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SUMMARY

Meshless methods are a promising new field in computational electromagnetics. Instead of relying on an explicit
mesh topology, a numerical solution is computed on an unstructured set of collocation nodes. This allows to model
fine geometrical details with high accuracy and facilitates the adaptation of node distributions for optimization or
refinement purposes. The radial point interpolation method (RPIM) is a meshless method based on radial basis
functions. In this paper, the current state of the RPIM in electromagnetics is reviewed. The localized RPIM scheme
is summarized, and the interpolation accuracy is discussed in dependence of important parameters. A time-domain
implementation is presented, and important time iteration aspects are reviewed. New formulations for perfectly
matched layers and waveguide ports are introduced. An unconditionally stable RPIM scheme is summarized,
and its advantages for hybridization with the classical RPIM scheme are discussed in a practical example. The
capabilities of an adaptive time-domain refinement strategy based on the experiences on a frequency-domain
solver are discussed. Copyright © 2012 John Wiley & Sons, Ltd.
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1. INTRODUCTION

In computational sciences, meshless methods recently gained attention as a versatile technique for the
numerical solution of a wide range of equations in physics [1]. Meshless methods bypass the geomet-
rically complex procedure of generating a discrete mesh as required by most domain-discretization
numerical algorithms. The overhead associated with the treatment of the mesh topology can be
computationally involved, especially in optimization procedures or simulations of dynamic processes.
Meshless methods, in contrast, rely on a set of arbitrarily placed unconnected nodes, which presents
several advantages. For example, this allows to model complex geometries with fine details using
multiscale node distributions that can be generated to selectively have fine discretizations only where
necessary. The connectivity between these nodes is intrinsically provided through sophisticated basis
functions, which often yield superior accuracy compared with classical low-order methods such as
the standard finite-difference time-domain (FDTD) [2] or finite-volume time-domain methods (FVTD)
[3]. As a further advantage arising from the simplicity of the node distributions, adaptive refinement of
the node distribution for increasing the simulation accuracy can be obtained with a relatively small ef-
fort [4,5].

In the literature, numerous approaches exist to interpolate field components based on collocation
node data, for example, the smooth particle hydrodynamics method [6], least-squares-based methods
[7], or interpolation based on radial basis functions (RBF) [8–11]. This is applied for example in the
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MESHLESS RADIAL POINT INTERPOLATION METHOD FOR TD ELECTROMAGNETICS 469
field of computer vision [12] or in multidimensional neural networks [13]. A special type of RBF meth-
ods is the radial point interpolation method (RPIM) [14], which can lead to explicit time-stepping
schemes. The method presented in this paper is a domain-discretization collocation method with inter-
polations based on scalar RPIM. Most theoretical studies use global basis functions, which relate each
node with all the others in the computational domain [15]. As this approach becomes too heavy for
large problems, local basis functions have been introduced in [14] to reduce the computational effort
significantly, although at the cost of reduced accuracy and possible threat to numerical stability. A
shape parameter is generally applied to control the flatness of the RBFs, thus determining their spatial
extent of influence. Mathematical investigations have shown that the accuracy of the interpolation
based on RBFs is improved for increasingly flat basis functions [16]. This behavior has been be con-
firmed for RPIM in [17].Numerically, there is however a limit to the concept of increasing RBF flat-
ness due to the occurrence of ill-conditioned matrices. As a remedy to this behavior, feasible
solutions are either selecting a conservative value of the shape parameter or performing a numerical
optimization. For example, the leave-one-out cross-validation algorithm [15] can be considered. Very
recent studies on the formulation of Gaussian RBFs showed that reliable results can be achieved even
for very flat functions through involved mathematical adaptations [18].

In electromagnetics, meshless methods have recently started attracting attention. For static
problems, meshless methods have been introduced more than a decade ago [19–23]. More recently,
meshless formulations have been introduced for dynamic electromagnetic problems. For example,
smooth particle hydrodynamics has been adapted to electromagnetics [24] and RPIM has been
introduced in 2D [25,26] and 3D [27] time-domain implementations. This time-iterative RPIM with
explicit time stepping is limited by the Courant–Friedrich–Levy (CFL) stability condition.
Therefore, the modeling of fine details requires very short time steps when nodes need to be placed
very close to each others, which can lead to very long simulation times. To alleviate this problem,
an alternating-direction implicit (ADI) implementation for RPIM has been presented in [28]. The
occurrence of longtime instability issues in relation to the choice of the shape of Gaussian basis
functions have been reported in [29].

The simplicity of node-based unstructured methods suggests the possibility of a node distribution
that adapts during the simulation. Ideally, such an adaptive refinement would operate during the
time iteration. In the development of such a node refinement algorithm, the initial investigations
on this concept by the authors concerned an implementation in the frequency domain, specifically
a meshless scalar eigenvalue solver with global basis functions. In that case, the use of global basis
functions reduces the number of tuning parameters with the additional benefit of improved
accuracy. A refinement algorithm based on the residual error of the numerical eigenmodes has been
developed in [5] and extended by a gradient-based error indicator [30]. The results of these inves-
tigations are summarized in this paper to demonstrate the benefits of a meshless approach in com-
bination with a node adaptivity algorithm.

The future of the method presented here might arguably be seen in an adaptive time-domain
implementation to solve the Maxwell’s equations for transient signals in possibly nonlinear
structures. Potential applications are for example phenomena in plasmonic and photonic
nanostructures. Our vision is a method that will generate a fine discretization in regions where
and when required and automatically removes unnecessary nodes when energy has passed
through. Accuracy is another aim, with the goal of achieving reliable results with a much coarser
discretization than typical for today’s standard methods such as low-order finite-elements or FDTD.

This paper is structured as follows. First, the radial point interpolation scheme is summarized
in a general numerical framework. Numerical evaluations performed using local support domains
lead to guidelines on the free parameters of the interpolation scheme. Next, the interpolation
algorithm is applied for a time-domain Maxwell solver. First, the classical time-domain implemen-
tation with a leapfrog time integration is reviewed. Uniaxial perfectly matched layers (PMLs) based
on anisotropic material models and a waveguide port formulation are introduced. Afterwards, an
unconditionally stable ADI time integration is presented. Selected numerical examples illustrate
the distinguishing features of both algorithms. In Section 6, refinement strategies for a numerical
eigenvalue solver based on global RBFs are summarized and the potential applications to the
time-domain solver are discussed.
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2. RADIAL POINT INTERPOLATION SCHEME

Interpolations with RBFs have become the subject of considerable research efforts over recent years
because of their excellent interpolation property for scattered data [8,9]. In [14], a local RPIM scheme
based on RBFs has been developed as an extension to purely polynomial interpolation functions. The
numerical solver for time-domain electromagnetics is based on this interpolation scheme in
combination with a collocation method.

Both global and local meshless formulations are known in literature. Global schemes consider the
whole domain and yield much higher interpolation accuracy but rely on the inversion of full matrices.
Domain decomposition schemes [31] are usually employed to solve large problems. In local schemes,
in contrast, onlysurrounding nodes within a predefined support domain are taken into account, leading
to much better scaling properties because of sparse system matrices. Both concepts are summarized in
the following text.

2.1. Global basis functions

A field component u(x) at position x in a domain containing N nodes is interpolated as

u xð Þ � u xð Þh i ¼
XN
n¼1

anrn xð Þ þ
XM
m¼1

bmpm xð Þ ¼ r xð ÞTaþ pT xð Þb; (1)

with RBFs rn xð Þ and monomial basis functions pm xð Þ. Numerous RBF types exist, but in the authors’
experience, the best performance for solving Maxwell’s equations is achieved using Gaussian RBFs

rn xð Þ ¼ exp �ac
xn � xj j2

d2c

 !
; (2)

where the shape parameter ac controls the flatness of the basis functions (Figure 1). The normalization
factor dc denotes the average distance to the next node inside the computational domain. In two
dimensions, it can be approximated as

dc ¼
ffiffiffiffiffiffi
AΩ

pffiffiffiffi
N

p � 1
; (3)

where AΩ represents the area covered by the computational domain. The polynomial basis functions
pm xð Þ in (1) increase the interpolation accuracy [14]. Especially for the interpolation of very flat
functions, these polynomial basis functions greatly improve the convergence behavior of the local
basis functions, as will be demonstrated later in numerical examples. Generally, those additional
polynomials are of low order:

no polynomial : pT ¼ ½ � M ¼ 0ð Þ (4a)

first order : pT ¼ 1; x; y½ � M ¼ 3ð Þ (4b)
Figure 1. Influence of the shape parameter ac and support domain size ds on Gaussian RBFs. The solid lines show
a truncated Gaussian RBF, defined locally in a support domain with radius ds. The dashed lines show the

untruncated Gaussian RBF on a global support domain.
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second order : pT ¼ 1; x; y; x2; xy; y2½ � M ¼ 6ð Þ (4c)

with M denoting the number of terms in the function pT xð Þ.
The interpolation parameter vectors a and b in (1) are calculated in a point-matching procedure.

A linear system of equations is set up to interpolate the field component values at all node positions

Us ¼ u1; u2; . . . ; uNð ÞT as

Us

0

� �
¼
︸

R0 P0

PT
0 0

� �

G

a
b

� �
(5)

The matrix G is usually called moment matrix. The constraint condition PT
0a ¼ 0 is imposed to

obtain a square invertible matrix. Subsequently, a and b are computed as

a
b

� �
¼ G�1 Us

0

� �
; (6)

and a new set of RPIM shape functions Φ xð Þ is obtained from

u xð Þh i ¼ rT xð Þ; pT xð Þ� � a
b

� �
¼ rT xð Þ; pT xð Þ� �

G�1 Us

0

� �
¼ Φ xð ÞUs: (7)

This scheme provides an interpolation with an exact fit on the nodes. Therefore, the shape
functions Φ xð Þ fulfill the Kronecker delta property. The approximation of the spatial derivations
along k= x, y is expressed in a similar way with the same moment matrix G as

@ku xð Þh i ¼ @krT xð Þ; @kpT xð Þ� �
G�1 Us

0

� �
¼ @kΦ xð ÞUs: (8)

Because the RBFs are positive definite, the system (5) is invertible given that a sufficient
number N⩾M of nodes is taken into account [8,32].

Alternatively to (7), instead of assembling the moment matrix G, the block matrix structure can be
exploited to solve problem (6) as follows [14]:

b ¼ SbUs; Sb ¼ PT
0R

�1
0 P0

� ��1
P0R�1

0 (9)

a ¼ SaUs; Sa ¼ R�1
0 � R�1

0 P0Sb: (10)

The derivatives of the shape functions (8) are then calculated through

@ku xð Þh i ¼ @krT xð ÞSa þ @kpT xð ÞSb
� �

Us ¼ @kΦ xð ÞUs: (11)

2.2. Influence of shape parameter

The shape parameter ac controls the flatness of the RBFs (2). Flatter basis functions lead to increased
condition numbers of R0 in (5) and, consequently, of the moment matrix G. This trend continues for
flatter basis functions up to a point where the problem severely becomes ill conditioned. This can be
understood, as for very flat basis functions, R0 becomes almost a unit matrix. However, numerous
studies on the properties of RBF interpolation have shown that the best accuracy can be achieved close
to the limit of numerical stability for the matrix inversion [16,33]. Therefore, the optimal choice of ac is
a trade-off between stability and accuracy. Algorithms that optimize the choice of this parameter will
be discussed in Section 6.

2.3. Localization through local support domains

For the speed and the scalability of numerical schemes based on RPIM to be increased, a localized
interpolation is often taken into consideration. Instead of solving full matrix problems, efficient sparse
matrix solutions are obtained by assuming that the field values at each node are only influenced by a small
number of spatially surrounding nodes. In [14], this method is introduced in detail, and therefore, it is only
briefly summarized. In the local interpolation scheme, merely nodes within a circular (or spherical in 3D)
support domain As with radius ds around the considered node location xn are included, that is,
Copyright © 2012 John Wiley & Sons, Ltd. Int. J. Numer. Model. 2012; 25:468–489
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xn � xj j⩽ds: (12)

Often, the support domain size is defined as a multiple of the average node distance ds=bsdc. These
dimensions are illustrated in Figure 1. As a result, a number nAs of neighboring nodes are used in the
interpolation RPIM scheme (5). The localization introduces another free parameter to be chosen in the
setup of a numerical scheme.

In this localized formulation of RPIM, instead of solving one large full matrix to obtain the shape
functions (7), a large number of very small matrices are inverted. As a result, the system matrices of
such numerical schemes are assembled as sparse matrices. Because of the Kronecker delta property
of the shape functions, a numerical time-domain solver can be implemented as an explicit scheme.
In the following section, numerical evaluations are performed for different support domain sizes with
the goal of characterizing the interpolation accuracy of the RPIM algorithm.

2.4. Numerical evaluations

In the numerical experiment, starting from a rectangular node distribution, the node positions are
disturbed randomly. For the overlapping of nodes to be possible, they are allowed to move from 0%
up to 60% of the average node distance in any direction. Figure 2 shows an example of the different
node distributions used in the numerical experiments with support domains nAs ¼ 4; 8; 16; 24; 40½ �.

For 30 different random node distributions, a plane wave

u xð Þ ¼ exp j kxþ fð Þð Þ (13)

with wave vector k is interpolated for various angles of incidence between 0∘ and 180∘ and phases
within f= [0, 2p). The plane wave is a suitable example to estimate the accuracy of the RBF interpo-
lation for smooth and harmonic solutions of an electromagnetic problem. The method described in this
article relies on the curl expression of Maxwell’s equations. Therefore, the interpolation error of the
first-order derivative is relevant for the accuracy of the method and is the focus of the following inves-
tigation. The maximum error

emax ¼ max
k;’

@xu xð Þ � @xu xð Þh ij jð Þ (14)

of the interpolated first-order derivative is recorded for an optimal choice of the shape parameter ac.
The experiments run over all random node distributions, angles of incidence, and phases to cover
the most general settings. The accuracy of the first-order derivative is shown in Figure 3. The three
plots represent the different orders of the polynomial basis functions pm . On the left are the results
for pure RBFs, in the middle are those where linear polynomial basis functions (M = 3) are added,
and on the right are the corresponding results with quadratic polynomial basis functions (M = 6). For
coarse discretization, all methods behave almost identically. When the node density increases, the
plane wave becomes progressively flatter in the vicinity of the local support domains. Interpolations
with pure RBFs (i.e., M = 0) fail to approximate the almost constant function values. An error plateau
with a minimum of � 10� 8 is reached. The situation is significantly improved when increasing the
polynomial order. The linear case M = 3 (Figure 3(b)) also shows some diminishing return for finer
discretizations. This can be observed as the slope of the error curve decreases for the finer discretiza-
tions. Best accuracy at finer discretizations is achieved for the second-order polynomial case (M= 6).
(a) (b) (c) (d) (e)

Figure 2. Randomly disturbed node arrangements for different extents of the support domain. Number of neigh-
bors are (a) nAs ¼ 4, (b) nAs ¼ 8, (c)nAs ¼ 16, (d) nAs ¼ 24, and (e) nAs ¼ 40.
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Figure 3. Accuracy evaluation of the interpolation for different support domain sizes and for polynomial orders of
(a) M= 0, (b) M= 3, and (c) M= 6. The maximum error of the interpolated first-order derivative is normalized by

the amplitude of the theoretical value.
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For practical computations, it has been empirically established that a polynomial order ofM = 3, that is,
linear basis functions lead to a good trade-off between stability of the interpolation, efficiency of the
scheme, and accuracy.

The typical discretization for low-order methods is around 10–15 nodes or mesh cells per wave-
lengths to achieve practically relevant accuracy. Assuming a similar node density for the RPIM
scheme, from Figure 3, it can be observed that a support-domain size of nAs > 8 is desirable when very
unstructured node distributions are applied. It should nevertheless be kept in mind that larger support
domain sizes impact detrimentally on the simulation speed of a numerical scheme. Therefore, a trade-
off is generally sought between increasing the size of the support domain for improved accuracy and
decreasing it for improved efficiency.
3. COMMENT ON NODE DISTRIBUTIONS

In this article, the Maxwell’s equations in first-order form are solved. Therefore, two types of fields,
that is, electric or magnetic, are employed. In the FDTD method, second-order accuracy is achieved
in staggered arrangement of the Yee scheme. Similarly for the unstructured RPIM, special arrange-
ments bring advantages when the collocation nodes are placed in two separate dual sets of node
distributions. All field components of the electric field are stored in the first set of nodes (E-nodes),
and all field components of the magnetic field are stored in a dual node distribution (H-nodes).

3.1. Generation of dual node distribution

The generation of the two sets of staggered node distributions is carried out as follows. First, an
arbitrarily distributed set of E-nodes is generated. Choosing the E-nodes for the primary grid facilitates
modeling of the boundaries with Dirichlet boundary conditions for the transverse electric (TE) field, for
example, perfect electric conductors. A common approach to generate the dual node distribution is a
Voronoi or Delaunay tessellation of these nodes [34]. The H-nodes are then placed on the edge centers
of the cells. Alternatively, the nodes can be placed on the geometric centers of the polygons. With these
two sets of nodes, two sets of shape functions ΦE and ΦH for the E- and H-nodes are computed.

3.2. Superposition of nodes

Problems with the interpolation scheme can arise if two or more nodes are placed in very close
proximity to each other (close to machine precision) in an otherwise nearly homogeneous node
distribution. In this case, almost identical entries are created in the moment matrix G (5). As a result,
Copyright © 2012 John Wiley & Sons, Ltd. Int. J. Numer. Model. 2012; 25:468–489
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this matrix becomes nearly singular and usually its numerical inversion fails, resulting in a very poor
and unreliable interpolation quality. For this issue to be avoided, nodes that are too close together are
unified into a single average node position during preprocessing.

3.3. Discretization of boundaries

Extensive numerical evaluations on the node placement at and close to the computational domain
boundary have been performed in [35]. It was observed that the interpolation accuracy is increased
when the density is increased close to material interfaces. Hence, the node arrangement is adapted such
that higher densities are generated close to boundaries.
4. CLASSICAL TIME-DOMAIN RPIM

Time-domain methods are very effective tools for solving the Maxwell’s equations. Transient signals,
pulses, and wide frequency bands can be characterized in a single simulation. Additionally, nonlinear
material phenomena can be in principle implemented in such numerical schemes. For practical
purposes, the ability to see how energy passes through a structure allows for more detailed analysis
and optimization. In the following text, a time-domain solver based on RPIM is summarized for a
2D setting [25]. A TE mode is assumed, meaning that the electric field component Ez points perpendic-
ular to the computational domain located in the (x, y) plane. The 2D description is used here for brevity,
but the extended formulation in three dimensions can be found in [27].

The focus of the description is first placed on the update equations and the setting of important
simulation parameters such as the time step. Afterwards, PML formulations are introduced for uniaxial
absorption in an anisotropic material model. Then, the extraction of scattering parameters through
waveguide ports is presented. Finally, a numerical simulation of a waveguide iris filter demonstrates
the classical RPIM scheme in time domain.

4.1. Update equations

The time variable is discretized in a straightforward approach by splitting it into constant time intervals
Δt. Similarly as in FDTD, the field components are staggered in time in a leapfrog scheme: H-nodes are
stored on full time steps and electric field values at intermediate half steps. With the use of the
differential relationship between the magnetic and electric fields in the Maxwell’s equations, explicit
update equations can be derived as follows:

H
nþ1

2
x; i ¼ H

n�1
2

x;i � Δt
m

XnAs
j¼1

@yΦ
j
E;iE

n
z; j (15a)

H
nþ1

2
y;i ¼ H

n�1
2

y;i þ Δt
m

XnAs
j¼1

@xΦ
j
E;i E

n
z; j (15b)

E nþ1
z;i ¼ E n

z;i þ
Δt
e

Xn As

j¼1

@xΦ
j
H;i H

nþ1
2

y; j �
Xn As

j¼1

@yΦ
j
H;i H

nþ1
2

x; j þ J
nþ1

2
z; i

" #
: (15c)

In these equations, the indices j sum over all the neighbors 1; . . . ; nAs½ � within the support domain of
node i.

The source term Jz is a current line source, which can be used to excite a broadband pulse, for
example, taking the form of a sine-modulated Gaussian pulse. Waveguide modes can be successfully
excited using a series of closely spaced nodes in a transverse cut of the guide.

The application flow chart is shown in Figure 4. The generation of the two staggered node
distributions and the computation of the shape functions are both performed in a preprocessing step.
The electric and magnetic fields are then updated iteratively. The update of each field component is
implemented as a sum over all nodes inside the corresponding support domain. The end of the
simulation is reached when the energy has passed through the system.
Copyright © 2012 John Wiley & Sons, Ltd. Int. J. Numer. Model. 2012; 25:468–489
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Figure 4. Flowchart of the procedure to solve the first-order RPIM Maxwell’s equations in time domain.
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The shape functions in (15a)–(15c) are expressed in short form. In detailed formulation, the summa-

tion
P nAs

j¼1@ yΦ
j
E;i Ex; j in (15a) for example stands for the interpolation of the y-derivative of the electric

field component Ez at H-node location xHi and runs over all its local E neighbors xE1 ; . . . ; xEnAs
, that is,

@ yEz x H ið Þ� � ¼ @yΦ1
E; i E z x E1ð Þ þ⋯þ @ yΦ

nA s
E; i E z x E n As

	 

: (16)

The summations in (15b) and (15c) are computed similarly.

4.2. Stability criterion

The time iteration (15a)–(15c) is conditionally stable, that is, the time step Δt has to be below a certain
limit for the iteration to converge. For finite-difference methods and other schemes based on explicit time
stepping, the CFL limit is a necessary but not a sufficient condition [36], and therefore in practice, the CFL
time step Δt is chosen below its theoretically acceptable value to ensure stable simulations. In the
following text, two conditions necessary for stability are presented. In a first approach, geometric proper-
ties are used to find a condition similar to the CFL limit, but for unstructured grids. In a second approach, a
condition for the time step based on the eigenvalues of a transformed second-order system is presented,
which generally yields larger possible time steps but requires the numerical computation of eigenvalues.

A stability criterion for the time step based on geometrical properties was proposed in [24] as

Δ t⩽min
i

dmini
ffiffiffiffiffiffiffi
miei

p
: (17)

This estimate is based on the distance dmini to the closest neighbor of node i and on the material
properties in the neighborhood of i. The limit proves to be a good, although conservative, estimate
for stable simulations. As this limit is determined by the smallest node distance in the node
distribution, the random occurrence of two isolated nodes in close proximity can have drastic
impact on the total simulation time by dramatically increasing the number of time steps. A remedy
is either the introduction of an unconditionally stable scheme as described later in this article or the
introduction of local time stepping similar to that of [37].
Copyright © 2012 John Wiley & Sons, Ltd. Int. J. Numer. Model. 2012; 25:468–489
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The second approach for calculating the time step has been proposed in [28] where the stability
region is determined from an eigenvalue problem. The set of equations (15a)–(15c) is brought into
second-order form, and the maximum eigenvalue lsomax is calculated. The time step then becomes

Δt⩽ 2ffiffiffiffiffiffiffiffiffi
lsomax

p : (18)

This approach requires the computation of eigenvalues of sparse matrices. Numerical evaluations
showed that in general, the time step (18) is slightly larger than (17) [28]. Therefore, it can be advan-
tageous for larger problems to use the second approach involving an eigenvalue computation. Then,
the overall computation time can be decreased.

As a stopping criterion for the iteration, three alternative methods are viable. When the time
required for a pulse to completely pass through a physical model tend can be approximated beforehand,
the number of time steps is calculated through

Nsteps ¼ tend
Δt

l m
: (19)

Alternatively, the energy in the computational domain can be monitored, and the simulation ends when
the total electromagnetic energy has decreased below a given limit. For simulations in high-Q resonant
structures, the energy criterion might be insufficient, and a stopping criterion based on the stabilization
of the Fourier spectrum is preferred.

4.3. Late-time stability

It has been reported in [29] that the time-domain RPIM scheme suffers from late-time instability. An
analysis of the numerical spectral properties of the scheme in an eigenvalue formulation showed that
high-order modes exist with negative conductivities. These modes are generally located at very high
frequencies and are not directly excited by band-limited sources. Rather, numerical noise initiates these
parasitic modes, which remain hidden in the initial phase of the simulation at energy levels well below
the modes in the simulated frequency range. However, because of an exponential growth of the modes,
they eventually dominate the solution.

The main reason for these longtime instabilities was identified as numerical truncation errors of
the Gaussian basis functions. Generally choosing larger shape parameters ac, that is, less flat RBFs,
remedies the situation. Additionally, increasing the support domain size ds has shown to further
increase the longtime stability. Global basis functions showed to yield stable simulations over
hundreds of thousands of time steps. A further approach is the use of compactly supported RBFs,
which, at the cost of a reduced accuracy of the scheme, do not suffer from truncation errors at the
boundary. The Wendland, Wu, or Buhman RBFs [8] are viable compactly supported choices.

Other, more fundamental approaches to tackle the issue of longtime instability are for example the
implementation of a spatial filter to suppress undesired modes, as presented for FDTD in [38]. Further-
more, a more elaborate modeling of the time variable with more complex schemes than the linear
leapfrog scheme has the potential to augment the accuracy of the method [39]. In combination with
larger support domain yielding higher accuracy, high-order time integration schemes are viable choices
for efficient schemes. Finally in [40], an unconditionally stable march-in-order scheme was presented.

4.4. Perfectly matched layers

Accurate absorbing boundary conditions are an indispensable feature for simulating open problems
with domain-discretization methods. Traditionally, absorbing boundary conditions were imposed on
the outer boundary of the computational domain [2]. A more efficient approach was the introduction
of PMLs [41]. In this model, artificial nonphysical material properties are imposed in a material layer
padding the inside of the computational domain boundary. The material properties are set such that the
PML are matched to the background medium and absorb strongly the propagating waves. The initial
formulation contained nonphysical split-field components (split PML), which were theoretically shown
to be prone to late-time instabilities [42]. Later, the formulation was extended to a formulation involv-
ing a physical layer of anisotropic materials [43], often called uniaxial PML (UPML). A generalization
Copyright © 2012 John Wiley & Sons, Ltd. Int. J. Numer. Model. 2012; 25:468–489
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of this form has been introduced as convolutional PML (CPML), which provides additional efficient
absorption of evanescent modes at the numerical cost of additional convolution operations [44]. For
the time-domain RPIM, a split PML has been presented in [45]. In the following text, a UPML formu-
lation is introduced, which leads to an additional term of the magnetic flux. A CPML formulation is
described afterwards in Section 4.4.2.

4.4.1. UPML absorbing boundary condition. The implementation of the UPML into the staggered
RPIM formulation requires the time averaging of field components to keep the explicit nature of
the scheme. In the following text, the update equations are derived for the UPML placed at
the end of a computational domain in � x-direction, absorbing incoming waves traveling along
the x-direction
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The loss term sx in (20b)–(20d) can theoretically be chosen arbitrarily. Nevertheless, because of
discretization errors, generally a profile is sought that minimizes the jumps between node locations.
It has been reported for the FDTD method [2] that polynomial profiles of order p = 2, 3 lead to
minimal reflections. The loss term for a PML of thickness d0 starting at the x-coordinate xPML is
expressed as

sx x; yð Þ ¼ s0
x� xPML

d0

����
����
p

: (21)

The maximum loss s0 is generally calculated through the sensible choice of a theoretical
reflection coefficient, for example, Γth(0)� 10� 4 using the relation [41]

Γth θð Þ ¼ exp �2 cosθ=ecð Þ
Z

xPML

d0þxPML

sx x; yð Þdx
 !

¼ exp
�2s0d0cosθ
ec pþ 1ð Þ

� �
(22)

that describes the dependence of the reflection coefficient on the angle of incidence θ.
Outside the PML, in the bulk of the computational domain, the conductivity sx is set to zero.

Under this condition, the update equations (20a)–(20d) become identical to the original form for
isotropic materials (15a)–(15c) and no magnetic flux field component is required. Therefore, the
PML equations (20a)–(20d) can in principle be applied in the whole computational domain.
However, memory consumption and computation time can be reduced by restricting their use to
the PML region.

4.4.2. CPML absorbing boundary condition. The CPML [46] is the efficient implementation of the
complex frequency-shifted constitutive PML parameters [47], originally proposed by Kuzuoglu and
Mittra to introduce a strictly causal form of the PML. It can absorb low-frequency evanescent
waves, providing significant computational cost and memory saving because of the possibility of
placing PML relatively close to radiators or scatterers. Here, such implementation is extended to the
meshless RPIM method, resulting in the CPML-RPIM formulation in the stretched-coordinate system.
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Because of limited space, only the update equation for the x-directed electric field component and
the z-directed magnetic field component with CPML absorbing boundary condition are presented.
The update equations for other field components for a 3D application can be produced by a cyclical
exchange of x, y, and z indices.
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where the convolution terms Ψ are computed through [46]
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and

bt;i ¼ e� st;i=kt;ið Þþa t;ið Þ Δt=e0ð Þ; a t;i ¼ st;i
st;ikt;i þ k2t;ist;i

bt;i � 1
� 

(25)

kt;i ¼ 1þ kmt � 1
�  rt; i

d t

� �p

; t ¼ x; y; zð Þ (26)

Again, the loss terms st are calculated according to (21). The order p of the conductivity profile is
set beforehand. The variables dt and rt, i in (26) are the thickness of the PML and the depth of node i
across the interior-PML interface along x, y, or z directions, respectively.

4.5. Waveguide ports

The definition of ports is required for the extraction of scattering parameters from waveguide
structures. The port nodes are placed in a plane transverse to the waveguide axis, which can be defined
through the direction of energy flow. For the S-parameters to be computed, the incoming and outgoing
power passing through a port is recorded. Figure 5 shows such a configuration where the port nodes are
placed along the y-axis at positions xPi;1; yPi;1

� 
; . . . ; xPi;nP ; yPi;nP

� 
. For the calculation of the scattering

matrix, a number of such port planes can be placed at different locations in the structure.
Figure 5. Configuration of the waveguide port planes for scattering parameter extraction.
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According to Gwarek and Celuch-Marcysiak [48,49], the outgoing (ai) and incoming parts of a
wave (bi) at port plane i can be expressed as

ai oð Þ ¼ Ui oð Þ þ Zp oð ÞIi oð Þ
2
ffiffiffiffiffiffiffiffiffiffiffiffi
Zp oð Þp (27a)

bi oð Þ ¼ Ui oð Þ � Zp oð ÞIi oð Þ
2
ffiffiffiffiffiffiffiffiffiffiffiffi
Zp oð Þp (27b)

with the voltage Ui and current Ii measured over the port. The voltage and current are calculated through
the projection of the electric and magnetic fields onto the transverse field distribution of the waveguide
mode in a configuration as shown in Figure 5. Often, the mode is not known a priori and an eigenvalue
analysis needs to be performed. In the present case, the analytical model, that is, a sinusoidal dependence,
is assumed. The mode p wavenumber along the width a of the waveguide in the 2D case therefore is

k p
y ¼

p p
a

: (28)

For the time-domain RPIM, the recorded voltage and current is then expressed as
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In these equations, the outer summation represents the integration on the port plane. Accordingly, the
width (or area in 3D) surrounding each port node j is Δyj. The frequency domain expressions Ez, k(o) and
Hy, k(o) of the recorded electric and magnetic field components can be computed through a discrete Four-
ier transformation during the time iteration [2].

The impedance Zp is dependent on the mode to be recorded. For homogeneous structures, analytical
models exist for the mode impedance. For general settings, the impedance can be computed through
the measured current and voltage [49]

Zp oð Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ui oð ÞU’

i oð Þ
Ii oð ÞI’i oð Þ

s
: (30)

In the present setup, the spatial derivatives of the voltage and current along the normal to the port
plane in (30) are computed by replacing the shape functions in (29a) and (29b) with its derivative
@ xΦ

k(xP, yPi, j).
Eventually, the scattering parameters can be calculated by the relation between the outgoing and

incoming waves. The simplest case is the S11-parameter, where only one port plane is required

S11 oð Þ ¼ b1 oð Þ
a1 oð Þ : (31)

The scattering parameters between two nonadjunct port planes are calculated accordingly in a
straightforward fashion, for example, calculating the transmission coefficient between two port planes
is computed through

S21 oð Þ ¼ a2 oð Þ
a1 oð Þ : (32)

4.6. Numerical example

As a numerical illustration of the techniques presented here, the reflection and transmission coefficients
of a five-stage WR-62 reject–return waveguide iris filter [50] are simulated. This waveguide type
operates in the Km band from 124 to 18.0GHz. The structure is shown in Figure 6, and the dimensions
are summarized in Table 1. Each iris has a thickness of 0.508mm. The expected return loss is around
RL� 20 dB in the passband.
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Figure 6. Model of the rectangular iris waveguide filter. The structure is based on a WR-62 waveguide, and
dimension of the irises are shown in Table 1. The source is modeled as a series of current line source that excite
a TE10 mode. Waveguide ports are placed at a distance of r1/2 to and from the filter and record the incoming and
outgoing waves. A very fine node distribution was chosen along the irises to properly resolve the geometry.

480 T. KAUFMANN ET AL.
This example is very challenging for time-domain solvers, because the resonant properties require
very long simulation times. The structure is also very sensitive to dimensional inaccuracies, as even
deviations in the submillimeter range can introduce large errors. For such a structure with the FDTD
method to be solved, a very fine grid with hundreds of cells per wavelength would be required to
successfully resolve the geometry, as each iris has to model with submillimeter accuracy. The
simulation also requires accurate domain truncation, as even small reflections from the ends of the
waveguides will introduce inaccuracies in the numerical results.

The simulation has been set up, with a minimum node distance of lmin/40 at the iris to ensure a
proper resolution of this fine geometrical detail. The TE1 waveguide mode was injected via a
Gaussian pulse with a half-power beamwidth of [12.4, 18 GHz]. The excitation of the electric field
is shown in Figure 7. The last plot shows the field after t= 0.74 ns, which corresponds to 1600 time
Table I. Dimensions of the iris waveguide filter according to Figure 6.

a r1 r2 r3 r4 r5 r6

15.799 mm 15.240 mm 7.475 mm 8.636 mm 8.840 mm 8.636 mm 7.475 mm
d0 b1 b2 b3 b4 b5 b6
12.088 mm 3.941 mm 5.229 mm 5.555 mm 5.555 mm 5.229 mm 3.935 mm

Figure 7. Excitation of electric field component Ez in waveguide iris filter at four different simulation time steps.
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steps or 12 periods of the maximum frequency. The energy is still contained in the iris cavities at
this point. Figure 8 shows the electric field component Ez in the middle of the port planes at the
beginning and the end of the waveguide. The wave packet arrives at the output port after a time
delay. The shape of the output wave packet is stretched in time because of the bandfiltering
characteristic of the iris filter.

The energy inside the waveguide filter is recorded at all time steps. With the approximate
knowledge of the area ΔSj surrounding node j, the energy at time step n can be estimated as

en ¼
X
j

ejΔSj E
n
z; j

h i2
þ
X
j

mjΔSj H n
x; j

h i2
þ H n

y; j

h i2� �
: (33)

In Figure 9, the energy over the simulation is shown. After the time (marked as ① in Figure 9)
required to inject the mode, the left-travelling wave is absorbed by the PML on the left of the model
(②). This results in around � 6 dB drop in the energy. Afterwards, a part of the propagated mode is
reflected at the first iris and eventually absorbed by the PML (③). In the meantime, the remaining
energy is sequentially propagating into the cavities of the filter. Because of the dispersive nature of
the mode propagation, the energy is ‘smeared’ in space and eventually absorbed in both PMLs.

The scattering parameters for input reflection (31) and transmission (32) have been numerically
measured through the ports 1 and 2 in Figure 6. A comparison with the results obtained with the
open source tool ‘WR_Connect’ [51] is provided in Figure 10. This software package relies on the
procedure introduced in [52], which is based on the mode-matching (MM) technique [53]. The
software truncates the iterations after a few terms for efficiency reasons. The RPIM results match
the frequencies and slopes of the MM results very well. The return loss is slightly higher than
the reference solution, but this corresponds very well with accuracy estimations provided by the
author of the software packet for this particular example [51] and has been confirmed with an
another MM technique solver [53].
Figure 8. Recorded electric field at the central sensor node at the input and output port of the waveguide filter for a
simulation time of 70 periods of the maximum frequency.

Figure 9. Total normalized energy inside the waveguide filter model. After 65 periods of the maximum frequency
(3.2 ns), the energy has dropped to a level below � 40 dB compared with the injected energy.
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Figure 10. Input reflection (S11) and transmission coefficient (S21). A comparison with a mode-matching (MM)
solver is provided.
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5. ADI-RPIM

As mentioned previously, despite the fact that the RPIM method can be more efficient than
conventional FDTD method multiscale problems, the computational performance of the method is
still restrained by the stability constraint of the method on time steps, a drawback arising from the
employment of explicit finite-difference scheme to approximate the time derivatives in Maxwell’s
equations. Efforts were made in [28] to further improve the computational efficiency of this meshless
RPIM method, with the implementation of leapfrog ADI scheme [54] to remove the stability con-
straint, leading to an unconditionally stable leapfrog ADI-RPIM meshless method.

5.1. Unconditionally stable leapfrog ADI-RPIM method

The formulations for the implicit update of field components Ex and Hz are extracted from [28]. They
are listed here for simplicity and completeness
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The implicit unconditionally stable ADI-RPIM scheme requires the solution of a band-diagonal
matrix to update field variables in time. It is found to be very attractive on problems where the nodes
are highly irregularly distributed over the entire domain. However, for problems where the irregularity
arises only at a small portion of the computational domain where nodes are placed very close to each
other for modeling of fine geometric details, the implicit RPIM scheme is less efficient. As the method
is based on the implicit updates of field variables, extra computational cost is required for matrix
assembly of the extra off-diagonal terms and matrix computation during the time marching; depending
on the average number of nodes that are enclosed in the support domain for interpolation, this process
can sometimes become time consuming so that the associated overhead dominates the overall
computational efficiency of the unconditional meshless scheme.

5.2. Hybridization

For problems with partially irregular discretization, the hybrid ADI-RPIM scheme is more
desirable, where the leapfrog ADI-RPIM is only applied to computational subregions with dense
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nodal distributions, whereas the original RPIM is left to be applied to the rest of the problem
domain. In such a way, the extra memory required to store the off-diagonal terms of the matrix
equations and the additional CPU time for matrix computations can be minimized. Thanks to the
multiscale modeling capability and the point interpolation scheme of the meshless RPIM, such
hybridization can be realized without the need of subgridding and additional spatial interpolation.
In addition, because of the alternating nature of the field variables in leapfrog ADI-RPIM, temporal
interpolation is no longer needed.

In the hybrid scheme, a computational subregion is defined to enclose densely distributed spatial
nodes. Depending on the ratio of the smallest space between node i and any surrounding nodes
within its support domain to the average distance of two adjacent nodes over the entire problem
domain, optimizations are made to find an appropriate boundary of such region. For nodes lying
on the region interface, the field values are computed with the ADI-RPIM scheme. As for any node
with support domain intercepting with the region interface, the update of field values needs to
access the current field values at some nodes that fall into the another region, thus it is more
convenient to recast the explicit RPIM update equations into a form of matrix equation and
combine with the matrix equation derived from implicit leapfrog ADI-RPIM scheme. The
combinations of (23a) with (34a) and (23b) with (34b) yield two new matrix equations expressed as

AE
nþ1

2
x ¼ AE

n�1
2

x þ BHn
z � CHn

y þ ΨE (35a)

MHnþ1
z ¼ MHn

z þ DE
nþ1

2
x �GE

nþ1
2

y þ ΨH ; (35b)

where entries of coefficient matrices A, B, C, M, D, and G and auxiliary vector Ψ due to CPML can
be found in (23a)–(26), (34a), and (34b).

5.3. Numerical examples

The steady-state transmission mode of a single-layer substrate integrated waveguide (SIW) is solved
with the hybrid ADI-RPIM scheme. Figure 11 shows the geometrical design and fundamental
parameters of the SIW under study. For illustration purposes, a standard substrate for high speed digital
applications (Nelco N4000-13, Park Electrochemical Corp., Melville, NY, USA), with er= 3.6 and
height h = 16mil is considered. The solution-domain allocation is also illustrated in the figure. As
the SIW can only support TEm0 modes because of the dielectric gaps created by via separations, a
vertically oriented probe is used to excite the waveguide. The uniform current density along the probe
is expressed with a ramped sinusoidal function

Jz tð Þ ¼ R t � 2T0ð Þ�sin 2p f 0 t � 2T0ð Þð Þ: (36)

The duration of the ramp function was set to be six cycles of the sinusoidal pulse to eliminate the
switch-on noise. The longtime response of the waveguide to such an excitation is approximately
monochromatic.

The ratio of voltages at ports 1 and 2 in Figure 11 indicates the transmission behavior of the SIW.
The time-domain profiles of electric field along the two ports are recorded up to 30,000 time iterations
and Fourier-transformed to compute the voltage values at the two ports. As shown in Figure 12, the
Figure 11. A 3D substrate integrated waveguide.
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Figure 12. Ratio of voltages across two ports (1–40GHz).
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results computed from the hybrid scheme are in good agreement with the reference solution from
FDTD, both indicating a cutoff frequency of 10GHz for the dominant mode (TE10) of the SIW.

The steady-state field distribution over the SIW for higher TE modes is also examined. For a TE20-
propagating mode along the SIW to be launched, the waveguide is excited with two probes, spaced 1/4
and 3/4 of the way across the width of the waveguide in antiphase. Figure 13 shows the normalized
electric field along the line of observation points depicted in Figure 11 for different TE modes. The
computed results are compared with various solvers and the analytical values from an equivalent
dielectric-filled RWG. Figure 14 presents snapshots of steady-state E field distribution over the SIW
for different TE modes, computed with proposed hybrid ADI-RPIM scheme after 20,000 time steps.
Late-time instability effects and reflections from the dense/coarse region interface are not noticed.
5.4. Computational expenditure

The expenditure of the orthogonal FDTD, the original RPIM, the leapfrog ADI-RPIM, and the hybrid
ADI-RPIM scheme for computing the first example are examined in Table 2. Both the CPU solve time
on a standard computer and memory requirement are included for comparison. As can be seen,
Figure 13. Normalized electric field along the line of observation points.

Figure 14. Steady-state TE mode distribution over substrate integrated waveguide: (a) TE10 mode at 16GHz and
(b) TE20 mode at 30GHz.
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Table II. Computational expenditure for substrate integrated waveguide.

FDTD RPIM ADI-RPIM Hybrid

Number of unknowns 577,260 49,632 49,632 49,632
Total steps run 20,000 20,000 2,510 2,510
CPU time (s) 634 160 137 65
Memory (Mbs) 260 247 548 280
CPU gain against FDTD 0.0 3.0 3.6 8.8
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meshless methods outperform the conventional FDTD in CPU time, as a very fine uniform grid has to
be applied to the entire FDTD domain to retain acceptable modeling accuracy (this results in a very large
number of total cells to be solved). Because of the multiscale capabilities of the standard RPIM scheme,
the dense node distributions only occur in some locations, with the minimum node distance identical to
the grid spacing in FDTD. Therefore, the time steps and number of iterations of the standard RPIM scheme
is equal to those of the FDTD method. In the ADI-RPIM scheme, however, a CFL factor of eight
(eightfold increase of the time step in comparison with that of the standard RPIM method) has been
chosen. With this setting, no significant pollution of the solution due to dispersion was observed. This
setting leads to a decrease of a factor of eight in the number of time steps. Unfortunately, because of
the computational effort in setting up and inverting the ADI matrices, only a small gain in CPU time is
achieved compared with the standard RPIM scheme. On the other hand, a major gain is achieved in
the hybrid formulation, in which only the dense node distributions are included in the ADI scheme,
and the majority has been solved with the (more efficient) standard RPIM algorithm. The ratio of
ADI to standard RPIM nodes was chosen as 1:9. The hybrid scheme saves up to 50% of memory in
comparison with the unconditionally stable ADI-RPIM and runs more than two times faster than
the conditionally stable standard RPIM at the same level of modeling accuracy.

It should be mentioned that faster results could be obtained using a parallel FDTD implementation.
But because parallelization of the RPIM algorithm has not been explored yet, all experiments were run
on a single processor for a direct comparison.
6. NODE REFINEMENT IN EIGENVALUE SOLVER

As mentioned previously, the accuracy of the RPIM is controlled by the flatness of the RBFs, and
generally flatter basis functions lead to more accurate results. For the time-domain formulation of
RPIM however, the choice of the shape parameter influences the stability of the time iteration, and
an exaggerated flatness of the basis functions can lead to unstable time iterations. For frequency-
domain solvers however, no such restriction exists. Hence, the shape parameters can generally be
chosen much smaller (flatter basis functions) than in time-domain implementations. Nevertheless, the
invertibility of the moment matrix (6) is still influenced by the choice of the shape parameter: the optimal
choice is a trade-off between accuracy and stability of the interpolation scheme. For an automatic
selection of the shape parameter, a numerical optimization called ‘leave-one-out cross-validation’ [15]
has been shown to drastically increase the accuracy and lead to stable reproducible solutions in
frequency-domain algorithms. This has solved a major hurdle of past RBF algorithms such as that in [55].

Two node refinement strategies were presented recently for RPIM in electromagnetic
simulations. The first strategy extends the concept of general RBF methods [55,56] to the RPIM
with a residual-based a posteriori error indicator [5]. Later, this formulation was extended in a
second formulation by an error indicator that identifies jumps in the gradient of a solution [30].
In both cases, the error needs to be estimated on a set of test nodes, and nodes are actually added
at locations with errors above a given threshold. It was shown in canonical examples that the node
refinement algorithm (in combination with the shape parameter optimization) leads to very high
convergence rates and highly accurate results. Even for a few tens of nodes, the relative eigenvalue
errors dropped below 1% [30].

Comparisons with different implementations of the finite-element method (low-order and high-
order standard finite-element method and high-order discontinuous Galerkin formulation) showed
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that this scheme can compete with modern frequency-domain methods. For very coarse
discretizations with comparable number of degrees of freedom, the accuracy can be magnitudes
higher. These results are obtained at fractions of the computation time required by the compared
methods [30]. As problem sizes became larger, because of the full matrix structure associated with
the global basis functions, this RPIM implementation scales rather badly and is outperformed by
the sparse high-order finite-element schemes. Again, domain decomposition schemes need to be
implemented for keeping the individual matrix sizes relatively small.

The demonstrated effectiveness of the adaptive refinement strategy in frequency domain suggests
fruitful extensions to the time domain in a local formulation. In an a posteriori refinement strategy,
the dual node distribution could serve as test nodes, and potential node candidates for refinement
could be added by swapping the node types. Then, new dual nodes would be added in the
intermediate locations. The error indicators can be adapted towards the time-domain implementa-
tion. The refinement would have to be applied in regular time intervals, and the local RPIM scheme
could then provide the interpolated field values at newly added node locations. The local energy
density over a certain time frame could be used as an indicator for possible node removal, that
is, as a criterion to identify when those nodes are not required anymore. With an unconditionally
stable RPIM scheme, the restriction in terms of time steps can be relaxed, and a conservative initial
estimation will lead to stable simulations even for the regions where local adaptive node
refinements are applied.
7. CONCLUSION

This paper has considered the current state of development of the RPIM for time-domain
electromagnetics. This type of meshless collocation method avoids a mesh topology but computes
numerical solutions on a set of unstructured collocation nodes. This strategy facilitates accurate
simulation of complex geometries without the computational overhead of mesh generation and
avoids handling complex data structure in computer implementations. This is particularly advanta-
geous when adaptive refinement strategies are employed.

First, the mathematical framework for the interpolation method by local RBFs has been summa-
rized. This RPIM allows explicit numerical time-stepping schemes for the solution of differential
equations. Numerical examples have shown that increasing the area of influence in regions of
highly unstructured node distributions dramatically improves the numerical interpolation accuracy.

Second, a specific RPIM time-domain solver for electromagnetics has been reviewed. Relevant
aspects of the numerical algorithm, including different choices of the stability criterion, have been
discussed. Furthermore, two types of PML formulations were introduced for RPIM. The first PML
implementation is based on a physically motivated anisotropic material model and the second on a
complex frequency-shifted coordinate stretching. The latter increases the computational effort
but has better absorption properties for evanescent waves and can therefore be placed closer to
radiating objects, effectively reducing the overall computational demand. Afterwards, a formulation
of waveguide ports for the extraction of scattering parameters has been introduced for RPIM. A
numerical example of a multistage waveguide iris filter has shown the capabilities of these
techniques.

Third, the time-domain RPIM has been extended to an unconditionally stable ADI scheme that
allows time steps larger than the traditional stability criterion. The advantages of a hybrid RPIM/
ADI-RPIM formulation have been discussed and demonstrated on a numerical example of a single
substrate-integrated waveguide. Fourth, the recent developments on adaptive refinement strategies
in the frequency domain have been reviewed, providing an outlook on a possible application to
time-domain simulations.

From a practical perspective, in a unique way meshless methods combine the flexibility of
unstructured modeling of geometrically complex physical structures with the simplicity of a
node-based method. The meshless approach with simple node placement has many advantages to
be exploited yet in emerging applications requiring time-domain adaptivity or in a more general
Copyright © 2012 John Wiley & Sons, Ltd. Int. J. Numer. Model. 2012; 25:468–489
DOI: 10.1002/jnm
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framework for multiphysics environments. The time-domain RPIM for electromagnetics is one of a
number of viable methods to efficiently tackle a completely new class of problems.
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