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Abstract—Meshless methods have attracted attention recently
as versatile algorithms in computational electromagnetics. The
Radial Point Interpolation Method (RPIM) is one particular type
of meshless method based on radial basis functions implemented
in a collocation time-domain framework. The possibility of
free node placement allows conformal modeling of complex
geometries with potentially significantly lower memory consump-
tion and higher accuracy than the finite-difference time-domain
(FDTD) method. Open boundaries have been implemented in the
form of uniaxial perfectly matched layers (PMLs). A natural next
step for this method is the implementation of locally conformal
PMLs. A special case of conformal PMLs are the radial PMLs,
which are characterized by an anisotropy in radial direction. In
this paper, a methodology to obtain explicit update equations for
the electric and magnetic field components from an originally
implicit dependence of the magnetic field is presented.

I. INTRODUCTION

In computational electromagnetics (EM), meshless methods
represent a relatively new class of techniques for solving
the Maxwell’s equations. Introduced earlier in other fields of
physics [1], this type of methods show some striking properties
that open new perspectives for many advanced applications in
EM. Instead of solving a problem on an unstructured mesh
topology or an orthogonal grid, the field values are stored
at arbitrarily placed node locations. No a priori connectivity
between the nodes exists, but sophisticated basis functions
form the relationship between the nodes. This concept provides
flexibility in the discretization for conformal and multi-scale
modeling. Furthermore, it facilitates adaptation of node distri-
butions for optimization or for the modeling of fast dynamic
processes. This makes the class of meshless methods highly
attractive for the simulation of nano-optics and multi-physics
problems.

Many very different formulations of meshless methods exist,
some closer to finite-difference methods [2], others closer to
finite element or boundary element methods [3]. In this paper,
we focus on a differential collocation method based on radial
basis functions (RBFs). A special form of RBF methods is the
radial point interpolation method (RPIM) [4], which yields an
explicit scheme to solve Maxwell’s equations in the presence
of isotropic materials [5]. The method was introduced for
a two-dimensional transverse electric case in [6] and was
extended to a 3D formulation in [7]. After the observation
of longtime stability issues in an eigenvalue formulation [8],
an unconditionally stable formulation was introduced in [9].
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Alternatively, a formulation that uses Laguerre polynomials to
model the time variable was presented in [10].

An important feature for domain-discretization methods
is the capability to solve open problems, e.g. radiation or
scattering problems. This type of applications require efficient
absorbing boundary conditions to truncate free-space in a
finite computational domain. In computational EM, perfectly
matched layers (PMLs) have become the standard for efficient
domain truncation [11]. PMLs have recently been introduced
to the RPIM scheme in a uniaxial formulation [12].

A natural step is the extension to radial PMLs [13], [14]. In
this paper, a series of mathematical manipulations to achieve
an explicit time stepping scheme for radially anisotropic PMLs
are introduced. The scheme is validated through numerical
experiments.

II. RADIAL POINT INTERPOLATION METHOD

The radial basis point interpolation method was first in-
troduced in computational mechanics in [4] and employs a
combination of radial and polynomial basis functions. The
field component u at position x = (z,y) is approximated as
follows:

N M
u(x) > ra(X)an + Y P (X)bm 1)
n=1 m=1

with r,(x) the radial basis function and p,,(x) =[1 z y]
a first-order polynomial basis function. N is the number of
points inside a local support domain (Fig. 1) which represents
the extent of the basis functions. Often, the support domain
encloses 8-12 neighbors in a 2D setting. The interpolation
coefficients a,,, b,, are calculated in a preprocessing state in a
point-matching procedure [5]. Eventually, a set of shape func-
tions is computed through an efficient local matrix inversion
and is expressed as

Ui
ux)=¥(x)| |, )
UN

where u; are the field component values at the surrounding
node locations in the support domain. Also, spatial derivatives
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Fig. 1. Staggered node distribution of electric and magnetic nodes. A local
support domain limits the extend of the basis functions.

in k = x,y direction can be approximated through
U
Opu(x) = 0¥ (x) [ & |. 3)
uN

Gaussian radial basis functions centered at node location x,, =

(TnsYn)
() = exp (—ac ("‘J’")) @

with the average node distance d. as a normalization term and
a global shape parameter o prove to be a good choice in terms
of accuracy and speed. The shape parameter . determines
the width of the RBFs. It tunes the condition number for the
local matrix inversion and influences the accuracy of the local
interpolation [8].

Similar to the Yee grid in the finite-difference time-domain
(FDTD) method, a staggered node distribution based on a
Voronoi tessellation [15] is employed to obtain two separate
sets of electric and magnetic field nodes (E-, H-Nodes). Fig. 1
illustrates such a node distribution. In this case, two separate
sets of shape functions for the E- and H-Nodes are computed
in the preprocessing.

The time-domain implementation of the meshless RPIM
scheme for Maxwell’s equations has been summarized in [5].
The solution in the time domain is found through a leap-frog
time iteration. In this paper, a formulation of the transverse-
electric (TE) mode in two dimensions is implemented for
demonstration, but it can be generalized to 3D.

III. RADIAL PML

In PML implementations, layers of an artificial lossy mate-
rial engineered to be matched to the surrounding space absorb
outgoing EM energy on the boundary of the computational
domain. Due to the orthogonal grid arrangement in the stan-
dard FDTD algorithm, uniaxial PMLs are usually implemented
in computational domains shaped as a rectangular box. In
the time-domain RPIM scheme, uniaxial PMLs have been
introduced in [5], [12].

The use of PMLs in rectangular boxes does not exploit
the capabilities of conformal modeling offered by meshless
methods. For many problems, it could be more efficient to
use a spherical (or cylindrical in 2D) domain with PMLs

cladded on its inner surface. A radial PML arrangement might
result in reduction of the computational volume and in a
better absorption performance, as incidence will be typically
occurring closer to normal. For the finite-volume time-domain
(FVTD) method, such a formulation has been introduced
in [13], [14]. An implementation for the ADI FDTD method
has been presented in [16], where the implicit nature of the
formulation could be directly taken into account in the ADI
scheme.

The locally radial type of PML presented in the following
is based on a uniaxial Maxwellian absorber [17] with a local
coordinate transformation applied to allow for absorption in
arbitrary directions. For TE modes, the governing equations
take the following form [13]:

1
O K, :; [—¢rsin 0, E, + (- cos g0y E | (52)
1
O H, =— —0,E, + (,H, cos psinp — (. H, sin® ¢
]
— K, cosp (5b)

1

O H, =—0,E, + (-H, cospsing — (. H, cos® p — K, sinp
,u

(5¢)

1
O E, = [0.Hy — 0yH,] — ¢ E.. (5d)

The radial magnetic polarization current K, is solved in the
auxiliary differential equation (5a). The absorption coefficient
¢, is tapered radially to minimize numerical discretization
errors. The angular position ¢ of the absorber axis is measured
from the z-axis and its dependence results from the local
coordinate transformation.

Due to anisotropic material properties of the PML, the time
derivatives of the magnetic field in (5b) and (5c) depend on
the other magnetic field components. When written in vector
form, the magnetic field can be expressed as

o (") —a (™) i BK, +CE (6)
t HZ - Hz T z
with the parameter matrix A and vector B
U Sin% ¢ (reosy SQin ¢ o
(rcospsing  —(rcos® @

B = (_Cf)s “0> )
—siny

and an operator vector

—1p
c=|[ * y) )
(2

In the predictor-corrector time discretization scheme employed
in the FVTD method [13], the electric and magnetic field
nodes are co-located in time, and that naturally yields an
explicit time stepping.

When the field components are located in a time-staggered
arrangement though, (5b) and (5¢) become implicit. This has
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Fig. 2. Tllustration of the discrete staggered time variable.

not been an issue in the past since the standard explicit FDTD
method did not employ non-orthogonal PMLs. For the time-
domain RPIM algorithm, a new methodology is required to
obtain efficient explicit update equations.

IV. EXPLICIT UPDATE EQUATIONS

In the following, the derivation of new update equations for
the 2D TE-mode with anisotropic radial PMLs is shown. First
the time variable is discretized and brought into explicit form.
Then the space variables are discretized at all node locations
using the RPIM scheme. A focus is laid on the magnetic field
expressions, as they are the most affected by the mathematical
manipulations towards the explicit TE formulation.

The time variable is discretized in staggered regular time
steps as illustrated in Fig. 2 and solved through a leap-frog
time integration. The temporal derivatives are approximated
using central differences

un-‘r% _ un—%

o = f)

When applied to (6), this results in the following semi-discrete
equation

nt i n—1 ntl n—i
Hm +2 Hm 2 At Ha: +2 Hm 2
_ = —A +
H, H, 2 H, H,
+ AtBK” + AtCE?. (11)

The right-hand side is evaluated at time step n, therefore a
time averaging of the future and past field magnetic values is
performed. The field values at time step n + % are brought to
the left side of the equation:

n+% n—3
H, H,
(1-5'a) ~(1+54)
H, 2 H,

+ AtBKT + AtCE?.

(10)

12)

In a next step to obtain explicit update equations, the matrix
(I — %A) is eliminated from the left side by a multiplication
of its inverse with the whole equation

7\ At \ 7! At AN
* I-— —A I+ —A *
H, 2 H,

A —1
2TA) cEr

A —1
+At(I—2tA> BKZL+At(I— ;
(13)

which can be summarized as

n-‘r% n—%
Hs =D Ha +EK" + FE”
Hz - Hz r z*

The elements of the matrices in (14) are calculated through
some simple analytical operations on 2 X 2 matrices and the
final expressions are given in the following. The symmetric
parameter matrix D = [d;;]2x2 is a full matrix

(14)

2+ (At (— sin? ¢ + cos? <p)

= 1
11 2+ AL (15a)
2¢,- At sin p cos ¢

dip = >———"-—"T—=— 15b

12 5T G At (15b)

do1 = di2 (15¢)
2+ (At (sin2  — cos? <p)

doo = 15d

22 5T AL (15d)

The parameter vector E = [e;]2x1 is expressed as
e1 = —Atcosyp (16a)
es = —Atsin p. (16b)

This surprisingly simple expression can explained by the fact
that the parameter vector B is an eigenvector of (I — %A)
with eigenvalue A = 1.

The modified operator vector F = [f;]ax1 consist of
spatial derivatives in the z,y-direction. In contrast to the
original operator vector C from (9), F contains derivatives
in both coordinate axis in each element. The operator vector
is reformulated with the spatial derivatives separately weighted
with a parameter matrix G = [g;;|2x2 such that

Oy
F=G (ay) : (17)
Then, F becomes
b At (At sin p cos pdy — (2 + (At cos® @) 9,
- 2+ (At
= it [0110z + g120y] (18a)
Iy = At (2 + ¢, At sin? <p) 0z — (At sin ¢ cos 0y,
S 24 ¢ At
= %t [9210x + 9220, ] . (18b)

The explicit expressions for the electric field are obtained
straightforwardly in the TE formulation, considering that as
for the magnetic field, a time-averaging for the loss term in the
transverse electric field F, is performed as described in [18].
For an extension of the formulation to spherical or cylindrical
PMLs in a three dimensional setting however, mathematical
transformations as shown here for the magnetic fields would be
required for all fields and would result in similar expressions.

Considering now the problem including the discretization in
space, the field values are evaluated at the two sets of E- and
H-nodes. The spatial derivatives in the operator matrix (18)
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are approximated with the RPIM method (3). The parameter
matrices D and G as well as the vector E only depend on the
node location and can be evaluated for each node separately.
The following explicit update equations for the node ¢ result

1 1 AtG,
KMo g %
1
MNAg MNAg
—sin @, Zayq)%,iEZj + €os ; Z(’?_T(I%’i ¥
j=1 j=1
(19a)
n+% nfé nfé n
H,;*=duH,,;* +dig;H, ;> +en; K+
At nas ]
— 911,izaz@j1;7iE?,j +912,i25y@§3,i 7.
T pt _
(19b)
n+% nfé nfé n
Hy;* =dnH,,;* +daiH,;* +exniK+
Al o ]
— 9214 Y 0Py Bl + g2 ¥ 0y B
T et _
(19¢)
2= Gl N
zt 2+ CxAt 2t Ei (2 + Cr,iAt)
nAg . nAg .
. 41 . +1
Zawq)]H,iH;j F - Zay‘ij,ng,j : (19d)
i=1 i=1

The values of the magnetic polarization currents at time steps
n in (19b) and (19c) are again obtained through time-averaging

n—i nt3
Kr,i 2 + K’r‘,i ?
2
To minimize the discretization errors a radially dependent

polynomial profile of order m is applied to the absorption term
(¢, at radial location p

Gr(p) =Co (p ;p())m-

This expression applies for a PML with a thickness J, starting
at radius pg. (p is the maximum absorption coefficient. Quan-
titatively, this value can be chosen so that the theoretically
expected reflection at normal incidence [11]

Ty (0) = exp <_(m2—|-®1)c) .

This is set here at I';, = —80dB with the polynomial profile
selected as m = 2.

The correctness of these derived formulas can be partly
tested by checking that the original update equations are
restored when setting the absorption term ¢, = 0. In that
case, the parameter matrix D becomes the identity matrix,
the magnetic polarization current remains zero over all time
steps, and the parameter matrix

o= ()

K} = 20)

ey

(22)

(23)

Fig. 3. Electric field distribution after 123 time steps with energy injected
in a line current. The black dots mark the position of the line current and the
sensor node.

corresponds to the discretized curl operation when multiplied
with the operator vector (9, 8y)T. All update equations are
then independent of ¢. Also, the electric field update equation
(19d) reverts to the standard expression. Hence, in free space,
the standard update equations are successfully reconstructed
from (19).

The explicit update equations do not require a matrix
inversion at every time step, but rather contain a number of
geometrical operations. All the required geometrical terms can
be calculated in a preprocessing stage. For best efficiency, the
application of these RPIM PML equations can be limited to
the absorbing layers, whereas the standard RPIM is kept in the
rest of the computational domain. The steps introduced in this
article can easily be extended to other types of anisotropic
material properties with arbitrary axis orientation. Also it
should be noted that the methodology introduced here is not
limited to the RPIM shape functions. Other meshless interpo-
lation methods could be used alternatively in a staggered time

stepping.
V. NUMERICAL EXPERIMENT

The radial PML is demonstrated in a numerical example.
For a cylindrical domain, a line current at an off-center
location radiates energy with a broad frequency bandwidth.
A radial PML absorbs the energy at oblique angles of in-
cidence. The discretization is chosen such that the average
node distance corresponds to A;q./10 and Ap,ipn/20 at the
largest and smallest simulated wavelengths, respectively. The
width of the PML material is set to 0.75\,,4.. To calculate
the reflected electric field, a reference solution is computed in
a larger domain.

Fig. 3 shows the radiated pulse after 123 time steps, with
the circular wave front partly being absorbed by the PML.
The normalized total and reflected electric fields at the sensor
location are shown in Fig. 4. The magnitude of the reflected
field at the sensor location is around —60dB. This is an
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Fig. 4. Normalized total and reflected electric field at the sensor location.

expected value considering that most of the power impinges on
the PML at angles well off normal incidence. The computation
time for this problem on a standard PC was 1.44 s - using the
free-space update equations, the simulation was 1.14s.

VI. CONCLUSION

A methodology for meshless methods that employ a stag-
gered time stepping scheme is introduced in the framework
of radial PMLs while keeping explicit update equations. This
greatly increases the simulation speed compared to the re-
quirement of an implicit scheme, where a matrix has to be
inverted at each time step. Also, the radial PMLs limit the
requirement on the computational domain size for problems
with spherical wave solutions, e.g. radiating problems, as
this absorbing boundary can be placed closer to the objects.
The effectiveness of the radial PMLs has been confirmed in
numerical experiments.

The steps introduced can be extended to other types of
radially anisotropic materials and to other staggered meshless
methods. A natural next step is the extension towards spherical
PMLs in a three-dimensional setting.
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