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Abstract—The perfectly matched layer (PML) technique is
extended for a cell-centered finite-volume time-domain (FVTD)
method. A step-by-step procedure for the performance character-
ization of the FVTD PML is presented for both structured and
unstructured finite-volume meshes. The FVTD PML is compared
with the standard first-order Silver–Müller absorbing boundary
condition (SM ABC) for practical applications. It is found that
the FVTD PML for an unstructured grid achieves a reflection
coefficient lower than 40 dB for incident angles up to 45 and
outperforms the SM ABC by 15–20 dB.

Index Terms—Absorbing boundary condition (ABC),
computational electromagnetics (CEM), finite volume time
domain (FVTD), Maxwell’s equations, perfectly matched layer
(PML).

I. INTRODUCTION

ACELL-CENTERED finite-volume time-domain (FVTD)-
based perfectly matched layer (PML) is modeled and

characterized in this paper. Ever since its introduction by
Bérenger [1], the PML technique has matured and has been
applied to a variety of simulation problems mainly in conjunc-
tion with the finite-difference time-domain (FDTD) technique
[2]–[5]. More recently work is being reported where the PML
is also used for other numerical techniques such as the fi-
nite-element time-domain (FETD) formulation [6], [7]. In [8],
a vertex-centered FVTD model (variational approach) of the
PML was reported for scattering problems, but the performance
of the PML was not characterized based on its control param-
eters. This paper extends the PML concept to the cell-centered
FVTD approach and systematically characterizes its perfor-
mance using both structured and unstructured finite-volume
meshes. Furthermore, based on reflection-coefficient computa-
tion, the suitability of the FVTD PML for practical problems is
addressed. The performance of FVTD PML is compared with
the standard first-order Silver–Müller absorbing boundary con-
dition (SM ABC). Finally, as a practical example, the reflection
coefficient is computed for the truncation of a parallel-plate
waveguide using an FVTD PML and is compared with that of
the SM ABC.
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II. DOMAIN DISCRETIZATION

A discrete solution to continuum physics requires sampling
spatial and temporal quantities into finite space–time cells.
Complex curved geometries and the availability of simple, but
accurate boundary conditions (BCs) are basic motivations for the
development of a co-located finite-volume space–time approach.
Each finite-space cell (control volume) stores field quantities
at the same point in space and time. Solutions at various time
stamps are obtained by introducing the flux-conservation prin-
ciple of the field flow, which forms the basis of the FVTD
approach. Particular interest is vested on unstructured control
volumes, which correspond, for example, to triangular and tetra-
hedral meshes in two-dimensional (2-D) and three-dimensional
(3-D) models, respectively. For completeness, a brief description
of the FVTD method is presented in the following. Readers are
referred to [9]–[12] for a detailed explanation on the method.

A. Finite Volume: Definitions

The computational domain is considered as a union
of a finite number of nonoverlapping conformal tessellations
called cells and are represented as ; i.e., . We
are basically interested in a co-located cell-centered formulation
where spatial–temporal variations of field quantities ( and )
are stored at each cell center. Strictly speaking, these values are
an approximation of the mean field values over the entire cell .
The field values at different space–time stamps are the solutions
to Maxwell’s two curl equations written as

(1)

(2)

In (1), the electric-current source term inside is set to
zero. Although the method is applicable to inhomogeneous
and anisotropic computational domains, (without loss of gen-
erality), a homogeneous and isotropic medium is assumed in
this paper. In other words, permeability and permittivity are
constant inside . Equation (1) and (2) are cast in conservative
form with the help of the divergence theorem and integrated
over each cell with an appropriate spatial and temporal

discretization as

(3)

(4)
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where each th cell has a volume and number of faces. Each
th face has a surface area and an outward normal . For

spatial discretization, monotonic upstream-centered scheme
for conservation laws (MUSCL)-based second-order spatial
discretization is used [11], [13]. The formulation used here is
completely cell centered as the gradients are computed directly
fromtheneighboringcell centervalueswithoutanyinterpolation,
as required in [8]. For simplicity, the temporal discretization in
(3) and (4) are represented as a first-order Euler discretization.
In practice, however, due to stability and accuracy concerns,
second-order Lax–Wendroff (predictor–corrector) time stepping
is used for temporal discretization. The maximum temporal dis-
cretization possible for a given mesh geometry is bounded
by the grid speed—which is the ratio of spatial discretization
(linear dimension ) to the temporal discretization . For a
structured grid, the term is directly derived using the famous
Courant–Friedrich–Lewy (CFL) condition, which satisfies the
relation . However, for an unstructured mesh, the
value of maximum is bounded by the geometry of the smallest
(worst) cell in the entire computational domain. The field values
of and at time steps “ ” are computed using only their
values known at “ ,” resulting in an explicit FVTD formulation.

III. FVTD-PML FORMULATION

The cell-centered FVTD formulation of the PML is based on
modifying the update equations (3) and (4) with lossy material
property in order to absorb the incident electromagnetic (EM)
wave as

(5)

(6)

where and refer to electric and magnetic conductivities,
respectively. If a plane wave traveling across a free-space–PML
interface satisfies the condition inside
the PML domain, then this ensures reflectionless transmission
of the plane wave into the PML [1]. For the sake of simplicity
and ease of numerical analysis, henceforth a 2-D model
( field only in the -direction and the wave propagation is as-
sumed in the -plane) is used. The approach presented here
can be extended to 3-D without loss of generality. The solu-
tions of the partial differential equations (PDEs) defining the
Maxwell system in form has three unknowns, namely, the
transverse electric-field component in the -direction and
two magnetic field components in the - and -directions,
and , respectively. The field vector for this analysis is rep-
resented as , where the superscript repre-
sents the transpose. As proposed in [1], the total electric field
is defined as a sum of two unphysical electric field components,
namely, and components, i.e., . The
lossy term is also correspondingly split into two components
denoted as and . This leads to the split field equations (in-
cluding losses) introduced as

(7)

(8)

(9)

(10)

A. Flux Formulation

The field update equations of the finite-volume formula-
tion are interconnected by the flux function, which facilitates
communication between adjacent cells at the respective cell
boundaries. The information is transmitted with a finite ve-
locity, which is equal to the velocity of EM waves in the
computational medium . The whole computational domain

is considered as a union of the main domain and the
truncated PML domain , i.e., . For
simplicity, free space is assumed for and a lossy medium
with matched impedance in . The FVTD method demands
the preservation of the hyperbolic nature of Maxwell’s equation
system in order to use the flux splitting technique [11]. To
achieve this, the system (7)–(10) is modified using the relation

[8] as

(11)

(12)

(13)

(14)

Integrating the system (11)–(14) over each cell in the compu-
tational domain with area and perimeter , and employing
the divergence theorem results in the following conservative
form:

(15)

(16)

(17)

(18)

The resulting system (15)–(18) still remains nonhyperbolic due
to the unphysical nature of field splitting introduced in the PML.
Nevertheless, imposing the initial constraint that when ,
the field inside ensures that the resulting system
behaves like a hyperbolic system. The term in (15)–(18)
is referred to as the flux function in the FVTD formulation. For
simplicity, in the following is denoted as .

Except for the lossy terms ( and ), (15)–(17) refers to
the original formulation of Maxwell’s equations. Hence,
the standard FVTD formulation is used to update (15)–(17)
[11], [14]. However, there is no direct way to compute the
flux term in (18). The unphysical field is forced to be
zero inside and it is updated only inside . In the
following, the flux function for (18), i.e., , is modeled
using the Rankine–Hugoniot jump condition [15].
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Fig. 1. Split-field flux calculation by 2-D to 1-D transformation (Riemann
problem).

B. Split-Field Flux Update

The main goal is to update the split-field with a suitable
approximation for its flux function . For this, consider any
interface between two cells inside the PML domain with some
discontinuity, as shown in the 2-D model in Fig. 1. The field
values in the adjacent cells, i.e., in the left and right cells, are
assumed to be piecewise constant (first-order approximation)
and are given by and . Due to the discontinuity, the field
value at the interface is not readily known. For computing
traversing across the interface, the 2-D problem is transformed
into an equivalent one-dimensional (1-D) Riemann problem in
the direction normal to the interface, as shown in Fig. 1. The
normalized normal vector to the interface is written as

. The coordinate system of the original problem is
transformed to a local coordinate system , where and
represent the normal and tangential directions to the interface,
respectively. The center of the interface is denoted as . It
is assumed that the flux variation is only along the normal direc-
tion. By transformation to a local coordinate system, it is meant
that the system is rotated in the -plane by an angle . The in-
variance of Maxwell’s system due to rotation helps in applying
the same set of equations with an appropriate change of axes
( and ). Since there is no variation of field quanti-
ties along the tangential direction of the interface, all the gradi-
ents along the -direction are reduced to zero. This reduces the
2-D problem into an equivalent 1-D problem with the field vari-
ation only along the normal direction of the interface. Since the
split-field depends on the field values in (15)–(17), it is suf-
ficient to solve the Riemann problem with the three field values
represented by the field vector . Hence, the
resulting 1-D PDE is written as

(19)

where represents the flux function. The additional constraints
required to solve (19) are given by the initial conditions at time

as

(20)

Considering (11)–(13) and the rotational invariance of
the Maxwell system from the global -axes to the
local -axes, the flux function for (19) is obtained as

.
The solution to (19) is uniquely obtained by studying the

system-characteristic curves in the space–time plane, as repre-
sented in Fig. 2. The characteristics correspond to the direction

Fig. 2. Solution to 1-D Riemann problem using Rankine–Hugoniot jump
relation.

and speed of propagation of the field solutions at different
space–time stamps. In Fig. 2, and represents the left
and right moving characteristics originating from the interface
centre with (compare with Fig. 1). The field values on
the left of the interface is given by and, likewise, on
the right side it is equal to . The two characteristics
( and ) divide the space–time cell into four distinct regions
denoted as regions 1–4 in Fig. 2 with respective field values,
namely, – . In order to solve for the split-field flux ,
the field values at (see Fig. 2) are required. From (14),
the split-field flux function at the center of the interface

is derived as

(21)

where is the -component of the magnetic field along the
center region with . To compute the field values at the
center of the interface, the Rankine–Hugoniot jump condition
is used. This condition states that the difference in flux across
an interface with discontinuity is proportional to the difference
in field values across the interface. In the mathematical sense,
the above statement reads as

(22)

(23)

(24)

where is the Jacobian matrix of the system [11]. The con-
stant of proportionality in (22)–(24) represents the propaga-
tion speed of discontinuity due to the th characteristic. At any
time is given by

(25)

It is noted that the term numerically corresponds to the
flux function . The values of , i.e., the speed at which char-
acteristics propagate, is directly obtained from the eigenvalues
of the hyperbolic system. The system considered here has three
distinct real eigenvalues. The first eigenvalue is and it
moves toward the left side of the interface. The second eigen-
value is , which moves toward the right side of the inter-
face, and the third eigenvalue is , and is of no numerical
importance. It is noted from the value of i.e., , is unaltered
by the rotation to local coordinate and, hence, it is required only
to find normal and tangential components of the magnetic field
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values in regions 2 and 3. Subsequently, using the above discus-
sion and solving (22)–(24) gives unique values of the field in
region 2 as

(26)

(27)

where and correspond to the velocity and permittivity
components in the region , respectively. Similarly, in region
3, the unique field values are as follows:

(28)

(29)

In order to obtain the field values along the center of the inter-
face, the symmetry of Maxwell’s system is used. This approxi-
mates the fields at the center region of the interface as an average
of the field values from regions 2 and 3 as follows:

(30)

(31)

where subscript represents the center region. The field values
in global coordinates are directly obtained from (30)–(31) by
appropriate rotation of matrix as follows:

(32)

The rotation matrix for a rotation through an angle in the
-plane is written as

(33)

where and with the previously defined
and (normalized normal components of the interface).

Using (30)–(31) in (32) gives an expression for . This is
the magnetic field that is required to compute the split-field flux

in (21). Hence, the final expression for is as follows:

(34)

(35)

The final expression of consists of flux contribution due
to upwind flux splitting, which corresponds to the first term on
the right-hand side of (35). The second term on the right-hand
side in (35) denotes the correction factor generally used in all
upwind approximations. Using along with the other three
standard flux terms, the complete system (15)–(18) is updated
at different space–time steps with some additional BCs, which
are discussed in the following.

Fig. 3. Model domain used for characterizing FVTD PML.

C. Model Problem—Parallel-Plate Waveguide

The problem used in this paper is a simple parallel-plate
waveguiding structure infinitely long in the -axis, as shown
in Fig. 3. A plane wave is simulated by forcing a sinusoidal
electric and magnetic field along the boundary plane referred as
the source plane in Fig. 3. For guiding the plane wave, perfect
magnetic conducting (PMC) BC are imposed on both infinite
plates inside . The computational domain is trun-
cated using a FVTD PML , which extends one wavelength
in the -direction (i.e., , unless otherwise stated)
and is perpendicular to the -axis. This thickness is chosen as
an empirical tradeoff between computational cost and PML
performance. For numerical simplicity and flexibility, the whole
computational domain (i.e., both and ) is treated
as a single entity for the analysis. The split-field , which
plays no role inside , is forced to be zero inside ,
and its value becomes important only inside . It is worth
noting that the BCs have to be modified in order to take care of
the split-field inside , which results in a hybrid PMC
BC denoted as the PML PMC. To characterize the FVTD PML,
a hybrid perfect electric conducting (PEC) BC (referred as the
PML PEC) is used for truncating the FVTD PML. This provides
equal reflection of the plane wave for all angles of incidence
and, hence, strictly measures the FVTD-PML performance.
Furthermore, by using the PML PEC, any additional influence
of the truncating BCs (like the SM ABC) on the FVTD PML is
also avoided. The split-field flux for both the PML PMC
and PML PEC is computed using only the upwind information
without correction factor as

(36)

The tangential component of electric field is zero for the
PML–PEC BC. This implies that the correction factor is also
zero. For the PML–PMC BC and, hence, the correc-
tion factor becomes zero according to (35). The performance of
the cell-centered FVTD PML is analyzed using the above-de-
scribed model. Various numerical experiments have been car-
ried out and are discussed in depth in Section IV.

IV. NUMERICAL EXPERIMENTS

Numerical experiments presented in this paper characterize
the FVTD PML based on different factors like conductivity pro-
file, PML thickness, convergence, etc. The central idea is to
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Fig. 4. Structured- and unstructured-type triangular meshes.

compare the PML performance using its reflection coefficient
under different test conditions, i.e., for different thickness,

profile, and spatial discretization. To achieve this goal on an un-
structured mesh, the whole analysis of the FVTD-PML perfor-
mance becomes complicated. Hence, the problem is divided into
the following two main streams.

1) In the first part of the numerical experiments, an ideally
structured FVTD triangular mesh, as shown on left-hand
side of Fig. 4, is used in the PML region to investigate the
optimal conductivity profile, thickness, and spatial dis-
cretization. A structured grid approach is helpful to de-
termine the best possible PML performance that can be
achieved using the FVTD method, keeping the mesh-in-
duced errors to the bare minimum.

2) In the second part, knowledge gained from the first set
of numerical experiments is applied on a more general
setup using a highly unstructured triangular FVTD mesh,
as represented on the right-hand side of Fig. 4. Further-
more, to add more practical value to this investigation, the
reflection coefficient of the FVTD PML is computed at
different angles of plane-wave incidence.

The numerical reflection coefficient is computed by sub-
tracting the field values inside the test model from that of a refer-
ence. The reference model is built as an extended version of the
test model and is truncated at a larger distance from the source.

A. Influence of the FVTD-PML Profile

In the discretized PML domain, the variation of the conduc-
tivity profile inside the PML as a function of distance
substantially affects its performance. If a constant profile with
very high conductivity is used, then the numerical reflec-
tion from the free space–PML interface substantially increases.
On the other hand, a constant profile with very small renders
the damping inside the PML ineffective and results in numerical
reflections from the truncating boundary (PML PEC). Hence, to
study the influence of and on the PML performance,
different possibilities for conductivity variations are tested. The
variation of for different profiles is given by

(37)

where is the FVTD PML starting value for the -co-
ordinate, is the thickness of the PML, and is the order
of profile function. Different values of , i.e., or

Fig. 5. Numerical reflection coefficient (in decibels) as a function of maximum
PML conductivity � for different profiles.

Fig. 6. Numerical reflection coefficient (in decibels) as a function of
theoretical reflection coefficient (in decibels) for different profiles.

, corresponds to five different profile functions, namely, con-
stant, linear, parabolic, cubic, or bi-quadratic profile variations
along the -axis. The results of the profile test as a function of

are shown in Fig. 5. In principle, a particular value of
corresponds to a particular value of the maximum expected the-
oretical reflection coefficient (in decibels) for the FVTD PML.
The relation between and the theoretical reflection coefficient

is bounded by and the order of conductivity profile
inside [1], [16], which is given by

(38)

where and represent permittivity of free space and velocity
of the EM wave in free space, respectively. The variation of the
numerical reflection coefficient as a function of the theoretical
reflection coefficient is shown in Fig. 6.

From the results shown in Figs. 5 and 6, it is clearly notice-
able that an FVTD PML with a constant profile does not yield
satisfactory performance. In spite of the matched impedance
condition between the two domains ( and ), high nu-
merical reflection arises from discretization errors in the pres-
ence of large conductivity steps. In other words, unlike the con-
tinuous case, the discretized field equations are very sensitive
to sudden changes in the parameters of adjacent cells. On the
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Fig. 7. Numerical reflection coefficient (in decibels) as a function of
theoretical reflection coefficient (in decibels) for different FVTD-PML
thickness (d ).

other hand, a smooth and gradual increase in conductivity al-
lows the impinging EM waves to encounter larger values of
only at some sufficient depth inside the FVTD-PML domain.
This helps in attenuating the reflections due to larger values
of conductivity deep inside the FVTD PML using the initial
damping layers. Among the different options, the parabolic pro-
file allows to reach the lowest reflection coefficient for a given
FVTD-PML thickness. Furthermore, the tolerance range of a
parabolic profile is larger compared to other options. In the cur-
rent simulation, with a parabolic profile, it was possible to reach
a numerical reflection coefficient in the order of 70 dB.
Consequently, the parabolic profiling is used for the following
further analysis.

B. Influence of FVTD-PML Thickness

Various models for optimal FVTD-PML thickness are
simulated in the range . The spatial
discretization used corresponds to a linear dimension close to

. The results obtained are shown in Fig. 7. As expected,
the performance of the FVTD PML improves as the PML thick-
ness increases. This is mainly due to the increase in damping
distance inside the PML. The impinging EM wave undergoes
initial damping on the way toward the truncating PML–PEC
BC and, after getting reflected from the PML PEC, it is once
again damped on the return path toward the free-space–PML
interface. The theoretically expected values are also plotted
in comparison to the performance of the discrete FVTD-PML
model. The results show that a PML thickness of around is
a good choice for most practical problems. This thickness is
used for the rest of the numerical experiments.

C. Convergence Analysis of FVTD PML

The discrete model of the PML introduces imperfections
in the perfect continuous PML. This imperfection results in a
deviation of the discrete solution from the analytical model.
Hence, it is instructive to test the rate of convergence for the
FVTD-PML model to understand the behavior of the discrete
FVTD-PML models for a particular spatial discretization. The
results of the convergence test are shown in Fig. 8. For each
spatial discretization, the numerical reflection coefficient fol-
lows the theoretical counterpart up to a certain value and then
starts to deviate. This deviation comes from the roundoff errors

Fig. 8. Numerical reflection coefficient (in decibels) as a function of
theoretical reflection coefficient (in decibels) for different spatial discretization.

in the discrete solutions to continuous problems. The analysis
also confirms the convergence of the FVTD-PML model to the
analytical solution. A spatial discretization corresponding to a
linear dimension of is used in the following investigations
of stability and angular wave incidence. This discretization
corresponds to common practice in modeling EM problems for
practical applications.

D. Broad-Band Characteristics

It has to be pointed out that the performance of the FVTD
PML is affected mainly by two frequency-dependent parame-
ters. The first parameter is the thickness of FVTD-PML in
terms of , which has been investigated in Section IV-B. The
second parameter is the spatial discretization in terms of , and
this has been addressed in Section IV-C. For a pulse excita-
tion, the relevant wavelength corresponds to the lower frequency
limit of the incident EM excitation, i.e., . In principle,
for a given spatial discretization, lowering the frequency (e.g.,
by a factor of 2) increases the wavelength (by a factor of 2),
which, in turn, increases the number of points per wavelength.
In other words, this makes the spatial discretization finer. Hence,
increasing the spatial discretization and decreasing the relative
thickness of the FVTD PML have opposite effects. This implies
that can be reduced for finer meshes. As a rule-of-thumb,
choosing will meet the requirements of most
engineering broad-band applications.

E. Stability of FVTD-PML Model

Most of the PML models suffer from stability problems due
to an ill-posed discrete model. If the numerical experiment re-
mains stable even for extremely long run-time simulations this
then indicates sufficient stability for practical applications. As
an experimental approach, the FVTD-PML model is tested for
long-time simulation runs (around 2500 time periods). The re-
sult of the simulation is shown in Fig. 9. The energy inside the
whole computational domain is bounded, and this demonstrates
the overall stability of the FVTD-PML model even at very late
time steps.

F. Angular Dependence of FVTD-PML Reflection Coefficient

All the aforementioned tests performed at normal incidence
provide a guidance in the selection of optimal profile, thickness,
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Fig. 9. Energy inside FVTD-PML model as a function of time period.

Fig. 10. Comparison of numerical reflection coefficient (in decibels) for
different angles of plane-wave incidence for FVTD PML and SM ABC.

and spatial discretization for the FVTD-PML model. However,
for use in practical situations, the most relevant characteristic is
the performance of the PML in terms of its reflection coefficient
at different angles of wave incidence. In addition, a highly un-
structured mesh is used to model the angular response in order
to represent a more general and practical situation. Furthermore,
for the performance comparison, the standard first-order SM
ABC is used as a reference BC. The results for the angular wave
incidence is shown in Fig. 10.

In theory, the reference SM ABC is accurate for normal in-
cidence. However, in a 2-D simulation, the computation of the
gradient suffers from inaccuracies near the domain boundary, as
compared to the 3-D case [17]. Hence, there is a slight degra-
dation of performance at normal incidence (0 ). Correcting the
gradient with an analytical value permits to rectify this numerical
degradation, and is shown via dotted lines in Fig. 10. For all an-
gles, the performance of the FVTD PML is 15–20 dB better than
the standard SM ABC. It is worth noting that the results presented
in Fig. 10 correspond to the worst case scenario. Interestingly, for
a variation of incidence angle from 0 to 45 , the performance of
the FVTD PML remains better than 40 dB. This result con-
firms a far better performance than the existing SM ABC and
will satisfy the requirements for most practical applications.

G. Practical Application

To demonstrate the application of an FVTD PML for prac-
tical problems, a parallel-plate electric waveguide with its two
plates separated by a distance of is simulated. A first-
order TE mode is forced at the source plane. Both FVTD PML
and SM ABC are tested for their numerical reflection coeffi-

cients when used as a truncating BC. The spatial discretization
used for meshing the waveguide approximately corresponds to
a linear dimension of . For this setup, the guide wavelength
inside the waveguide is approximately , and the angle of in-
cidence at the truncating boundary approximately corresponds
to 45 . A numerical reflection coefficient of 16 dB is obtained
using an SM ABC. However, when the FVTD PML is em-
ployed, the numerical reflection coefficient for the same setup
is as low as 42 dB. This clearly proves the excellent perfor-
mance of the FVTD PML over the SM ABC.

V. CONCLUSION

The PML technique has been extended to cell-centered
FVTD formulation, and a step-by-step characterization pro-
cedure has been introduced to study the performance of an
FVTD PML based on its control parameters. Various tests have
been performed to study the FVTD-PML performance, and an
optimal value for its profile and thickness have been numeri-
cally derived. Using a structured mesh approach, a numerical
reflection coefficient as low as 80 dB has been achieved
to demonstrate the maximum achievable limits of the FVTD
PML. However, on a more general unstructured grid, the FVTD
PML maintains a reflection coefficient lower than 40 dB for
incidence angles up to 45 . Hence, for practical applications,
the FVTD PML outperforms the existing first-order SM ABC
by 15–20 dB.
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