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Abstract—The variational analysis to solve the propagation
constant of substrate-integrated waveguides with a longitudinal
slot is presented in this paper. A closed-form expression for the
stationary equation is given, which is solved using a well-known
root-searching Newton’s process. Compared to the transverse
resonance method, the present analysis does not require the
values of the edge impedances and thus avoids any numerical
simulation in the solution.

Index Terms—Substrate-integrated waveguide (SIW), slot, an-
alytical solution, variational method.

I. INTRODUCTION

In the last decades, substrate-integrated waveguides (SIWs)
[1] have attracted significant attention from many researchers
as they provide excellent means to design and integrate various
microwave components in planar technology. Inspired by
this concept, many variations of SIWs have been proposed
in literature [2]–[4]. Among these, the substrate-integrated
waveguide with longitudinal slot (denoted in the following as
slot SIW) has been proposed for leaky-wave antenna (LWA)
applications [5] (Fig. 1). For the design and optimization of
LWAs based on this structure, an analytical solution that can
yield the propagation constant γ in a fast manner is desirable
[6]. For this purpose, the transverse resonance method (TRM)
has been utilized to analyze this structure [7], [8]. However,
this method requires the values of the edge impedances at the
slot position which are typically obtained through numerical
simulations. To avoid this step, we present here the variational
method to solve the slot SIW. This method has also been
used successfully in solving folded SIWs [9] and a truncated
half-mode SIW [10]. Closed-form formulas for the stationary
equation are given in this paper. The results are validated with
full-wave numerical simulations.

II. THE ANALYSIS OF SLOT SUBSTRATE-INTEGRATED
WAVEGUIDES

As initial step, the via walls of the SIW are converted into
equivalent solid perfect electric conductor (PEC) walls using
a well-known formula for the correction term of the SIW’s
width [11]

∆ =
d2

0.95s
, (1)

where d is the via hole diameter and s is the spacing between
two adjacent vias (Fig. 1a). Using this formula, the slot SIW
is converted into a dielectric-filled slot rectangular waveguide
as shown in Fig. 1c with

w = w′ − ∆, a = a′ − ∆/2. (2)

Fig. 1. (a) The 3D-view and (b) cross-section of the slot substrate-integrated
waveguide; and (c) its equivalent slot rectangular waveguide.

To solve this slot rectangular waveguide, the analysis fol-
lows the variational procedure presented in [12]. It is noted
that in [12], Rumsey solved the propagation constant for the
case that the slot is placed on the side wall. In our case where
a planar structure is considered, the slot is placed on the long
side of the waveguide, thus the orientation of the dominant
mode is different. Nevertheless, the stationary equation for the
propagation constant γ is still the same as

Φ(γ) =

∫ a+g

a

[
Ey(iHz − eHz) + Ez(

iHy − eHy)
]
dy = 0,

(3)
where iH and eH , respectively, are the internal and external
magnetic fields calculated from assumed tangential electric
fields Ey and Ez within the slot (noting that the integral is
evaluated across the slot in y-direction). In all solutions of (3),
a first-order change in Ey and Ez only yields a second-order
change in γ. Therefore, by applying a reasonable assumption
for the tangential field distribution in the slot, the propagation
constant can be calculated with a high accuracy. Since the slot
is typically relatively narrow, a straightforward assumption that
Ez = 0 and Ey = 1 allows us to significantly simplify the
analysis while still yielding reasonably accurate results. With
this assumption, equation (3) becomes

Φ(γ) =

∫ a+g

a

(iHz − eHz)dy = 0. (4)

To evaluate Φ(γ), the field equivalence principle is first
applied to obtain the equivalent magnetic current in the
slot. Orthogonal mode expansion inside the waveguide with
appropriate boundary conditions is used to obtain iHz . Image
theory with the formulation of cylindrical wave, assuming an
infinite ground plane and infinite long uniform structure, are
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Fig. 2. Propagation constants for different values of g. The solid lines are
analyzed results and the dashed lines are simulated results.

utilized to obtain eHz . The detailed derivation can be found
in the Appendix of [12]. Here we only show a closed-form
expression for the field integrals. For the internal field,∫ g+a

a

iHz(γ)dy =
j

ωµ

[
g2l0
w

cot l0h

+2

∞∑
n=1

Xn cot lnh

(
lnw

(nπ)2
+

1

wln

)]
(5)

with
ln =

√
εrk20 + γ2 −

(nπ
w

)2
(6)

and
Xn =

(
sin

nπ(g + a)

w
− sin

nπa

w

)2

, (7)

where k0 = ω/c and εr is the relative permittivity of the
substrate. For the external field,
g+a∫
a

eHzdy =
1

ωµ

gκe
 κeg∫

0

H
(2)
0 (u)du−H

(2)
1 (κeb)


+ lim

u→0
uH

(2)
1 (u)

]
, (8)

with
κe =

√
k20 + γ2 (9)

and H(2)
i is the ith-order Hankel function of second kind. The

stationary equation can be efficiently solved by an iterative
Newton’s process. The first guessed root of equation (4) can
be chosen as

γ0 =

√(
π

2(w − g − a)

)2

− εrk20 (10)

by approximating the slot SIW as the half-mode waveguide
with a perfect magnetic conductor (PMC) wall at position y =
a+ g (Fig. 1c).

III. ANALYSIS AND SIMULATION RESULTS

To verify the above analysis, a geometry of slot SIW
is chosen as an example with substrate relative permittivity
εr = 2.2, thickness h = 0.787 mm, via diameter d = 0.6 mm
and spacing s = 1 mm, w′ = 10 mm, a′ = 1.5 mm (Fig. 1b).
Figure 2 shows the analyzed and simulated results for different
values of slot width g. For an accurate comparison, the multi-
line method [13] is utilized for obtaining the propagation

constant from full-field simulation results. It can be observed
that the analysis shows a very good agreement with simu-
lations, especially for small values of g. This is expected
because when g is decreased, the assumed field distribution
(Ey = 1, Ez = 0) in the slot becomes more accurate. It
is noted that when g is increased, the structure approaches
a half-mode SIW [14] or half-width microstrip line and the
propagation can be calculated using the formulas provided in
[15].

IV. CONCLUSION

The propagation constants of substrate-integrated waveg-
uides with a longitudinal slot are solved using a variational
approach. A closed-form expression is given for the stationary
equation, which can be solved efficiently using an iterative
Newton’s process. The analysis is validated using full-wave
numerical simulations. The provided results are useful for the
design and optimization of LWAs based on slot SIWs.
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