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ABSTRACT

This paper describes a new technique for presenting information based on given flow images. Using a multi-
step first order differentiation technique, we are able to map in two dimensions, vorticity of fluid within a
region of investigation. We can then present the distribution of this property in space by means of a color
intensity map. In particular, the state of fluid rotation can be displayed using maps of vorticity flow values.
The framework that is implemented can also be used to quantify the vortices using statistical properties which
can be derived from such vorticity flow maps. To test our methodology, we have devised artificial vortical flow
fields using an analytical formulation of a single vortex. Reliability of vorticity measurement from our results
shows that the size of flow vector sampling and noise in flow field affect the generation of vorticity maps. Based
on histograms of these maps, we are able to establish an optimised configuration that computes vorticity fields
to approximate the ideal vortex statistically. The novel concept outlined in this study can be used to reduce
fluctuations of noise in a vorticity calculation based on imperfect flow information without excessive loss of its
features, and thereby improves the effectiveness of flow
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1. INTRODUCTION

Flow visualisation is the technique of examining fluid flow and to be able to interpret its structure and obtain
qualitative information about other flow parameters within the flow field. Two dimensional flow imaging such
as particle image velocimetry,1, 2 phase contrast magnetic resonance velocimetry3 or fluid motion estimating4

have been used to generate vector fields of the fluid flow. However, imperfect measurement conditions and
equipment noise fluctuations often render the flow measurement non-ideal and generate a certain percentage
of error in measurement.

In many instances, post processing of flow data such as replacement of inaccurate vectors using the median
test2 followed by outlier replacement to synthesise filtered vectors can be deployed to improve flow mapping
accuracy. Derivative estimation from the flow based on the processed data is typically performed for a more
concise flow analysis. Despite efforts to clean up noise in the data and to improve accuracy of this derivative
estimation,5–8 vorticity analysis will often be biased due to the presence of noise in the flow field. This is
because the visualisation of fluid rotation using vorticity mapping will be affected by the uncertainity of field
vector misalignments which distorts the vorticity values computed. In addition, use of only a single contour
of vectors at each digitised flow field map frame of interrogation for the vorticity computation gives a poor
representation of the overall vorticity map in the event of high incidence of noise in the flow information.
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From estimating graph gradients numerically, we can develop a set of equations that explain how to derive
flow derivatives based on multiple layers of vector contours around a region of interrogation. Using more than
one layer of contours which are encapsulated by a larger sampling window size, we intrinsically averaged a
larger group of the flow data while providing an indication of the fluid vorticity at a point of interest. However,
the sampling window configuration of the calculation needs to be selected optimally to produce vorticity maps
that relate to that of an analytically correct vortex to the maximum extent. Over sizing the window destroy the
critical flow features while undersizing it gives a poor global representation of the vorticity map of a vortex. It is
therefore of interest to develop a framework for analysing the reliability of vorticity sampling and calculation to
best represent vortical flow mapping and visualisation. To solve the problem, we developed a framework that
can test the reliability of the computation based on a specific sampling window configuration. It is worthwhile
noting that this reliability study has its basis on the statistics of vorticity distribution pertaining to the flow
derivative map.

This paper is structured as follows. A background on the Oseen vortex formulation is provided since the
synthetic flow fields used in our experiments is constructed using the velocity profiles described by the analyti-
cal equations. The theoretical outline of our vorticity quantification is given. Next, experimental techniques for
vector field generation are described. The results and discussion section analyses the statistical behaviour of
vorticity fields and conceptualises the framework for optimisation of vorticity visualisation. Finally, a summary
of the implemented methodology and vorticity visualisation results is given in conclusion.

2. THEORY

2.1 Analytical Formulation of Vortex

The Oseen vortex is a model of a real vortex with analytically defined velocity, vorticity and circulation.9–11

The angular velocity ω(r) is described in Equation 1. We set the tangential velocity Vθ(r) as a function of r in
Equation 2. If Γ0 is the circulation, and L is the length scale corresponding to one standard deviation of the
Gaussian vorticity distribution of the vortex, we have

ω(r) =
Γ0

2πL2

(
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r2

2L2

)
(1)
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We can digitise the analytic velocity field over an image grid with each coordinate denoted by (x, y), and
with velocity interrogation spacing, δ to produce a velocity vector flow field, ux,y at a resolution of δ

L . This allows
the effect of velocity field resolution based on the analytical data produced for our computational approach to
be quantified. Note that the tangential velocity at the core is zero despite having a finite vorticity.

2.2 Vorticity Measurement and Statistics of Flow Map

A definition of vorticity is provided by examining the magnitude of rotation of fluid about a specific examined
point. This may be demonstrated by schematic elements in Figure 1(a). For numerical derivation of circulation,
the summation of velocity vectors multiplied by the finite interval distance in the same direction and in the
counter-clockwise direction around this point of measurement is performed. The vorticity ω is obtained by
dividing the local circulation with the sampling or interrogation window that is the finite quantification of the
area swept by this rotational flow. The vorticity is represented by a normal component of the in-plane flow
which passes through the plane.

Note that in order to evaluate such integrals, an appropriate path or region of integration is to be chosen
appropriately. Studies using boxes describing regions of interrogation often enclose the vortex core as the closed
path for evaluating the fluid circulation.7, 12 From the formulation, positive values signify counter-clockwise
(CCW) rotation, whereas negative values represent clockwise (CW) motion of the fluid.
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We perform statistical quantification of the flow properties to characterise the vorticity distribution. The
histogram that is produced based on the percentage of map area versus the vorticity values ω(s−1) throughout
the entire flow map is featured in Figure 1(b). A high resolution of the histogram bins causes the histogram bar
width to be overly small, and we propose the display of a frequency graph using a line that joins the height of
each bar. In addition, we smooth the lines using spline interpolation to provide a more moderate estimation of
the true frequency from each discrete bar height.
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Figure 1: Vorticity measurement and its histogram representation of the computed map. Display of vorticity
and calculations based on vectors along contour of flow around a node or usually a pixel in the flow
vector image. Vorticity computation is based on the curl of vectors about a point of interest. Histogram
depicting the variation of vorticity within the region of analysis gives an indication to the degree
of rotation within the fluid. Flow investigations can be carried out by analyzing these histograms
describing flow maps.

A quantification of average vorticity map value is computed by taking the mean, ωμ, or median, ωm of
the frequency histograms generated from vorticity maps. The magntiude of these parameters is represented
as the blue solid and dash lines, while the centre zero ω line is superimposed onto the frequency graph in
grey. The vorticity standard deviations from the flow map measures the relative scatter around the mean and
median of the vorticity values in the map respectively. Standard deviation σ with respect to μ can be computed
by considering the variation about the mean, and is denoted as σμ. Based on a similar mode of computation,
calculating the degree of variation about the median will give σm.

3. METHODS

Using mathematically generated velocity information based on the Oseen vortex, we have examined the flow
with different vorticity. This allows us to simulate the principal features of a vortical flow in space. We assumed
that the length scale corresponding to one standard deviation of the Gaussian vorticity distribution, L is 1 mm.
The computational domain is (−5L ≤ x ≤ 5L) and (−5L ≤ y ≤ 5L), which is equivalent to (−5 ≤ x ≤ 5) mm
and (−5 ≤ y ≤ 5) mm, whereby (x, y) represents the Cartesian coordinates of the flow field, and the vortex
has been scaled such that its maximum tangential velocity is 10 mms−1. A digital image of 160 by 160 pixels
represents the velocity flow field of this vortex.

We have discussed the concept to generate vorticity which is a means of measuring the angular rotation
of fluid. Based on the measured velocity field, interrogration areas of some defined sizes are varied for the
vorticity calculations, since the aim of our experiment is to test the modification of vorticity quantification based
on changes in the vorticity sampling windows. Regions where the sampling windows are exposed partially
outside the frame at the edge of the image will be padded with zero velocity vectors.
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4. RESULTS
In this study, we apply sampling mask sizes for vorticity computations ranging from (3×3) to (67×67) pix-
els or frames. Each frame has a dimension of 1

16 mm. Therefore we are looking at sampling frame sizes of
(0.189×0.189) to (4.19×4.19) mm. Note that the vorticity map spans 10 mm by 10 mm. The analysis is per-
formed for flow fields with 0%, 5%, 10%, 15%, 20% and 25% noise. As an illustration, we display the flow
results for the set with 10% noise here.

SINGLE VORTEX WITH 10% NOISE
CONTOUR MAP VECTOR MAP HISTOGRAM
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Figure 2: Flow visualisation of Oseen vortex (10% noise). Flow visualisation is performed on the Oseen vortex
flow field with 10% noise added to it. The vorticity contour maps can produce an indication of the
swirling of fluid with different degrees of smoothing relative to the sampling window size of the
vorticity computation in the range of (9×9) to (33×33) pixels size or 5.62 × 10−2 to 2.06 × 10−1 times
relative to the image of 160 by 160 pixels. Histograms pertaining to each and every of the vortex map
are presented in the last column.
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5. DISCUSSION

It is critical to establish a form of measure for reliability of the system to accurately develop vorticity maps of
flow imaged by a given technique. The reliability of the vorticity measurement ρ can be defined as the ratio of
the true vorticity variance to total variance that comprises the true and error components Bohrnstedt83,

ρ =
σ2

True

σ2
True + σ2

Error
, (3)

where σ2
True is the variance pertaining to the vorticity map of the ideal vortex, which is measured using a

(3×3) sampling window size, whereas that of the measured variance given by vortical flow field with noise is
equivalent to σ2

True + σ2
Error. To obtain the error map of a vorticity field measured based on a sampling window

dimension, pixel by pixel differencing between the ideal vorticity image with that of the measured one based
on a different vorticity configuration is conducted. The computation of the error variance in our measurement
is based on the standard deviation of this error map. Reliability curves based on 5 to 25% noise are plotted as
a function of sampling window sizes and shown in Figure 3. The sampling window size ratio is defined as the
ratio of the window dimension in terms of pixels with respect to the vorticity image width.
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Figure 3: Reliability test for single vortex flow fields. Reliability for the flow field ρ calculated based on stan-
dard deviation σμ of flow maps respectively. The variation of vorticity sampling window size can
affect the reliability of computational measurement of the vorticity.

Note that the reliability of vorticity measurement improves for larger sampling window sizes. The optimal
reliability occurs for a specific size and is dependent on the degree of noise added to the vector flow field. From
the graphs, the optimal sampling window to use for vorticity maps based on a single vortical flow with 5, 10,
15, 20 and 25% noise is the (35×35) pixels frame. This corresponds to a metric size ratio of 0.12 mm with respect
to the image width of 160 pixels or 10 mm.

6. CONCLUSION

A statistical framework has been formulated to measure the strength of vortices in a fluid flow. The quantifi-
cation of the vortices is based on the vorticity map of the imaged flow, and can give indications of the rate of
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rotation as well as the number of vortices in a flow system under specified conditions. To validate this system,
we have produced analytical flow field maps for testing vorticity measurements based on different configura-
tions. The experiments show that the sampling window size of vorticity computation plays a role in defining
the vortex accurately when there is noise in the flow measurement.

This paper has outlined the methodology used to obtain the vorticity or strain rates within the imaged
fields in two dimensions. The primary objective of this study is to quantify characteristics of swirling fluid and
therefore we have emphasised on the mathematical and computing aspects of describing flow vorticity and
strains based on flow fields.

Furthermore, flow field sampling for vorticity calculation for different sampling sizes is carried out and re-
sults are statistically presented such that optimal vorticity measurement configuration can be selected. Using
statistical analysis of the vorticity maps, we can deduce the criticality of the system reliability for the measure-
ment of vorticity field. The procedures outlined in this study for assessing reliability can be used as a framework
for determination of the optimised vorticity measurement configuration that is used for vorticity mapping that
aid best in visualisation.
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