |15|16| 9 | 8 | 4070 | 2118
C |[15]16] 9 | 8 | 4070|2118
D || 17|18 | 9 | 10 | 5270 | 2694
E |[17 18] 9 | 10 | 5270 | 2694
F |17 18] 9 | 10 | 5270 | 2694
G |[19]18] 9 | 8 | 5830|2166
H |[19]18| 9 | 8 | 5830|2166

Table C.6: a) Even Periodic b) Odd Periodic Autocorrelation

peak SE
code max min max | min
Re | Im | Re | Im
A [[14]16] 9 |10 4458 | 3170
B |[12]12] 6 | 8 |3178 2202
C |12|12] 6 | 8 |3178 2202
D | 14]16| 9 |10 | 4458 | 3170
FE | 14|16 ] 9 | 10 | 4458 | 3170
F || 14]16| 9 | 10 | 4458 | 3170
G |[14|15] 7 | 9 | 4506 | 2674
H | 14|15 7 | 9 |4506 | 2674

Table C.7: Aperiodic Autocorrelation
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Addendum

The author of this thesis has duly noted the comments made by the examiners Professor
V. P. Ipatov and Associate Professor E. S. Seumahu. In addition the author thanks them for
their careful and thorough examiniation of this thesis, and the worthwhile comments that they
made. Based upon those comments the following statements should be considered when reading

this thesis.

Ipatov remarked that the following assertion (page 55, paragraph 1), is not correct:
“It is worth considering whether the higher order moments employed in Yao’s paper [199],
should be employed as merit factors. This has not been done, nor discussed in any prior
literature.”
Ipatov commented that the Russian researcher L.E. Varakin had written a series of papers in
the 1970’s on the influence of higher order moments on the PBE. This was detailed in section

4.3 of Varakin’s book Signal Set Theory (in Russian, Moscow 1978).

Ipatov also noted that the conclusion on page 89, paragraph 3 for the case ¢, < VN that it
is impossible to estimate a potential number of users is not correct. This is because for vV N <
¢. < V2N a more accurate bound than Welch’s exists whose inversion gives the necessary upper
limit of U. Further information can be found in section 6.1 of the book by Ipatov, Periodic

discrete signals with optimal correlation properties, (in Russian, Moscow 1992).

In regard to the discussion (pages 102 and 103) on primitive and irreducible polynomials,
and in particular Table 4.4, Ipatov rightly pointed out that the six polynomials shown only as
irreducible are also primitive. They are the reciprocal (as the paper [14] by Balza et al states),
of the six polynomials shown as both irreducible and primitive in Table 4.4. This oversight does
not influence the results in this thesis and indeed it explains why no difference was observed

between the tests discussed on pages 103 and 104 for polynomials from each set.

In addition Ipatov made two other important observations. Firstly, Ipatov noted that from
equation 3.7 under a uniform PDF of 8 an overall angle of @ = 6 4+ ¢ also has a uniform
PDF. Thus the PDFs of r and ¢ are sufficient to obtain the PDFs of the interference and
there is no need to separately consider the real and imaginary components in the virtual code
analysis; the absolute crosscorrelation values can be utilised. Secondly, Ipatov noted that as

a consequence of the first point, it is possible to prove, in an analytic way, that a necessary



and sufficient condition for the MSC to be minimal is the Balance property of a code sequence.
This is important because it supports the conclusion on page 85 that “... codes which satisfy

the Balance property may be expected to perform better than those that do not”.
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