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Abstract—The theory of 2-D radial perfectly matched
Maxwellian absorber is extended to 3-D domain truncation
problems using a generalized approximate formulation of a spher-
ical finite-volume absorber. The mathematical modeling of the
spherical absorber is presented and update equations are derived.
The performance of the absorber is characterized with numerical
experiments. As practical application of the technique, a complex
problem considering the coupling between two spiral antennas
is simulated using the finite-volume time-domain method. The
comparison of the results to measured data demonstrates the
excellent performance of the spherical absorber.

Index Terms—TFinite-volume time-domain (FVTD), perfectly
matched layer (PML), spherical PML.

I. INTRODUCTION

HE finite-volume time-domain (FVTD) method, as a
T conformal method, offers powerful features for modeling
complex geometries with curved surfaces, very fine details,
and high dielectric contrast. In order to solve open-region
problems using any method based on volume discretization, the
computational domain must be accurately truncated with neg-
ligible reflection errors. Two major types of domain truncation
techniques exist in the literature, namely, absorbing boundary
condition (ABC) [1], [2] and perfectly matched layer (PML)
[3]-[7] techniques. The main drawback of the ABC technique is
that the truncation boundary needs to be placed sufficiently far
away from the scatterer/radiator so that unphysical numerical
reflections do not adversely influence the computed solution.
The PML technique offers domain truncation, which has been
proven to be highly accurate in conjunction with the finite-dif-
ference time-domain (FDTD) method and the finite-element
method (FEM).

The FVTD method is a less established method compared
to the FDTD method and FEM. Its main characteristic is the
combination of conformal spatial discretization and an explicit
time-domain solution of Maxwell equations. PML truncation
techniques in the framework of the FVTD method have been
investigated in different flavors including the Bérenger PML
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[8], [9] and the Maxwellian (unsplit) implementations of uni-
axial models [10]. As the unstructured mesh of FVTD allows
the accurate modeling of curved surfaces, there are obviously
no constraints on the possible shape of the outer boundary of
the computational domain. This motivates the investigation of
nonrectangular PML shapes in the framework of FVTD, in
particular, cylindrical and spherical PML implementations. The
concept appears appealing for several reasons. First, although
the PML technique offers a highly absorbing domain trunca-
tion, the corner regions are still a dominant source of reflection
errors [4]. Introducing a cylindrical or spherical PML avoids
corner regions and, therefore, decreases the associated reflec-
tion error [11]. Secondly, considering a structure modeled near
the center of the computational domain, most of the radiated
(or scattered) electromagnetic waves impinge on a spherical
outer boundary at angles close to normal incidence. This further
reduces the numerical error because, in general, the reflection
error from the free-space to PML interface increases as the
incidence approaches grazing angles. A third advantage comes
from the optimal exploitation of computational space: for typ-
ical practical problems, a reduction of computational volume
might be achieved when using a cylindrical or spherical outer
boundary rather than a classical rectangular box. Curvilinear
PML models were reported in [12]-[16] adapted for the FEM
and FDTD method using cylindrical, spherical, or generalized
conformal coordinate systems. Two versions of radial absorbers
in Cartesian coordinates have been recently reported in the
literature: One of them is a frequency-domain implementation
for the FEM [17], and the other is an approximate formulation
introduced for the FVTD method that projects the uniaxial ab-
sorber behavior on a cylindrical geometry [10]. The advantage
of the current formulation is that it does not require a substan-
tial change in the Maxwell equations expressed in a Cartesian
coordinate system and can be easily adapted to existing codes.

In this paper, the cylindrical 2-D unsplit PML [5] formula-
tion for the FVTD method described in [11] is extended to a
3-D radial formulation for spherical domain truncation. This
paper is organized as follows. In Section II, the concept of a
2-D radial absorber is briefly summarized in the framework of
FVTD. In Section III, the radial absorber theory is extended to
model a 3-D spherical absorber, and an explicit formulation of
the governing equations is given. Numerical examples are pre-
sented in Section IV to investigate the performance and limita-
tions of the spherical PML. The concluding example considers
the low-level coupling between two spiral antennas and demon-
strates through a challenging problem the practical significance
of the technique.
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II. 2-D RADIAL PERFECTLY MATCHED
ABSORBER IN CONFORMAL MESH

The framework of the FVTD approach is briefly introduced
here. The concept of the radial absorber is described using a 2-D
model with invariance along the z-axis.

A. FVTD Framework

Solutions to electromagnetic field problems involve solving
the partial differential equations (PDEs) represented by the two
Maxwell curl equations at discrete space and time samples. In
the framework of the FVTD, the computational domain is dis-
cretized using a partition of the computational volume into ar-
bitrary polyhedral cells. Inside each ith cell of an unsplit PML,
the Maxwell system can be represented in a semidiscrete con-
servative form as follows:

QU = ———
' alVi]

f
=Sy, L 1)
k=1

where U; denotes the unknown electromagnetic field vector and
L; corresponds to the perfectly matched loss vector. Each cell
has a volume |V;| and is made of f faces. Each face has an area
|Sk| and a unit outward-normal vector ng. « takes the value of
permeability p and permittivity ¢ for the magnetic and electric
field update equations, respectively. The term Wy;, is defined as
Yy, = Fy, - ng|Sk| with the factor Fy;, - ng defining the flux
function. Interested readers are referred to [ 18] for a detailed de-
scription of the FVTD fluxes. The information between neigh-
boring cells sharing a common face is exchanged using this flux
function. Inside the main computational domain involving free
space, all the components of L; are set to zero, whereas their
values inside the absorber region play a crucial role in achieving
reflectionless perfectly matched absorption of radiated/scattered
EM waves. A second-order accurate Lax—Wendroff time-step-
ping scheme is used, obtaining explicit update equations for the
field values [18].

The feature of the unstructured spatial discretization (e.g.,
triangular grid in 2-D, tetrahedral mesh in 3-D) enables con-
formal methods to model domain boundaries of any shape in a
generalized manner while keeping the mathematical description
in Cartesian coordinates. Consequently, special mesh arrange-
ments like a curvilinear mesh or system representation in cylin-
drical coordinates are avoided. This is also an essential charac-
teristics of the radial absorber described in the following.

B. Concept of 2-D Radial Absorber

In the theory of a uniaxial PML, the direction of wave atten-
uation is given by the direction of anisotropy. Hence, when em-
ploying a rectangular PML in order to surround a 2-D compu-
tational domain including scatterers or antennas, three different
types of uniaxial media are required. The first and second type
consists of an absorber with the direction of anisotropy chosen
along the z- and y-axis, respectively, and the third type consists
of a simple combination of first and second media, as shown on
the left-hand side (LHS) of Fig. 1. The direction of anisotropy
with material loss parameters (o, and o) are defined in Fig. 1.
When considering a cylindrical PML, it is natural to start the de-
scription in cylindrical coordinates (r, ¢, z) with the direction
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Fig. 1. (left) Three different kinds of uniaxial medium used in rectangular
PML. (right) Concept of local to global transformation used in the radial
absorber technique. Corresponding directions of anisotropy are given with the
damping coefficient. The dotted lines enclose the common computational area.
From [11].

of anisotropy chosen along the radial direction 7 (the ~denotes
a unit vector). In fact, this radial anisotropy can be modeled lo-
cally using a rotated coordinate system given by (.., 9., 2) with
the direction of anisotropy given by a local z, axis, as shown
on the right-hand side (RHS) of Fig. 1. For a 2-D geometry,
the local rotational transformation inside each PML cell of the
finite-volume discretization has no influence on the z-compo-
nent of the field vector. The field values are transformed to the
global coordinate system using the reverse transformation de-
scribed in [10]. This approach corresponds to an approximation
that neglects the influence of radial terms in the definition of
the material tensor matrix described in [15] and [17]. Although
this approximation influences the absorber performances, it is
of great advantage to model cylindrical problems in a simple,
efficient, and sufficiently accurate manner.

III. 3-D RADIAL PML

Here, the 2-D radial (i.e., cylindrical) absorber presented
above is extended to a 3-D radial (i.e., spherical) PML absorber.

A. Concept of Spherical Absorber

In the following, the radiating structure (or the scatterer) is
enclosed in a spherical computational domain in the configura-
tion depicted in Fig. 2(a). The domain truncation is set up as
a spherical perfectly matched absorbing shell terminated by a
perfect electrically conducting (PEC) surface. The absorbing
region has a thickness dpyr,, equivalent to typically ten av-
erage cell-edge lengths (corresponding to ten layers in an FDTD
PML). In the radial absorber, each cell of the FVTD discretiza-
tion is filled with a perfectly matched uniaxial medium with the
direction of anisotropy in the radial direction. The model pre-
sented here locally approximates the radial absorber as a uni-
axial perfectly matched absorber. To this end, a local coordinate
system (.., ., 2, ) is defined for each absorber cell, as shown on
Fig. 2(b). Without loss of generality, the direction of anisotropy
is chosen along the unit vector Z,.. The transformation R from
the global coordinate system (Z, ¢, 2) to the local coordinate
system (Z,, §r, 2 ) is then defined by the radial direction of this
unit vector Z,.. However, this definition is not unique, leading to
an additional degree of freedom in the choice of the orientation
of the other two orthogonal unit vectors z,. and ¥,.. A simple
realization of such a transformation R consists of a rotation by
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Fig. 2. (a) General configuration of the radial PML around a radiating object
or scatterer. (b) Definition of the global (, ¢, 2) and the local (#.., §,, £,-) co-
ordinate systems for a radial PML cell.

an angle ¢ about the Z axis followed by a rotation by an angle 6
about the 7, axis [see Fig. 2(b)]. The transformation of interest
for the description of the radial absorber in the global Cartesian
coordinate system is defined as

—1

s G 20] = [, 2]. )

The corresponding transformation matrix is written as

cos¢pcosf) —sin¢g cos¢psinb
R'=RT = | singpcosf cos¢ singsind 3)
—sinf 0 cosf

where the superscript 7" indicates matrix transposition.

B. Mathematical Description—Update Equations

The uniaxial PML medium [5] with anisotropy in the Z,. di-
rection can be described by the permittivity and permeability
tensors given in the local coordinate system as

= A _ wr, 0 0
f:EA’"}, with A, = 0 w. 0 |,
p= i 0 0 wt
wp =14+ 2 @)
Jwe

A convenient way of expressing the PML governing equa-
tions is provided by the Maxwellian absorber formulation found
in [4] (which can be shown to be equivalent to that of [5]). For
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a 3-D problem, the governing equations inside each radial PML
cell are expressed locally in the (&,., 4., 2) system as

egOFy, =0y H., —0. H, —o.FE,, )
eo0 By, = 0., Hy, — 0y H. — 0, Ey,
egO . =0y, Hy — 0y Hy — J.,

poOiHy = -0y E. +0. E, —o,(puo/co)Hs,
UOatHy,, = _az,nExm + 81:7‘ Zr GT(MU/EO)H’!JT
0., = =0, Ey + 0y E. — oK.,

ant‘]zr = _Uraeryr + UTayerr

100 K., = (0r/€0)0z, By, — (01 /€0)0y, By, /

)

The first six equations are the standard Maxwell equations
with PML loss terms. The last two PDEs can be interpreted as
scalar electric J, and magnetic K current quantities [4]. In
order to model the radial absorber in a generalized manner, all
the field quantities have to be expressed in the global coordinate
system. This can be written as

E., E, H,, H,
E, |=R-|E, | and | H, |=R-[H, | (6

using the transformation R defined in (3). The spatial partial
derivatives should also be transformed according to the chain
rule, resulting in

0z, = cos ¢ cos 00, + sin ¢ cos 00, — sin 00,
0y, = —sin ¢d, + cos PO,
0., = cos ¢sin 80, + sin ¢ sin 9, + cos 00.. @)

Incorporating (6) and (7) in the first six equations of the system
(5), and solving for 0, F,, 0. F,, 0. F.,0.H,,0.H, and 0. H
yields the PDEs for the six field components inside the radial
absorber. After algebraic manipulations, these PDEs can be
written in the global coordinate system as

0By = 0yH, — 0.Hy — 0, E,(1 — cos? ¢ sin? 9)

+o0,.E,cos¢sing sin® 0 + 0,.E. cos ¢ cos 0 sin 0

—J., cos¢sinf (8)
eoOi by = 0.H, — 0, H. 4 0, F, cos ¢sin qﬁsin2 0

-0, E,(1—- sin? ¢psin? 0) + o, . sin ¢ cos f sin f

—J. sin¢sinf &)
0O E, = 0, Hy — OyH, + 0, E, cos¢cosflsinf

+ o,y sin¢cosfsind — o, F. sin? ) — J,, cosb

(10)

o0 Hy = 0. By — 0yE. — 0, (1o /20) Hz (1 = cos® ¢ sin” )

+ 0, (p10/0) H, cos ¢psin ¢psin® §

+ 0(po/e0)H - cos ¢ cos 0 sin 0

— oK, cos¢sinf (1D
poOeHy = 0z E, — 0.E, + 0.(po/e0)Hz cos $sin ¢ sin® 0

— 0, (jo/0) Hy (1 — sin? ¢ sin? )

+ 0 (po/e0) H sin ¢ cos 0 sin 0

— oK, sin¢sin (12)
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poOH, = 0yEy — 0, Ey + 04 (po/e0)Hy cos pcosfsiné
+ 0, (po/e0)Hy sin ¢ cos fsin §

—o,(uo/e0)H sin’ 6§ — oK -, cosb. (13)

Considering equations (8)—(13), as expected, the structure
of the rotationally invariant Maxwell equations remains un-
changed. The first terms on the RHS of (8)—(13) determine
the fluxes in the FVTD formulation, whereas the additional
terms (with no spatial derivatives) describe the anisotropic
losses inside the radial absorber. The last terms of (8)—(13)
contain the equivalent currents J,_ and K, (scalars), which
are deliberately kept in the local coordinate system (&,., 9y, 2.
in order to reduce the computational overhead. Using (6) and
(7) in the last two equations of system (5), the update equations
for J,, and K, are obtained as follows:

eoOJ,, = 0p (0.Hy — 0yH,) cos ¢psin
+ 0, (0,H. — 0,H,)sin¢sind

+ 0, (0yH, — 0, H,)cosf (14)
poo K. = 0,(1/e0)(0yE, — 0. E,) cos ¢psinf

+0.(1/e0)(0.Ey — O, E.) sin ¢ sin 6

+0,(1/e0)(0.Ey — 0y E,) cos. (15)

The integration of (8)—(13) and (14) and (15) over each cell
of the spatial discretization is performed according to the FVTD
algorithm and yields update equations inside the radial absorber.
For example, integrating (8) over the volume of the cell ¢ yields
the time update equation for the component F,

f
-1
egO by = i ; (Fg,, ni|Sk|) =0, E.(1—cos? ¢sin? f)

+ 0,y cos ¢psin ¢ sin? § + 0,.F. cos ¢ cos f sin 0

—J, cos¢sing. (16)

Equations for the other field components are obtained corre-
spondingly. Integrating (14) [and similarly (15)] over the cells
of the finite-volume discretization yields

0, cos ¢ sin f !

k=1

opsin ¢siné !
I 2 (e nelSi)
* k=1

EOathr =

o, cosf

_|_
Vil

f
> (Fr., - nglSk)). (17)

k=1

It can be observed that the update of these scalar quantities
J.. and K. include only fluxes that are already required for
the update of the E- and H-field components. Therefore, the
overhead in terms of computational effort is minimal.

C. Implementation

The implementation of the spherical absorber is straightfor-
ward considering, firstly, the similarity of (8)—(13) to the stan-
dard Maxwell equations, and secondly, the simplicity of the ad-
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ditional PDEs (14) and (15). For each cell inside the absorber,
only the following three PML-related parameters are required.
1) The radial absorber conductivity o, determines the
losses inside the PML. To reduce the discretization error
at the free-space-to-PML interface, the radial conductivity
profile as a function of the radial distance 7 is chosen as

(3]
U’r(r) = Or,max <T_‘Rﬂ>17

18
dpyin, (18)

where Rpyp, is the starting radius of the PML and dpyp,
is its thickness. A quadratic conductivity profile (i.e., with
order p = 2) is typically chosen for best performance. The
value of the maximal conductivity o, may is determined by
the desired theoretical normal-incidence reflection coeffi-
cient I'g, as in [3].

2) and 3) The direction of anisotropy z, of the radial PML
for a considered cell is determined uniquely by the two an-
gles 6 and ¢. For a spherical computational domain cen-
tered at the origin, these two angles correspond to the an-
gular spherical coordinates at the barycenter of the cell.

For each cell in the absorber region, the three parameters
or, ¢, and 6 are determined uniquely based on the spatial lo-
cation of the cell. Therefore, all the factors of the anisotropic
loss terms in (8)—(15) can be computed once in a preprocessing
step.

As a concluding remark on the formulation, it should be
mentioned that (8)—(15) can be considered as a generalized for-
mulation of the uniaxial PML with anisotropy in the direction
specified by the angles (6, ¢). For example, the formulation
of the uniaxial PML in the principal directions Z,7y or z
can be retrieved by considering the (6, ¢) angular directions
(90°, 0°), (90°, 90°) and (0°, 0°), respectively. In this per-
spective, it should be emphasized that the approximate radial
absorber becomes an exact perfectly matched absorber only in
the limit when its radius of curvature becomes infinite.

IV. NUMERICAL EXAMPLES

Three numerical examples with increasing complexity are
presented here to evaluate the accuracy of the proposed radial
absorber formulation in the framework of the FVTD method.

A. Waveguide Truncation—Uniaxial PML

The first example considers the truncation of a WR90 rect-
angular waveguide. The waveguide is characterized by trans-
verse dimensions ¢ = 22.86 mm and b = 10.16 mm, and the
cutoff frequency of the fundamental TE;, mode is 6.56 GHz.
The waveguide is truncated by a 15-mm-thick PEC-backed uni-
axial PML with anisotropy in the direction of the waveguide
axis. The return loss of the truncated waveguide is represented
in Fig. 3 for four values of the theoretical reflection coefficient
ranging from I'y = —20 dB to I'y = —80 dB. Furthermore, the
theoretical return loss S11(f) inside the truncated waveguide is
represented via dashed lines in Fig. 3. According to the clas-
sical decomposition of the waveguide mode into plane waves,
the angle of incidence v depends on the frequency of opera-
tion f. The theoretical reflection coefficients as a function of
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Fig.3. Numerical return loss Sy of a WR90 rectangular waveguide terminated
by a 15-mm-thick uniaxial PMLs for different normal-incidence theoretical re-
flection coefficients I'g. The theoretical values are computed according to (19).

the angle of incidence - at the PML interface can be computed
as [3]

I‘(’Y) — 67(2/(p+1))(a,ﬂ,madeML/sgc) cosy (19)

The function v(f) decreases from 90° (grazing incidence)
at cutoff frequency to 0° (normal incidence) as the frequency
asymptotically reaches infinity. As a result, the reflection co-
efficient I'(y(f)) corresponds to the return loss S11(f) inside
the truncated waveguide. The results in Fig. 3 demonstrate that
the 3-D FVTD absorber model is operating as intended. The
low-level oscillations that are observed for the —80-dB theo-
retical reflection coefficient model are likely due to numerical
imperfections of the source. The performance of the spherical
absorber saturates below I'g = —80 dB due to discretization er-
rors. For example, decreasing I'g to —100 dB does not enhance
the performance for the considered spatial discretization (\/16
at f = 25 GHz).

Using this waveguide model, the generalized absorber for-
mulation (8)—(15) has been tested for radial invariance. As
expected, for any orientations (6, ¢) of the waveguide axis in
space, the return loss remains identical, provided the direction
of the anisotropy is matched to the axis of the waveguide.

B. Point Source in Spherical Domain—Influence of Curvature

The second example considers an infinitesimal current source
in z-direction placed in a spherical computational domain. The
source is fed with a modulated Gaussian pulse with bandwidth
stretching from 1 to 20 GHz. The radius of the sphere is chosen
as 50 mm, which represents a fraction of the wavelength at
the lower frequencies. The source is displaced from the center
of the sphere in order to observe reflections from the outer
boundary for a large range of incident angles. Snapshots of
the z-component of the electric field at two different time
stamps are shown in Fig. 4 for a source located at z = 20 mm,
Y,z = 0 mm (depicted as circle with a dot). On the LHS plots
of Fig. 4, the domain is bounded by the Silver—Miiller ABC.
This first-order ABC is commonly used in FVTD because
it only requires setting the incoming fluxes to zero on the
outer boundary. Good absorbing performances are realized
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10

0.0

-0.15

Fig. 4. Plots of the z-component of the electric field radiated from an infini-
tesimal current source in a spherical domain at two different time stamps. (left)
Silver—Miiller ABC truncation. (right) Spherical PML truncation. The source
location is shown as a circle with a dot. The location of a sensor used for Fig. 6
is depicted as a crossed square. At ¢, the original pulse is visible, whereas at
to, the incident pulse has already left the domain and only numerical reflections
from the boundaries are observed.

0.006

0.0

Fig. 5. Image with reduced grayscale (1/24th that of Fig. 4) showing low-level
reflections from the radial absorber at time t-.

with a spherical Silver—Miiller ABC placed at a large distance
from the radiator/scatterer, which results in the near-normal
incidence condition. On the RHS plots of Fig. 4, the same
pulse is truncated using a radial absorber with thickness
dpyr = 16 mm backed by a PEC. The conductivity profile
is chosen as quadratic with a theoretical reflection coefficient
I'o = —80 dB. Absorption of the incident pulse inside the PML
can be observed at the top right of Fig. 4, whereas no reflections
are visible in this gray scale on the bottom right image.

The structure of the reflection from the spherical absorber be-
comes visible when the gray scale is substantially reduced, as
shown in Fig. 5. This reveals the nature of the low-level reflected
field and allows the following observations. Firstly, for a point
source, the reflections from the spherical boundary are focused
to a symmetric point (here, at z = —20 mm, y,z = 0 mm),
marked here with a crossed square. Secondly, the slight asym-
metry in the field distribution indicates that reflection errors are
at a magnitude close to the level of the unstructured mesh-in-
duced noise in the FVTD simulation for the considered dis-
cretization (Amin/10).
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Fig. 6. E-field magnitude as a function of the time at the location of the sensor
(marked as crossed square). The incident pulse is centered around #;, and the
reflected pulse around #» (corresponding to timestamps of Fig. 4). A reference
is obtained by considering the pulse reflected by a PEC boundary without ab-
sorber (dotted line). The solid line indicates the pulse reflected by the spherical
absorber. The reflection from the Silver—Miiller ABC is also shown for com-
parison (dashed line). The radius of the full sphere (computational domain) is
50 mm, and the PML starts at Rpy, = 34 mm.

To obtain a more precise assessment of the radial absorber
performance, the field components as a function of time are
recorded at the location marked by a crossed square in Figs. 4
and 5. This arrangement provides a worst case assessment
because the location of the “field sensor” corresponds to the
point where reflections from the spherical outer boundary are
focused. The field magnitude of the pulse is represented in
Fig. 6 for three arrangements of the spherical outer boundary:
PEC, Silver—Miiller ABC, and radial absorber. The maximum
of the directly incident pulse is not influenced by the outer
boundary and reaches the sensor approximately at time ¢;.
The reflected pulse is resolved in time and reaches the sensor
approximately at time #.

Since the reflections from different directions are focused at
the sensor location, the reflected pulse in the PEC spherical
cavity (dotted curve in Fig. 6) has an amplitude 17 dB higher
than that of the directly incident pulse. This maximum of the re-
flected pulse in the PEC cavity provides a reference value, which
indicates the field amplitude that need to be attenuated by the
absorber. When the spherical absorber is introduced in the PEC
cavity (solid curve in Fig. 6), the reflection drops significantly
down to —44 dB relative to the incident pulse. This low value
confirms the fact that the reflected pulse from the radial absorber
is unlikely to significantly influence the results of the simulation.
However, to obtain a global “reflection coefficient” integrated
over all considered frequencies and angles of incidence on the
outer boundaries, the pulse reflected by the absorber has to be
compared to the reflected pulse in the PEC cavity without the
absorber. Comparison of the reflected pulse maxima with and
without absorber yields then a reflection coefficient of —61 dB
from the radial absorber.

Also represented in Fig. 6 for comparison, the reflected pulse
from the Silver—Miiller ABC (dashed line) shows a mediocre
performance of around —30 dB for the presented case.

There are three major sources of errors that explain the dis-
crepancy between the theoretical reflection coefficient I'y =
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Fig. 7. Numerical reflection coefficient at the sensor location as a function of
the theoretical reflection coefficient I'y for different radii of curvature of the
radial absorber Rpy;, = 25, 34,51, and 68 mm. The thickness of the absorber
iskept constant dpy, = 16 mm, and 0. max is computed to achieve the desired
theoretical values I'y. The pulse has a bandwidth stretching from 1 to 20 GHz.

—80 dB and the achieved numerical value of —61 dB, which
are as follows.

1) Discretization error: It describes the deviation of the dis-
crete PML from the continuous model. Convergence tests
have confirmed that it is not a major contribution to the
global error in the current case.

2) Angular error: The theoretical reflection coefficient I'g is
defined for normal incidence. In the example, waves im-
pinging on the absorber at various angles degrade the per-
formance with the angular dependence given in (19).

3) Curvature error: The considered approximate model of ra-
dial absorber is converging to an exact PML for infinite
radius of curvature. Therefore, finite radii of curvature in-
troduce an additional error in the absorber model.

In order to quantify these errors, the performance of the radial
absorber has been assessed for different values of its inner ra-
dius Rpypr,. The rest of the arrangement remains identical, i.e.,
with a point source at z = 20 mm, and a sensor at z = —20 mm.
The (integrated) reflection coefficients achieved numerically at
the sensor location are plotted in Fig. 7 for different Rpyp, as a
function of the theoretical reflection coefficient I'g. Results con-
verge as the ratio Rpy1,/ Amax increases, where Ap,.x represents
the longest wavelength in the excitation pulse (1-20 GHz). This
convergence is explained by the decrease of both angular and
curvature errors as the radius Rpyg, increases.

To distinguish the curvature error from the angular error, fur-
ther numerical experiments with a similar arrangement are con-
ducted. Since the angular error is only dependent on the ge-
ometry, keeping the radius of the absorber Rpyr, constant and
varying the frequency range (fin, fmax) Of the excitation pulse
allows a characterization of the curvature error. The minimal
pulse frequency is swept, while keeping the bandwidth of the
pulse constant fyin : fmax = 1 : 10. This results in a varia-
tion of the radius of curvature relatively to the wavelengths in-
volved. The numerical reflection coefficient at the sensor loca-
tion is plotted in Fig. 8 as a function of Rpnmr,/Amax and shows
convergence of the results.

From these results, it is apparent that the low-frequency field
components are decaying at a slower pace than the high-fre-
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Fig. 8. Numerical reflection coefficient at the sensor location for a theoretical
'y = —80 dB as a function relative radius of curvature Rpyr,/Amax- The
variation of Rpur. / Amax 1S obtained by changing the lower frequency fmin =
¢/ Amax Of the excitation pulse for a constant Rpy;, = 51 mm. The bandwidth
of the pulse fmin : fmax is keptto 1:10. The insets illustrate the pulse shapes
at the first and last points in the graph.

quency components because of the smaller relative radius of
curvature of the spherical absorber. This is also observed when
considering the shape of the pulse reflected from the radial ab-
sorber in Fig. 6. From the presented results, it can be concluded
that reasonable performances can be achieved even when the ra-
dius of curvature is a only small fraction of the minimum wave-
length considered.

C. Coupling Between two Spiral Antennas

The third example shows a practical application of the radial
absorber for a challenging electromagnetic problem. For most
antennas applications, the performance of the Silver—Miiller
ABC offers a truncation accurate enough to yield results of
practical engineering value. However, for scattering problems,
or for the evaluation of low-level coupling between devices,
the reflections from the boundary might become a dominant
source of numerical error. This is illustrated with the following
example that considers the coupling between two spiral an-
tennas placed in close proximity. The two considered devices
are cavity-backed Archimedean spiral antennas with an op-
eration bandwidth of 1-18 GHz. The FVTD simulation of a
single such device has been presented in [19]. The exploitation
of a strongly inhomogeneous tetrahedral mesh permits the
resolution of the 26 windings of the two 0.25-mm-wide arms
of the spiral, the 0.25-mm-thick substrate, the absorber-loaded
cavity, and the feeding balun. The typical cell size is increasing
from ~ Apin/100 in the feed region to ~ Apnin/10 in the free
space surrounding the device and in the radial absorber. In the
current configuration, the two spiral antennas are placed next to
each other and tilted as shown in Fig. 9. One of the antennas is
excited with a wideband pulse and the coupling parameter Ss;
to the second antenna is determined.

The first results consider the case when the computational
domain is truncated with a Silver—-Miiller ABC (i.e., without a
PML). The radius of the computational domain Rspc has to
be chosen large enough to achieve near normal incidence on
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Fig. 9. Arrangement of the two cavity-backed Archimedean spiral antennas.
The spiral on the right is displayed with part of its surface mesh and is cut open to
reveal the balun and the cavity. The image also shows a cut through the spherical
outer boundary with radius R ¢ and the arrangement of the radial PML.
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Fig. 10. Coupling parameter S2; of the two spiral antennas in the configura-
tion, as shown in Fig. 9, with Silver—Miiller ABC. The graph compares mea-
sured data to results obtained from FVTD simulations for domains truncated by
Silver-Miiller ABC with different radii Ragsc.

the outer Silver—Miiller ABC boundary. Simulated FVTD re-
sults of the coupling coefficient S3; as a function of the fre-
quency are shown in Fig. 10 together with measured data. The
results for Rapc = 98 mm overestimate the parameter So; be-
cause of the nonphysical dominant coupling paths including re-
flections from the outer boundary of the computational domain.
Comparing the corresponding curves for Rapc = 200 mm and
Rapc = 216 mm suggest a decrease and stabilization of the
simulated coupling level as the radius Rspc is increased past
200 mm. However, numerical oscillations are still observed in
the coupling curve So; with location of the zeros moving as
Rapc is increased. These oscillations decay as R pc is further
increased, but at the cost of a massive increase in computational
effort.

Better results are obtained with the simulation of the two
spiral antennas performed in a domain truncated by a PEC-
backed spherical PML. The outer radius of the computational
domain can be reduced to Ragc = 98 mm. The absorber is
chosen with a thickness dpyr, = 17 mm, a quadratic con-
ductivity profile, and a theoretical reflection coefficient I'y =
—80 dB. The FVTD simulation is presented in Fig. 11 and
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Fig. 11. Coupling parameter S2; of the two spiral antennas in the configura-
tion, as shown in Fig. 9, with radial PML truncation. The graph compares mea-
sured data to results obtained from a FVTD simulation using a —80-dB PML
with Ragc = 98 mm and dpy, = 17 mm.

demonstrates a nearly perfect agreement to the measured data.
This highlights the significant advantage of using the spherical
absorber in a practical application.

V. CONCLUSION

This paper has presented a general approximate formula-
tion of a spherical perfectly matched absorber suitable for
conformal time-domain methods. The formulation is based on
a local description of the radial absorber as a uniaxial PML,
combined with a transformation into the global Cartesian
coordinate system. The proposed spherical configuration has
the advantage of avoiding corner regions encountered in the
standard rectangular PML implementation. Furthermore, the
volume of the computational domain is reduced compared to
the rectangular configurations. Although the absorber accuracy
is limited by its radius of curvature, several examples presented
here have demonstrated excellent performances of the radial
absorber as a domain truncation in the framework of the FVTD
method.

The Maxwellian system describing the spherical absorber
represents, in fact, a generalized formulation of the PML for
any arbitrary direction of anisotropy. The absorption properties
of each cell inside the absorber are uniquely described by the
conductivity o, and the direction of anisotropy expressed by
two angles (6, ¢). Therefore, after appropriate definition of
these three parameters, the same simple and general formu-
lation can be applied to more complex absorber shapes, e.g.,
ellipsoidal or convex conformal outer boundaries.
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