Communications |V Exer cise Solutions

Exercise 2.23
v(t)= D 8(t—nTy) isperiodicof period T
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Putting t = O gives Poisson’s sum formula Zx(nTs):_I_i > X[TLJ
S

N=—w0 S k=—w

Exercise 2.24

1. Apply Poisson’s sum formulato x(t) = e *t!, X (f) = 2a/(a®+4n%f?) with To= 1.

_ 200
el _
n—z—:oo kzz_:oooc2 +47t2 2
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2. Apply Poisson’s sum formula to x(t) = sinc(t), X(f) = rect(f) with Ts = /K.
Z sin j K Zrect(kK) K ;K=12,..
n=—ow
For enthusiasts, consider non-integer values of K, and in particular 0 <K < 1.
3 Apply Poisson’s sum formulato x(t) = sincX(t), X(f) = A(f) with Ts= UK.
Z sinc ( j K ZA(kK) K ;K=12,..
n=—ow

Also, consider non-integer values of K, and in particular 0< K < 1.



Exercise 2.25

x1(t) =u(t)e™™, X, (f) = L
o+ jo
y1(t) =8(1), Y4(f)=1
_®_
H(f)—xl(f)—ocﬂco
x(t) = u(t) e * cos(Bt), ()05 05 _  a+jo

Ca+j0-PB) atj©+B) (a+jo)?+p2
05[c+jo]  05[c+jo] _ [o+ jo]?
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Y() = H(F)X(f) =

A=1
B=j0.5p
C=-j05pB

y(t) =8(t) + ju(t) 0.5pe™ ™ {eiﬁt _e It }: §(t) — u(t) pe~* sin(Bt)

To find the partial fraction coefficients A, B and C, it is easiest to use coefficient matching, and it helps to

puts=jo.

[oc+s]2:A[oc+s—j[3][oc+s+j[3]+B[a+s+jB]+C[oc+s—jB]
Coeff s =>1=A
Coeff s >2a=2A0+B+C=>B+C=0

Const = a?=A[a?+B%]+B[a+jp]+Ca-jf]=B=+j0.58, C=—j0.58

Alternatively, use the fact that multiplication by jo is equivalent to differentiation in the time domain.

y(t) = au(t)e ™ cos(Bt) + % {u(t)e_“t cos(Bt)}

= au(t)e ™ cos(Bt) + 5(t)e ' cos(Bt) — au(t)e * cos(Bt) — Bu(t)e ™ sin(Bt)
= 8(t) — Bu(t)e * sin(Bt)



Exercise 2.28

x(t) = rect(t), X(f)=sinc(f), y(t)=A(t), Y(f)=sinc’(f)
H(f):%:sinc(f)Jrlé)ak 8(f — k)

where a is arbitrary. The & functions arise from dividing sinc(f) by sinc(f) which gives 0/0 (undefined) for f
= non-zero integer and so can be a delta function at those frequencies. However, note that Y (f) = H(f) X(f).

For ared filter a, = a*_k , but such a system would be marginally stable (find h(t) and you will see why).

1. If x(t) = cos(2nt) then X(f) = 0.5 8(f—-1)+0.5 5(f+1) so Y (f) will not be defined in general (the product of
deltafunctionsis not defined). However if al a,= 0, then Y(f) = 0.

2. If g =a; =0.5then h(t) = rect(t) + cos(2xnt). Convolving cos(2xt) with cos(2xt) gives an indeterminate
result as we discovered in part (1).

3. Touniquely determine the system, x(t) must be such that X(f) is not zero at some frequency, so we get
an unambiguous result when we divide Y (f) by X(f). With x(t) = u(t) e ™ wehave

1
X(f)=
®) o+ j2nf

whichisnot zero at any frequency. The sameistrueif x(t) = u(t), soin either case the system response
can be determined from a measurement of the response to this excitation.

Exercise 2.49

Let X(f) and M(f) be the Fourier transforms of x(t) and m(t) respectively. The Fourier transform of c(t) =
m(t) x(t) is C(f)=M(f) ® X(f) =0.5M(f) ® X " (f) + 0.5M (f) ® X (), where X*(f) = 2 u(f) X(f) and X (f)
= 2 u(-f) X(f).

Because the spectra M(f) and X(f) do not overlap, then M(f) ® X* (f) is zero for f < 0 and similarly

M(f) ® X~ (f)iszero for f > 0. (Sketch the convolutions and this will be obvious, but note that the result is
only true because m(t) is lowpass and x(t) is bandpass. It would not be true otherwise.)

The Hilbert transform of c(t) has a transform:

C(f) = —jsgn(f) C(f) = —j O.5u(F M(F) ® X * () + j0.5u(—F )M(F) ® X~ (f)
=—jO5M®)® X (f) + jO.5M(F) ® X ()

=M(f) ® {- jsgn(f)X(f)}
¢(t) = m(t) X(t)

where in the second line we can omit the u(f) and u(—f) because the quantities they multiply are already zero
for f <Qandf > 0 respectively.



Exercise 2.55

Thisistrivial. Because taking the Hilbert transform is equivalent to alinear filtering operation, if itis
combined with any other filtering operation, the operations may be done in any order.

X(t) & X(f)

ax(®) < j2nf X(f)
HT{x(t)} = %(t) & ~json(f) X(f)

" {dﬁt)}@ ~jsgn(f){j2nf X(f)} = jorf - jsgn(f) X (1)} <

£
dt

Exercise 2.58

Note that f = 0 should be f > 0 to make any sense.

I
He(f){‘ije T>0_ cos(0) - jsgn()sin(0)
e f <0

<

he (t) = cos(0) 3(t) + 2 S'”(e)

Xg (t) = x(t) cos(0) + x(t) sin(0)

Energy{xq (1)} = [xZ(t)dt= J‘|X9(f)|2df: J‘|X(f)H9(f)|2df: j|X(f)|2df= [x2 @

—00 —o0 —00 —00 —00

Hence xq (t) has the same energy as x(t).



Solutions to Exercises on Slides

Slide 0.23

Fisarea quadratic expression in the complex variables x and y and the object isto ‘ complete the square’ as
aquadraticin x. Completing the square means having x only in aterm which is a magnitude squared. Hence

we concentrate on the [x|* and x*y and xy* terms and add a |y|* term which will make this a ‘ perfect square'.
Notethat A, C, F arereal and B is complex.

F:A|x|2 +Bx*y + B*xy*+C|y|2

(e &) e yj{c 8] ]'y'

2 2
|B| 2

— 4+ C__
A { A Iyl

=A|X +

Slide 2.16

x(t) = Zg(t—kT)_ zx oi2mnt/T

k—— N=—00
T
X :—J.x(t)e j2nnt/T dt = IZg(t—kT)e j2nnt/T dt
0 ok —0
-1 i Tf (t—KkTye i2mt/T g1 i T_E(t') e 12mnt/T g
T k=-o 0 Tk:—oo —kT

j2mt: 1
== [gt) e 12T g = = G(n/T
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Slide 2.18

X (F) <> x(t)
X* (F) <> X * (1)

IX(F)? [xyx* -ty

—0o0

If x(t) isreal, the complex conjugate can be ignored.



Slide 2.37

X(t) = 4sinc(2t)
X (f) = 2rect(f / 2) = 2 rect(f —0.5) + 2 rect(f + 0.5)
y1 (t) = X(t) cos(20nt) = 0.5x(t) e/?°™ + 0.5x(t) e 120
Y, (f) =05X(f —10) + 0.5X (f +10) = re<:t(f—71°)Jr rect(f +21°)
=rect(f —10.5) + rect(f —9.5) + rect(f + 9.5) + rect(f +10.5)

X(f) =—jsgn(f) X (f) = —2j rect(f — 0.5) + 2jrect(f + 0.5)
y, () = X(t) sin(20mt) = —0.5j X(t) /2™ 4 0.5) X (t) e /20
Y, (f) =—05j X (f —10) + 0.5] X (f +10)
=—rect(f —10.5) + rect(f — 9.5) — rect(f +10.5) + rect(f + 9.5)

Y(F) =Y, (f) - Y,(F) = 2rect(f —10.5) + 2rect(f +10.5)

Note how it is convenient to split the spectrum X(f) into two rectangle functions, one for positive f and one
for negative f, since these are treated differently when we form the Hilbert transform.

Note how the ‘lower sideband’ components of y,(t) and y,(t) cancel and the ‘upper sideband’ components
add together to make y(t) an ‘upper sideband’ signal.

This problem can aso be done graphically (recommended method).
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