
Residual-Based Adaptive Refinement for
Meshless Eigenvalue Solvers

Thomas Kaufmann∗, Christian Engström∗, Christophe Fumeaux†
∗Laboratory for Electromagnetic Fields and Microwave Electronics (IFH), ETH Zurich, Switzerland
†School of Electrical and Electronic Engineering, The University of Adelaide, SA 5005, Australia

Corresponding Email: thomas.kaufmann@ifh.ee.ethz.ch

Abstract—The concept of an adaptive meshless eigenvalue
solver is presented and implemented for two-dimensional struc-
tures. Based on radial basis functions, eigenmodes are calculated
in a collocation approach for the second-order wave equation.
This type of meshless method promises highly accurate results
with the simplicity of a node-based collocation approach. Thus,
when changing the discrete representation of a physical model,
only node locations have to be adapted, hence avoiding the
numerical overhead of handling an explicit mesh topology. The
accuracy of the method comes at a cost of dealing with poorly-
conditioned matrices. This is circumvented by applying a leave-
one-out-cross-validation optimization algorithm to get stable re-
sults. A node adaptivity algorithm is presented to efficiently refine
an initially coarse discretization. The convergence is evaluated
in two numerical examples with analytical solutions. The most
relevant parameter of the adaptation algorithm is numerically
investigated and its influence on the convergence rate examined.

I. INTRODUCTION

A meshless method based on radial basis functions (RBFs)
in a collocation scheme is known as Radial Point Interpolation
Method (RPIM) [1] or Kansa’s Method [2]. Meshless methods
avoid the generation and handling of an explicit mesh for the
numerical solution of differential equations. No computational
overhead is required to take care of tetrahedron or hexahedron
mesh data such as volumes, surfaces or edges. Instead, an
arbitrarily distributed set of nodes is created and interpola-
tions based on RBFs are used in a collocation scheme. This
framework facilitates adaptive refinement significantly. It has
previously been shown that RBF collocation methods yield
very high accuracy and fast convergence [3]. A time-domain
implementation of RPIM for Maxwell’s equations has been
previously introduced in [4], [5].

In this paper, an eigenvalue solver for the second-order
wave equation is presented. In contrast to [6], the fields are
calculated directly rather than solving for the shape param-
eter. Then a refinement algorithm, based on a residual error
indicator is introduced. An alternative residual-based method
was recently presented for source problems in mechanics [7].
For structured node distributions, an adaptivity algorithm has
been presented in [8]. Even though the algorithm presented
here is for an RBF approach, it can also be directly applied to
other meshless collocation methods, such as Smooth Particle
Electromagnetics (SPEM) [9]. The convergence of the cal-
culation error obtained by applying the refinement algorithm
is evaluated on two 2D numerical examples with analytical

Fig. 1: Radial basis function rn(x− xn) (left), and interpolation of
the field value at position x, based on the values at the collocation
nodes x1, . . . ,xn (right). The parameter αc controls the flatness of
the basis function rn.

solutions: a square and a L-shaped perfectly conducting cavity
resonator. In the algorithm a parameter has to be set initially to
determine the rate at which nodes are added into the domain.
An investigation is performed to understand the behavior for
different values of this parameter.

II. RADIAL BASIS FUNCTIONS

Interpolation of field values with RBFs gives high accuracy
for arbitrarily scattered node locations. RBFs are gaining
momentum in many fields of science, e.g. neural networks
and computer vision, as well as for solving partial differential
equations. In [10] the scheme is presented in detail, thus here
only the main points are summarized.

To interpolate a field component u(x) at the position x =
(x, y), the following equation holds:

〈u(x)〉 =
N∑
n=1

anrn(x) = r(x)Ta, (1)

for the N nodes inside the computational domain. The RBFs
of Gaussian type with a given shape parameter αc can be
expressed as

rn(x) = exp

(
−αc
|xn − x|2

d2c

)
. (2)

The distances to neighboring nodes |xn − x| are normalized
by the average node distance dc between all nodes. Fig. 1
illustrates how the shape parameter αc controls the flatness of
the basis functions.

In a preprocessing step, the interpolation parameter vec-
tor a is calculated by setting up a system to interpolate
the field component u(x) at all node locations Us =
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[u(x1), u(x2), . . . , u(xN )]T . The system takes the form: u(x1)
...

u(xN )

 =

 r1(x1) · · · r1(xN )
...

. . .
...

rN (x1) · · · rN (xN )


 a1

...
aN

 ,

(3)

or in compact notation

Us = R0a. (4)

The shape parameter αc determines the interpolation accuracy
and the condition number of the interpolation matrix R0. For
larger values of αc, the RBFs approach a delta-like shape,
which means that the field value at one node does not depend
on the value at other positions. Consequently, the interpolation
accuracy degrades dramatically. For decreasing values of αc,
the basis functions become flatter and flatter, which means
that the field value at one position is heavily weighted by
the values at all surrounding nodes. It has been shown [3]
that in the ideal case the accuracy increases exponentially
by decreasing αc. Numerically though, this translates into a
interpolation matrix R0 with all entries almost identical. Thus
the rank of the matrix decreases and the system becomes ill-
conditioned. Hence, the choice of the shape parameter is cru-
cial for accurate results. Several methods exist to circumvent
this issue, e.g. [11], [12]. Here, we chose the “leave-one-out-
cross-validation” algorithm [13] to find an optimized value of
the shape parameter αc for a given node distribution.

The system (4) can be numerically inverted if the interpola-
tion matrix R0 is non-singular, i.e. if no nodes coincide and if
the shape parameter is sufficiently large. The vector a is then
obtained as

a = R−1
0 Us. (5)

and the shape functions Ψ(x) and their derivatives are calcu-
lated as

〈u(x)〉 = rT (x)a = rT (x)R−1
0 Us

= Ψ(x)Us

(6a)

〈∂κu(x)〉 = ∂κr
T (x)a = ∂κr

T (x)R−1
0 Us

= ∂κΨ(x)Us

(6b)〈
∂2κu(x)

〉
= ∂2κr

T (x)a = ∂2κr
T (x)R−1

0 Us

= ∂2κΨ(x)Us

(6c)

with ∂κ the spatial derivative in κ = x, y direction.

III. EIGENVALUE SOLVER

An eigenvalue solver for a second-order problem was pre-
sented in [6], where the problem was solved for the interpola-
tion parameter a. Here we directly compute the electric field
Ez pointing perpendicularly to the computational domain. The
eigenvalues λ = ω2/c20 are calculated from

−LhEz = λEz in Ω, (7)
Ez = 0 PEC on ∂Ω. (8)

The stiffness matrix Lh contains the Laplace operator, dis-
cretized with the second-order derivative of the RBF interpo-

Collocation Nodes 
Test Nodes
Delaunay Tessellation

Fig. 2: Delaunay Tessellation of a set of collocation nodes. The test
nodes are placed on the edges of the Delaunay cells with length dyj .

Calculate eigenmodes and generate 
test node distribution based 

on given set of collocation nodes

Calculate residual error η(y) on test nodes  

Add nodes with residual error higher than 
threshold β·max(η) to set of collocation nodes

repeat 
until 
reached 
accuracy

Find optimized shape parameter αc 
for set of collocation nodes

Fig. 3: Flow-chart of the refinement algorithm

lation shape functions

Lh(xi) = ∂2xΨ(xi) + ∂2yΨ(xi). (9)

The eigenvalue solver package ARPACK [14] for full matrices
is used to calculate the eigenpairs {El

z, λ
l}.

IV. REFINEMENT ALGORITHM

In the refinement algorithm, the lth eigenvector El
z and

eigenvalue λl are calculated at an initial set of collocation
nodes. A set of test nodes is then generated via a Delaunay
tessellation [7] (Fig. 2). The residuals

η(yj) = ν1d
2
yj
|Lh(yj)E

l
z − λlΨ(yi)E

l
z|2 Internal Node

+ν2d
2
yj
|Ψ(yi)E

l
z|2 Boundary Node

(10)

are then calculated on all test nodes. The weighting factors
ν1, ν2 are used to adjust the different scales of the internal
and boundary test node residuals. ν2 is several orders of
magnitude larger than ν1. Nodes with a residual error larger
than a predefined threshold

η(yj) ≥ βmax
l
η(yl), β ∈ [0, 1] (11)

are subsequently added to the set of collocation nodes. The
choice of the threshold parameter β determines how many
nodes are added at each iteration. For every new node dis-
tribution, another optimized shape parameter αc is obtained,
and the eigenpair El

z, λ
l is computed again. This results in an

adaptation scheme that combines both spatial discretization
and shape adaptivity. The algorithm is summarized in Fig. 3.

V. NUMERICAL EXPERIMENTS

The refinement algorithm has been evaluated in two numer-
ical experiments. The transverse magnetic (TM) eigenmodes
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(a) Initial Node distribution

(b) Node distribution after one iteration

(c) Final node distribution after six iterations

Fig. 4: Node distributions at different stages of the refinement
iteration for the square domain (I) with TM11 mode (left) and L-
shaped domain (II) for the 1st smooth eigenmode (right).

of a square cavity and the first smooth eigenmodes of an L-
shaped domain, both enclosed with perfect electric conductors,
have been computed. Both problems have smooth non-singular
sinusoidal solutions. Starting with a coarse node distribution,
the presented adaptive algorithm was applied to increase the
accuracy. The chosen parameters for the weighting of the
internal and boundary test nodes (10) were ν1 = 1, ν2 = 104.

The two computational domains with node distributions at
different times of the adaptive algorithm (11) with β = 5 ·
10−3 are displayed in Fig. 4. In the case of the square cavity,
the adapted node distributions are illustrated for the TM11

eigenmode. In the case of the L-shaped domain, the adapted
mode shown is the first smooth eigenmode. In both cases,
the final node distributions show that the added nodes tend to
cluster close to the boundary. This correlates with the findings
in [15] where it was observed that computations using RBFs
become more accurate when increasing the node density close
to to boundaries.

The eigenvalues of the first six distinct modes for the square
domain (I) and the first two smooth eigenmodes for the L-
shaped domain (II) were compared to the analytical values
from [16] (I) and to the results of the benchmark by Dauge
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Fig. 5: Convergence of several eigenvalues of a square (left) and
L-shaped domain (right).
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Fig. 6: Histogram of the distribution of the error indicators η(yj)
at the second iteration step for the 2nd smooth eigenmode of
the L-shaped domain. Nodes with an error function larger than
βmaxl η(yl) are added to the set of collocation nodes.

[17] (II). In Fig. 5 the error is plotted against the number of
degrees of freedom (ndof ), which is equal to the number of
nodes. The relative error of the eigenvalues decreases rapidly
by a factor of at least 10−3 for doubling the number of nodes.
For all computed modes, the eigenvalue error decreased below
at least 10−6 after less than six iterations.

A study is performed on the influence of the threshold pa-
rameter β ∈ [0, 1]. A histogram of a typical distribution of the
error indicator η(yj) is illustrated in Fig. 6. In the test case, all
nodes with an error indicator larger than β = 5·10−3 times the
maximum error are added to the set of collocation nodes. As an
illustration, Fig. 7 shows the adaptivity algorithm performed
for the TM22 mode of the square domain for different values
of β. The parameter determines how many nodes are added
at each iteration. A high value of the threshold parameter, i.e.
β > 0.1 signifies that only a few nodes are added per iteration.
This means that many iterations have to be performed to have a
significant gain in accuracy. On the other hand, if the threshold
parameter is small, e.g. β = 10−7, most of the test nodes
are added at each iteration which corresponds to a regular
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Fig. 7: Influence of the threshold parameter β on the convergence
rate. For a large value, only few nodes are added at each iteration,
meaning a large number of iteration steps to achieve the required
accuracy. For small values of β a large number of nodes are added
with each iteration, also at positions where not necessary.
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Fig. 8: Development of the number of nodes over the iterations for
different values of β in the example of the refinement of a TM22

mode in a square domain. Each dot represents an iteration step.

refinement. This leads to many collocation nodes that do not
contribute to increasing the accuracy. Thus the convergence
rate is lower in that case. Depending on the choice of β,
the errors can fluctuate, i.e. the error can grow sporadically
when adding nodes at non-optimal locations before eventually
continuing to decrease.

The evolution of the number of nodes over many iterations
is shown in Fig. 8. A smaller value of β leads to a steeper
curve, requiring less iterations to increase the number of nodes
in the domain, but placing some at unnecessary locations. A
trade-off between those two effects leads to best results, thus
a value of β = 5 ·10−3 has been chosen for these simulations.
This choice of parameter is quite robust, as the convergence
rate remains stable over a large bandwidth of values of β.

VI. CONCLUSION

An implementation of a second-order Laplace adaptive
eigenvalue solver based on radial basis functions has been pre-
sented. The implemented refinement algorithm automatically
adapts the node distribution for given eigenmodes. In com-
bination with the “leave-one-out-cross-validation” algorithm,
the automatic refinement is a powerful tool to increase the
computation accuracy and the convergence rate of the solution.

A study was performed on the influence of the threshold

parameter β, and it was observed that this value can be chosen
as a robust trade-off between adding too many nodes, including
nodes at unnecessary locations, and too few nodes, leading to a
high number of iterations to achieve a required accuracy. The
proposed algorithm leads to a fast convergence rate of the
eigenvalue error over a small number of iterations. Relative
errors of less than 10−6 can be achieved with only tripling
the number of nodes for the demonstrated refinement in the
square and L-shaped domains.

Since the refinement algorithm only depends on the shape
functions at the test node locations, this algorithm is suitable
for any meshless collocation method.
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