Communications |V Exer cise Solutions

Exercise 4.10

E{x} =0,5,°=10"%
1. P{x>10" =Q{1} =0.1581.

P{x > 4x10™"} = Q{4} = 3.167x10"°.

P{-2x10"< x <10 = 1-Q{ 1} -Q(2) = 0.8192.
2.P{x>10"*|x>0} =P{x>10"" / P{x >0} =2 Q{1} = 0.3162.
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The general expression fails because g'(x) = 0 for x < 0.
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Exercise 4.44
v(t) = xcos(mgt) + ysin(oot), E(X) = E(y) = 0, E{x*} = E{y*} =& E(xy} =0.
1 E{v} =0
2.

Ryy (t+7,1) = E{[x cos(@ot + 0T) + ySiN(@gt + ©4T)][X COS(@t) + Y Sin(mgt)]}
=62 {cos(®ot + 0oT) COS(@t) + SN0t + ©oT) SIN(OL)}

=c? CoS(®T)
Hence v(t) iswide sense stationary. It isnot cyclostationary because thereis no dependence on t.



3 Sy (f)=056258(f —f,) + 05052 5(f +1,).
4. If ox# oy (there must be amisprint here) then the answers are:
E{v} = 0 asbefore.

Ryy (t+1,1) = E{[x cos(@ot + 0T) + ySiN(@gt + ©41)][X COS(@t) + Y Sin(gt)]}
= {G% cos(®yt + myT) COS(®t) + 65 Sin(wgt + ®g1) Sin(a)ot)}

= 0.5(63 + (55 )Cos(a)ot) + 0.5(63 - (55 )COS(Z(DOt +0T)
In this case v(t) isnot stationary, but is cyclostationary.

Sw (1) =025(02 + 02 J5(f —f4) +0.25(62 + o2 Ja(F +,).

Exercise 4.48

Since X(t) is cyclostationary this means Ex{ X(t)} and Ryx(t+1,t) are periodicint (period T) and have time
averages X and Ryy (1) respectively if averaged over the period T. The PDF of 0isp(6) = T,0<0 <T.

1.
Y (t) = X(t + 6)
1T 1T 1t+T .
E{Y ()} = EX{?JX(t +0) de}:?oj Ex{X(t+6)}do - tjEX{X(t')} dt'= X (a constant)

onsubstituting t'fort+ 6

;
RYY(t+r,t)=EX{%J.X(t+r+6) X(t+6)d6}
0

1T 1t+T -
=?IRXX (t+r+6,t+6)d6=? [ Ryx (t+7,) dt' =Ry (7)
0 t

(Because Ex{ X(t')} and Ryx(t'+1,t") are periodic int’, the integral over any interval of length T is the same).
Hence Y (t) is stationary.
2. Introducing a random time shift 6 does not affect the power spectra density, so the power spectral density

of X(t) isthe same asthat of Y (t).

3. Hence

Sox(f) =Sy (1) =FTRyy <r)}=”{

=[P

;
[Rxx (t+1,1) dt} =FT{Ryy (1)}
0



Exercise 4.50

Ryy (1) =[x (t-1)f=Ely" (t-Ox() = Ely" (OX(t+ )= R} (-1

0 a0 a0
Sy (f) = J.ny(r)e'JznfT dr = jR’;x(—r)e‘Jz"fT dr= jR’;X(r)eﬂz“fT dv =Sy (f)

—00 —00 —00

Note thisresult is true for x(t) and y(t) complex.

Exercise 4.56

h(t)=8'(t) +8'(t—T)
H(f) = j2nf (1+ g 12T ): janfe 1™ cos(nfT)

1. y(t) is stationary because it is the response of a stationary signal applied to alinear time invariant filter.

2. The power spectral density of y(t) is:
Syy (1) =S ()| H(F) [2= Sy (F) (8227 21+ cos[2nfT]) )= 167F 2 cos? (fT)

3. Since H(f) iszeroat f = 0, £1/2T, £3/2T, £5/2T, etc, these frequencies cannot be present in y(t).

Solutionsto Exerciseson Slides

Slide4.06 Most of these results are “obvious” and do not require the integrations shown.

X1 (t) = cos(wt)
i 1 T/2 i 2
<x1(t)>=.|_inoo? [cos(et) dt:T'_r)“OOEsn(mTIZ)zo
-T/2
X (t) = cos? (t)
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(x3(t) >= T"_f)nOOZ—T Tj/suz n(2ot) dt = T'inooms'”(m) -0
X 4 (t) = cos(mqt) cos(wpt) = 0.5¢c09] (01 + ®2)t] + 0.5c0 (w1 — m5)t]
/
(x4(t)) >= 1M iTﬁcos[(m +®)t] + cos[ (w1 — m)t]}dt
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Slide4.13

z(t) = ax(t) + by(t)
R,, (1) = E{z(t) Z (t- r)}= E{ax(t) +hy®)][ax (t-t)+by (t- 1:)]}
= [’ Ry (1) + @Ry (1) + @ bRy (1) + |B*Ryy (1)

Sp(f)=[a* Sy (f) + 'Sy (f) + @' bS,, (F) + [b]° S,y (F)
2
oSy () [SW o150

Sx (f)

=S (f)‘a"‘ S, ()

Because S,,(f) > 0O, then because the first term could be zero by choice of a and b at some frequency f, the
second term > 0 which gives the required result. Note that Sy(f) = S * (f).

Slide4.24

-T
y(t) = tj[x(t')—x(t'—T)]dt': tjx(t')olt'—t jx(t')dt'

—0

I (0 =30, y(t)zh(t)=u(t)—u(t—T)=rect(t_T/2j

X(f) 1 o 1- g 12HT T
Y(f)z[%jLEX(O)S(f)}[l_e 2 fT]=x(1=){ o }TX(f)e T sinc(fT)
HiE) =2 e T o)

j2m

Make sure you understand why the delta function disappears, and note the conversion of h(t) into a rect
function and the conversion of H(f) into a sinc function.

Slide 4.27

Z(F)=Hy (F)X(F) + Ha(F)Y (F)
1Z() =[Ha ()7 [X ) + Ha(FYHZEXE)Y * (F) + Ha ()7 (F)Y ()X * () +[Ha (F)Y ()]
S, (F) =[H1(F)[? Sux (F) + He(F)H2(F)Syy (F) + Ha (F)H1(F)Sy (F) +|H2 ()| *Syy ()

= [Hy ()2 Sy (F) + 2RelHy (F)H 3 (F)Syy ()] [H2 (1) 25y ()

Slide 4.40

gy 1 1 1 o 1
df = arctan(2nfRO) X = ——— —=——

Jl+ 4n?f 2R?C? 2arc FOENCHRO = e 2 " are

i
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Slide 4.46

ne(t) = Re{n+(t) izt }:%{n* (1) 127t 4 0 (1) e+j2nf0t}
ns(t) _ Im{n+ (t) e—janot }:%{n+ (t) e—j2nf0t -n- (t) e+j27'[f0t}
J

Ron. (1) = Efn () ni(t - 1)

:iE{[ﬁ(t) e 12t (1) e+j2nfot][n+(t _1)e 20 _ (g 1) e+jznf0(t—r)]’}

:%{R - (T) e‘janoT _ Rnfnf (‘L') e+j2nfoT} since n* (t) and n—(t) are uncorrel ated

j : _
Snun, (=18, +10) =S (F o)} = 1185 (1 + 1) - SQF - 1))
since S ()=4u(f)Sy (F)=4S{ (1) and S (F)=4u(-f)Sy, (F) =4S (F)
NB. Take particular note of complex conjugation and its effect on the exponential terms. Also note that

S (f)= u(f) Sw(f) is the positive frequency part of Sy,(f) and is not the power spectrum of n*(t) which is
4 u(f) Sw(f) and similarly S,\“(f) is the negative frequency part of Su(f) = u(—f) Sw(f).



