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Abstract—Modelling of point-to-point radio propagation over 
terrain is of interest in the design of radio systems working over 
obstructed radio paths, or which may be subject to sub-refractive 
fading, or in estimating the visibility of radar targets close to 
terrain. Practical implementation of Fourier split-step PEM to 
provide accurate prediction of field-strength deep into the terrain 
diffraction region, over a wide frequency range, faces significant 
challenges. At high frequencies a large transform size is required, 
and at low frequencies the artificial upper boundary must be 
sufficiently high and the absorber layer sufficiently thick, to 
prevent spurious reflections from the upper boundary interfering 
with the weak terrain diffracted field. An adaptation to the PE 
method is described, and tested for the canonical problems of 
wedge and smooth-Earth diffraction over the frequency range of 
10 MHz to 100 GHz, and compared with path measurements 
from 150 MHz to 1.5 GHz. 

Keywords— parabolic equation method; radio propagation; 
terrain diffraction; sub-refraction. 

I.  INTRODUCTION 
The Fourier split-step approach is a practical solution to the 

parabolic wave equation for modelling point-to-point radio 
propagation over terrain, as it provides a marching solution 
along the path, which can have a range-step that is large 
compared to the wavelength. 

Simplification of the problem is possible at very high 
frequencies and at small angles compared to the Brewster 
angle, because the Dirichlet boundary condition (reflection 
coefficient = –1) is a reasonably accurate representation of the 
ground surface. This boundary condition is automatically 
satisfied by choosing the sine transform, due to its odd 
symmetry, as the form of Fourier transform used in the Fourier 
split-step Parabolic Equation Method (PEM). 

Although the physical problem of terrestrial propagation 
has no upper bound, an artificial upper boundary is required for 
practical analysis, and various techniques have been employed 
to ensure that fields propagating upwards out of the height 
range of interest are not reflected back into it. 

An absorber layer can be created by attenuating the highest 
field samples with an appropriate window function [1, 2], 
which is most effective at small angles to the horizontal [2]. If 
small step lengths are used, the specific attenuation (dB per 
km) can rise rapidly above the bottom of the absorber layer, so 

care is required at low frequencies to ensure this does not result 
in reflection near the bottom of the absorber. For problems 
involving larger angles, the Perfectly Matched Layer [2] is an 
effective technique. 

The approach investigated replaces the usual approximation 
of an artificial absorbing upper boundary, with filtering in 
transform (angle) space, not just as often applied in the upper 
half of that space [1, 2], but filtering applied over the whole of 
the transform space. 

II. TRANSFORM SPACE FILTERING IN FOURIER SPLIT-STEP 
PEM 

The impact of transform space filtering on the Fourier split-
step solution to the parabolic equation, can be explored by 
considering the equivalent to this filtering approximation, when 
applied to the Fresnel-Kirchoff  theory of diffraction, due to the 
equivalence between these two approaches [2]. We consider 
initially the case of free-space propagation, and then knife-edge 
diffraction. 

A. Free-space propagation 
Consider the complex Fresnel Integral Fc(ν), where ν is the 

diffraction parameter: 
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which can be expressed in terms of two real integrals, a cosine 
integral C(ν) and a sine integral S(ν). Free-space propagation is 
then represented by Fc(∞) – Fc(–∞), shown as a straight line in 
Figure 1. 

Where an unobstructed ray-path exists between transmitter 
and receiver, the filtering investigated in this paper is Gaussian 
with respect to ν, according to real filter parameter c, to obtain 
an approximation Fa(ν) to the complex Fresnel integral: 
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For values of the filter parameter c less than 0.1, the 
amplitude error introduced by the approximation (2) is 
approximately c1.5 dB for free-space propagation, where the 
relative field strength is represented by Fa(∞) – Fa(–∞). Phase 
error is approximately c/2 radians, so the error introduced at 
low values of c is predominantly phase error. 

The approximation (2) converges to its approximate 
solution much more quickly than the very slowly converging 
Fresnel integral (1). This is demonstrated by plotting (1) and 
(2) in the form of a Cornu spiral. Figure 1 shows this for Fc(ν), 
and Fa(ν) with c = 0.1. 

 

Figure 1.  Complex Fourier integral Fc(ν), and approximation Fa(ν) with filter 
constant c = 0.1. The resultant field-strength for a free-space path is indicated 

by the lines Fc(∞) – Fc(–∞) and Fa(∞) – Fa(–∞). 

Neglecting initially atmospheric refraction, Earth curvature 
and terrain height variation, the implementation of the Fourier 
split-step method [1],  is given by 
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where the field-points ψ(x+Δx, z), at distance x+Δx along the 
path are obtained from the field-points ψ(x, z), at distance x 
along the path, by transforming to angle space with the Fourier 
transform, then applying the exponential term, which is the 
free-space propagator, and then applying the inverse transform. 
The transform variable is p = k.sinθ, where k is the wave 
number, and θ is the angle relative to the horizontal. For small 
θ, the equivalent formulation to (2) is approximately 
implemented by the following: 
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The Gaussian filtering resulting from replacing j in (3) with 
(j–c) in (4), applied at each step of the PEM analysis, 
accumulates over the end-to-end path to produce a ray-path 
dependent Gaussian filter, which is equivalent to the Gaussian 
filtering term exp(-cπs2/2) in (2). 

B. Knife-edge diffraction 
When a knife-edge obstruction blocks the ray-path between 

transmitter and receiver, the most significant field-points above 
the knife-edge are those immediately above it, and 
contributions from these to the received field would incur 
filtering loss if the approximation of (2) was used to evaluate 
the received field. This can be avoided by employing a 
coordinate system where the field is steered at the knife-edge, 
such that in the new coordinate system, the knife-edge is at 
grazing incidence. 

This is analogous to the usual field steering used in the 
terrain flattening algorithm for Fourier split-step PEM, except 
that the field steering here is according to the bends in the 
traced ray, where it has to bend around terrain in order to reach 
the receiver, instead of steering the analysis according to the 
bends in the terrain itself. The piece-wise linear shift-map [3] is 
used in this analysis: 

 ( ) ( ) [ ]21 sinsin
2,112,12 ,, ββψψ −= jkzezxzx , (5) 

except that in this application the angles β1 and β2 are the 
angles to the horizontal of the traced rays from transmitter to 
knife-edge top (β1), and from knife-edge top to receiver (β2). 

This approach applied to knife-edge diffraction, that is, the 
approximate complex Fresnel integral of (2) for the case of 
zero diffraction angle, combined with the piece-wise linear 
shift-map of (5) with the angles β1 and β2 corresponding to 
actual diffraction angle θ = β1 – β2 , using the approximation 
kz[sinβ1 – sinβ2] ≈ sπν  for ν ≥ 0, leads to the following 
approximation: 
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The maximum amplitude error, using (6) to estimate knife-
edge diffraction loss, for example using c = 0.2, is 0.12 dB, 
occurring at ν = 0.8. The purpose of the approximations to the 
Fresnel integral of (2) and (6) is to obtain a rapidly converging 
expression, so that in practical evaluation, the integral to 
infinity can be truncated well before infinity, with negligible 
additional error. 

C. Transform Size 
The purpose of the approximation to the PEM solution of 

(4) is analogous to the purpose of the  approximation to the 
Fresnel integral in (2) or (6); the aim is to allow evaluation 
over a limited height range, without the need of an artificial 
absorbing upper boundary. This eliminates the need to adapt 
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the characteristics of this upper boundary to the frequency, 
when operating over a very wide frequency range. 

The maximum vertical deviation zmax of field points from 
the traced ray-path, required for accurate implementation of 
this method, can be estimated by considering, assuming no 
atmospheric refraction,  a ray from the transmitter to a mid-
path point deviated zmax above or below the direct ray-line, and 
then to the receiver. For a path length d, the phase delay Δφ of 
this path with respect to the direct path is approximately given 
by 

 
d

kz2
max2≈Δφ , (7)   

and the Gaussian filtering term of (4), accumulated over the 
end-to-end path, can be expressed as a window function 
W(Δφ): 

 ( ) φφ Δ−=Δ ceW . (8)   

Choosing a suitably small value of this function at the point 
where the analysis is truncated, for example W(Δφ) = 10–7 , we 
have 

 
c

dz λ28.1
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The maximum vertical spacing of field-points in the 
analysis is determined by the maximum angle θmax through 
which the field will be steered, in order to avoid signal loss in 
grating lobes [3]: 
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The minimum transform size, Nmin, is then given by: 

 ( )
λ

θ
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At high frequencies, Nmin given by (11) could be 
significantly smaller than the transform size required by 
conventional Fourier split-step PEM, which must include all 
field-points from ground level up to above the height of 
interest, as well as satisfying (10). 

D. Ground Reflection 
The boundary condition at the ground surface is not 

automatically satisfied by the Fourier transform in (4) when the 
Fast Fourier Transform (FFT) is used directly as the practical 
implementation of the transform, so the boundary condition is 

instead satisfied by either by manipulating the field-points at 
the beginning of the step, ψ(x, z); or by manipulating the field-
points at the end of the step ψ(x+Δx, z). 

If the ground at the beginning of the step is closer to the 
traced ray-path than at the end, the above-ground field-points 
ψ(x, zg + h), where zg is the ground height relative to the traced-
ray, and h is the height of the field-point above ground, are 
copied to the same height below-ground, after being multiplied 
by reflection coefficient R and a phase and amplitude 
correction term exp[(j–c)φβ]. The phase correction φβ accounts 
for additional phase delay in the reflected path resulting from 
the downward slope of the ground with respect to the traced-
ray. If the corresponding direct ray-path is parallel to the 
traced-ray, or p = 0 in (4), the additional reflected path phase 
delay φβ incurred due to the ground slope β given by 
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The expression (12) is approximate for direct rays not 
parallel to the traced-ray, but these rays and their reflected rays 
are attenuated by the filtering applied by (4), so the small error 
in the reflected phase may be insignificant. The image points 
added to ψ(x, z) before evaluation of (4) are then given by 

        ( ) ( ) ( )( )βφψψ cjhzxRhzx gg −+=− exp,, .      (13)  

The addition of image field-points using (13) is truncated at 
zg – h = – zmax . If the field-points at the bottom edge of  ψ(x, z) 
were not attenuated by the filtering of this method, this 
truncation would result in a spurious aliased field appearing at 
the top of ψ(x+Δx, z), if zg is negative (ground level below the 
middle of the transform space), but this effect does not occur 
when the ground reflection is implemented at the end of the 
step, so reflection at the end of the step is preferred for ground 
parallel to the traced ray-path. 

If the ground is parallel to, or closer to the traced ray-path 
at the end of the step than at the beginning, the ground 
reflection is implemented at the end of the step in a manner 
similar to (13): 
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for those values of ψ(x+Δx, zg + h) where the image field point 
ψ(x+Δx, zg – h) exists. The additional reflected path phase 
delay φβ incurred due to the ground slope β (this time defined 
as the upward slope towards the end of the step, so still 
positive) is again given by (12). 

E. Terrain Obstruction and Refractivity Gradient 
Ray-tracing is used to find the shortest phase-length ray-

path from transmitter to receiver, but if this does not exist due 
to terrain obstruction, the lowest angle ray from the transmitter 
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to a point tangent to the terrain (the transmitter horizon) is 
taken as the first part of the shortest ray-traced path. From this 
tangent point, or horizon, the process is repeated until the 
receive antenna is reached. At intervening horizon points, the 
traced-ray, which is the centre datum of this analysis method, 
may change direction. This is allowed for by using the piece-
wise linear shift-map [3], but with β1 and β2 being the angles to 
the horizontal of the traced-ray either side of the change in 
direction. 

For consistency with the rest of the analysis, rather than 
using the original form of the shift-map (5), it might be 
expected that the filter constant c would be included: 

            
( ) [ ]21 sinsin
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though testing with wedge diffraction paths, measured paths, 
and smooth-Earth paths indicated that this results in mean 
over-prediction of path loss for c > 0.1. Omitting c in (15) 
appeared  to result in mean under-prediction of path loss, but 
the following form of the shift-map was found to provide 
reasonable accuracy for 0.025 ≤ c ≤ 0.8; this includes phase-
shift for modified refractivity m(x, z), with m0(x) being the 
modified refractivity at distance x along the traced ray: 
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The approximation to the PEM described by (4), (9), (12), 
(13), (14) and (16) was used for the testing which follows in 
Section III. 

III. TESTING THE TRANSFORM SPACE FILTERED PEM 
Initial testing was conducted using the canonical models of 

wedge diffraction and smooth-sphere diffraction, over a very 
wide frequency range, assuming the Dirichlet boundary 
condition (horizontal polarisation and infinite conductivity) 
which is a reasonable approximation for real paths at any 
polarisation at grazing angles, small compared to the Brewster 
angle. A dataset of accurately calibrated VHF and UHF 
obstructed paths, without tree cover, [4] was also tested. 

A. Wedge Diffraction 
The example presented here is a 10 km path, with the PEM 

in 1 km steps, having terrain height rising linearly from zero at 
each terminal to 400 m at the central 5 km point. Antenna 
heights are 400 m at the transmitter and 100m at the receiver, 
although the same results from the PEM analysis were obtained 
with these heights swapped. The reference method was UTD 
wedge diffraction [5], with calculated diffraction loss (loss in 
excess of free-space) ranging from 22.8 dB at 10 MHz to 59.6 
dB at 100 GHz. 

Accuracy of the filtered PEM analysis, for various values of 
the filter parameter c, is demonstrated by Figure 2. 

 

 

Figure 2.  Accuracy of the transform-space filtered PEM with various values 
of the filter parameter c, for a 10 km wedge path in 1 km steps, with apex 400 

metres high, and antenna heights 400 m and 100 m. 

While c values of 0.1 or less provided the most accurate 
results for frequencies of 1 GHz or higher as expected, higher 
values of c were more accurate at VHF frequencies. 

B. Smooth-Earth Diffraction 
Figure 3 demonstrates the accuracy in analysing a 50 km 

smooth-Earth path, in 50 metre steps, with 50 metre antenna 
heights, and effective Earth radius of 2800 km (sub-refraction 
+200 N-units/km). 

 

Figure 3.  Accuracy of the filtered PEM for a 50 km smooth spherical-Earth 
path, in 50 m steps, with effective radius 2800 km, and antenna heights of 50 

metres. Reference method is the smooth-Earth diffraction model of 
Recommendation ITU-R P.526 [5], with path losses from free-space plus 41 

dB at 10 MHz, to free-space plus 161 dB at 100 GHz. 
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C. Measured VHF and UHF Paths 
A dataset of 450 carefully calibrated measurements on 61 

paths, without tree cover, in South Australia and Northern 
Territory, were used test the accuracy of this method. It is 
essentially the same dataset used previously [4], except that the 
original topographic map path profiles have been replaced by 
profiles with 50 m spacing between points, generated from 
Shuttle Radar Topography Mission data. Three paths in the 
original dataset have been excluded; one was found to be a 
duplicate, and two both less than 5 km long were significant 
outliers for all 2D models tested. 

In addition to the method of this paper, results for 
conventional Fourier split-step PEM analysis, using the sine 
transform, and cosine taper absorber applied to the the upper 
half of the field-points [3], and also a largely empirical 
“Method for a general terrestrial path” recently developed by 
ITU-R Study-Group 3 [5], are presented in Table 1. 

TABLE I.  ACCURACY COMPARISON BETWEEN FILTERED AND 
CONVENTIONAL FOURIER SPLIT-STEP PEM, AND A RECENT ITU-R GENERAL 
TERRAIN DIFFRACTION MODEL, FOR 450 PATH MEASUREMENTS AT 150 MHZ, 

509 MHZ, AND 1481 MHZ. 

Diffraction Loss Prediction Error 
Analysis Method Mean Error Standard Deviation 

Transform filtered PEM (this 
paper) with c = 0.4 -0.9 dB 3.5 dB 

Sine transform Fourier split-
step PEM [3] -2.9 dB 4.1 dB 

Rec. ITU-R P.526-12 § 4.5 [5] -1.1 dB 4.6 dB 

 

IV. EXISTING PROPAGATION TOOLS 
Software implementations of the conventional PEM 

solution [1, 2, 3] are available [6, 7], which provide a 
convenient user interface for typical radar applications, but for 
propagation research, or special applications beyond normal 
radar parameter ranges, it may be better to write software 
specific to the task. Modern scientific programming languages 
make this relatively straight-forward, except for the problem of 
finding the right configuration for the artificial upper boundary, 
and the appropriate transform space low-pass filtering and 
antenna patterns, to avoid spurious results; this can be rather 
empirical. 

This problem is eliminated by the method of this paper, 
although it introduces the possibility that signals following ray-
paths at angles significantly divergent from the angle of the 
shortest ray-path may be attenuated; however this is probably 
not important for estimating field-strength deep in the shadow 
region. 

For example, there may be a need to estimate path-loss, or 
propagation factor, between a high power transmitter and a 
sensitive deep-space receiver or radio-telescope. This may 
involve propagation factors below those that the off-the-shelf 
tool was designed to handle. Figure 3 demonstrates reasonable 
accuracy in the estimation of propagation factor over smooth 
terrain, down to as low as 161 dB below free-space, using the 
method of this paper. 

V. CONCLUSIONS 
An adaptation of the PEM solution has been described, 

which provides stable results over a wide frequency range, and 
eliminates the requirement for an artificial upper boundary. Its 
accuracy has been tested for two dimensional terrain diffraction 
problems with linear refractivity gradients. 

Three dimensional terrain diffraction problems, or two 
dimensional problems with non-linear refractivity gradents, 
may have multiple transmitter to receiver ray-paths, some of 
which may be attenuated by the filtering in this PEM 
adaptation. Further work should consider techniques to identify 
and compensate for this attenuation. 
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