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ABSTRACT

Consider a quantization scheme which has the aim of quantizing a signal into N + 1 discrete output states.
The specification of such a scheme has two parts. Firstly, in the encoding stage, the specification of N unique
threshold values is required. Secondly, the decoding stage requires specification of N + 1 unique reproduction
values. Thus, in general, 2N + 1 unique values are required for a complete specification. We show in this paper
how noise can be used to reduce the number of unique values required in the encoding stage. This is achieved
by allowing the noise to effectively make all thresholds independent random variables, the end result being
a stochastic quantization. This idea originates from a form of stochastic resonance known as suprathreshold
stochastic resonance. Stochastic resonance occurs when noise in a system is essential for that system to provide
its optimal output and can only occur in nonlinear systems—one prime example being neurons. The use of noise
requires a tradeoff in performance, however, we show that even very low signal-to-noise ratios can provide a
reasonable average performance for a substantial reduction in complexity, and that high signal-to-noise ratios
can also provide a reduction in complexity for only a negligible degradation in performance.

Keywords: stochastic resonance, suprathreshold stochastic resonance, quantization, optimal quantization, bi-
furcations, noise, analog-to-digital conversion, lossy compression

1. INTRODUCTION

We begin this paper in Section 2 by presenting the basic theory of quantization of a scalar random variable.
This includes discussion of how the noise introduced by quantization is often measured by mean square error
distortion, or by signal-to-quantization-noise ratio. Section 2 also describes an algorithm for finding the optimal
quantization for a given source distribution, in the conventional case of deterministic quantization.

Next, Section 3 describes a form of quantization known as Suprathreshold Stochastic Resonance (SSR). This
phenomenon occurs in arrays of identical threshold devices, which are all subject to independent noise.

Section 4 then examines extension of the SSR situation to arbitrary threshold values, and solves the problem
of optimal quantization when each threshold is subject to independent noise, as the noise intensity varies.

Finally, Section 5 uses the results of Section 4 to discuss how complexity can be traded off against quantizer
performance by increasing the input threshold noise intensity.
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2. QUANTIZATION THEORY

Quantization of a signal, or source quantity, consists of the partitioning of the signal into a discrete number of
intervals, or cells.1 A set of rules specifies which range of values of the signal get assigned to each cell. This
part of a quantization is known as the encoding stage. If an estimate of the original signal is required to be made
from this encoding, then each cell must also be assigned a reproduction value. This part is known as the decoding
stage.

One of the main applications of quantization is in Analog-to-Digital Conversion (ADC) in an electronic circuit.
However, quantization is also used elsewhere, and its theory is equally applicable. For example, quantization
occurs whenever a rounding-off operation is made; in the representation of real numbers in a computer’s archi-
tecture by floating-point or fixed-point representation; in the formation of histograms from real-valued data; and
in numerical integration or numerical solutions to differential equations.

The remainder of this Section discusses the key quantization theory required for this paper.

2.1. Encoding

Consider a quantizer which uses N thresholds, with values θ1, .., θN , to partition an input signal, x, into N + 1
cells or output states. Suppose we label these states as n = 0, .., N , and consider this encoding as a discretely
valued signal, y. Then this signal can be written as a function of x, in terms of the signum (sign) function as

y(x) =
1
2

N∑

i=1

sign(x − θi) +
N

2
. (1)

2.2. Decoding and distortion of a quantizer

Each output state of a quantizer must be assigned a reproduction value in order to reconstruct the original signal.
We define the reproduction value corresponding to output state y = n as z(n). Hence, the decoded output signal
of a quantizer can be written as z(y), to denote that the output is a function of the encoded signal, y.

Unlike sampling a bandlimited signal at the Nyquist rate, quantization of a signal will always cause some
error in a reproduction of the original signal. This error is known as the distortion, or quantization noise, and is
most commonly measured by the Mean Square Error (MSE) between the original signal, x, and the reproduced
signal, z(y(x)).1 Thus, the error signal is defined as a function of x as

ε(x) = x − z(y(x)).

Suppose the input signal, x, is a sequence of iid (independent and identically distributed) samples from a
continuously valued probability distribution, with Probability Density Function (PDF), P (x). If P (x) has support
x ∈ [a, b] then the MSE distortion is

Dms = E[(x − z)2]

=
N∑

i=0

∫ θi+1

θi

(x − z(i))2P (x)dx, (2)

where we take θ0 = a and θN+1 = b.

A commonly used measure of a quantizer’s performance is its signal-to-quantization-noise ratio (SQNR),
which is the ratio of the input signal power to the MSE distortion power. If the input signal has power σ2

x, then
this can be expressed as

SQNR = 10 log10

(
σ2

x

Dms

)
. (3)
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2.3. Uniform scalar quantizers

The most common quantization scheme is the uniform scalar quantizer (USC).1 If the input signal, x, has an
amplitude range between [−mp,mp] then the USC partitions the signal uniformly into N + 1 intervals of width
∆θ = 2mp/(N + 1) by N thresholds. Hence the threshold values required are

θi = −mp

(
1 − 2i

N + 1

)
i = 1, .., N. (4)

For a USC, the reproduction value, z(y), corresponding to the y-th cell, is usually given by the midpoint of
the interval number, y ∈ 0, .., N , in which an input sample lies. This means that

z(y) =
2mp

N + 1
y − Nmp

N + 1
y = 0, .., N. (5)

If we make the assumption that the PDF of the quantization noise, ε(x), is uniform, then it is straightforward
to show that the MSE distortion is (∆θ)2/12, that is,

Dms =
m2

p

3(N + 1)2
. (6)

This assumption is only strictly true for a uniformly distributed input signal, however if ∆θ is small—that is,
N is reasonably large—and the signal PDF is reasonably smooth, then this is a reasonable approximation.2

Substituting Eqn. (6) into Eqn. (3) gives

SQNR = 3(N + 1)2
σ2

x

m2
p

. (7)

2.4. Optimal quantization

For source distributions that are not uniform, the USC does not give the minimum possible MSE distortion.
To achieve such a goal, it is necessary to find both the optimal thresholds, as well as the optimal reproduction
values. For a source PDF, P (x), with support, x ∈ [a, b], it is well known that necessary conditions for optimal
MSE quantization2 are, (i) that the reproduction values are given by the centroids of the corresponding cell,

z(i) =

∫ θi+1

θi
xP (x)dx

∫ θi+1

θi
P (x)dx

, i = 0, .., N, (8)

where θ0 = a and θN = b, and (ii) that the optimal thresholds satisfy

θi =
z(i − 1) + z(i)

2
, i = 1, .., N. (9)

It can be shown that the MSE resulting from the reproduction values of Eqn. (8) is given by

Dms = E[x2] −
N∑

i=0

Py(i)z(i)2, (10)

where Py(i) =
∫ θi+1

θi
P (x)dx.
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2.5. Lloyd Method I

Note that Eqns. (9) and (10) are mutually dependent on each other. However the thresholds and reproduction
points that minimize Dms can be found by a simple iterative procedure known as the Lloyd Method I algorithm,2, 3

which is a commonly used technique for finding the optimal quantization for a given source PDF. This algorithm
begins with an initial guess for the reproduction values, and then finds the optimal thresholds for those values,
from Eqn. (9). Given these new thresholds, a new set of reproduction values are found from Eqn. (8), and the
new Dms from Eqn (10). This new Dms can be shown to be smaller than the previous Dms. This iteration
is repeated until Dms no longer decreases, at which point the optimal thresholds and reproduction values have
been found.

Fig. 1(a) shows the result of using the Lloyd Method I algorithm to find the optimal thresholds and repro-
duction values for a zero mean, unity variance Gaussian source. It is clear from this figure that each threshold is
midway between each reproduction value, and that the size of each cell increases towards the tails of the source
PDF.

Fig. 1(b) shows the SQNR that results from optimally quantizing the Gaussian source as N increases. Clearly,
increasing N means that the SQNR increases, as we would expect from a finer quantization.
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Figure 1: Fig. 1(a) shows the optimal MSE distortion thresholds and reproduction values, as calculated by
the Lloyd Method I algorithm, for N = 15 and a Gaussian source with zero mean, and unity variance. The
values of the thresholds are shown on the x–axis with crosses, and the values of reproduction points are shown
with squares. The PDF itself is plotted on the y–axis, against x, to indicate how the optimal thresholds and
reproduction values vary as the height of P (x) varies. Fig. 1(b) shows how the SQNR of an optimally scalar
quantized unity variance Gaussian source increases with N . Values of N shown are 1, 2, .., 15, as well as 31, 63
and 127.

2.6. Complexity of a scalar quantizer

We define the complexity of a quantizer as the number of unique values required to completely describe its
encoding and decoding operations. We have seen that specification of a scalar quantizer requires specification
of N threshold values and N + 1 reproduction points. Therefore, a total of 2N + 1 unique values are required
for a given source PDF, and the quantizer’s complexity increases linearly with N . We have also seen that the
MSE distortion decreases with N . If it is assumed that the quantization noise distribution is uniform, then from
Eqn. (6), the MSE distortion decreases in O(1/N2).

Although this measure of complexity is not the same “kind” of complexity found in many natural systems,
the number of unique values required to implement a quantizer is an important constraint in practical quantizer
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design, such as in an ADC implementation. As N increases, the difference between consecutive threshold values
decreases, and due to non-idealities like voltage noise, it becomes more difficult to maintain the ideal values.

The next section now describes a form of stochastic quantization. It is necessary to begin with the historical
background to this work, by giving a brief overview of stochastic resonance.

3. STOCHASTIC QUANTIZATION

3.1. Stochastic resonance

Stochastic Resonance (SR), although a term originally used in a very specific context, is now a term broadly
applied to any phenomenon where the presence of internal noise or external input noise in a nonlinear system
provides a better—according to some measure of performance—system response to a certain input signal than
in the absence of noise.4–7 The key term here is nonlinear. SR cannot occur in a linear system—linear in this
sense means that the output of the system is a linear transformation of the input of the system.

SR has been widely observed throughout nature—it has been discovered in such diverse systems as climate
models,8 electronic circuits,9 differential equations,10 lasers,11 neural models,12, 13 physiological neural
populations,14 simple threshold devices,15, 16 chemical reactions,17 ion channels,18 SQUIDs (Superconducting
Quantum Interference Devices),19 ecological models,20 financial models,21 and even social systems.22

SR is often described as a counter-intuitive phenomenon. This is largely due to its historical background,
since in the first decade and a half since its discovery in 1980,8 virtually all research into SR considered only
systems driven by periodic—most often a sine-wave—input signals and broadband noise. In such systems, a
natural measure of system performance is the output signal-to-noise ratio (SNR). In linear systems driven by
periodic input signals—in fact, any linear system—it is well known that the output SNR is maximised in the
absence of noise. When systems are analysed in terms of SNR, it is the norm to implicitly assume that noise
is a problem, usually with good reason. Hence, observations of the presence of noise in a system providing the
maximum output SNR are often seen to be highly counter-intuitive.

However, although not all noise can be described well as a random variable—it can, for example be constant or
deterministic (even chaotic)—workers in the field have tended to focus on the stochastic case. The most common
assumption is that the noise is Gaussian and white. When it is noted that there are many examples of systems or
algorithms where randomness is of benefit, SR does not seem quite so counter-intuitive. Examples include Brow-
nian ratchets23—mechanical applications of this idea include self-winding (batteryless) wristwatches24; dithering
in analog-to-digital conversion25, 26; Parrondo’s games27; noise induced stabilisation28, 29; noise induced synchro-
nisation30; the use of mixed (probabilistic) optimal strategies in game theory31; neural network generalization7;
and random search optimization algorithms, such as genetic algorithms32 and simulated annealing.33

The distinguishing feature of SR that sets it apart from most of the above list is that SR is usually understood
to occur in systems where there are well-defined input and output signals and the optimal output signal, according
to some measure, occurs for some non-zero level and type of noise. As mentioned, SR was initially considered to
be restricted to the case of periodic input signals. However, now it is used as an all encompassing term, whether
or not the input signal is a periodic sine-wave, a periodic broadband signal, or aperiodic. An appropriate measure
of output response depends on the task at hand, and the form of input signal. For example, for periodic signals
and broadband noise, SNR is used, but for random aperiodic signals, mutual information16 or correlation based
measures34 are more appropriate.

3.2. Suprathreshold stochastic resonance

One recent addition to the diverse range of SR results was the first observation of SR in a system consisting of
many identical threshold devices subject to iid additive noise. In such a system, if each threshold device receives
the same input signal, and the overall output is the sum of the individual threshold outputs, then SR occurs
irrespective of whether the input signal is entirely subthreshold or not. This is in contrast to all prior studies on
SR in simple threshold based systems, since for a single threshold device, and suprathreshold signals, SR effects
disappear. Hence, the occurrence of SR in such a system was entitled Suprathreshold Stochastic Resonance
(SSR).35, 36 The initial work considered the input to the array of thresholds to be iid samples from a Gaussian
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S
 

or uniform distribution, and the iid noise on each threshold to likewise be samples from a Gaussian or uniform
distribution. The measure used was the mutual information between the input signal and the discretely valued
output. The system in which SSR occurs is shown in Fig. 2, can be modelled mathematically as follows.

Figure 2: Array of N threshold devices. Each threshold device receives the same input signal, x, but is subject to
independent additive noise, ηi. The output from threshold device i is unity if the sum of the signal and noise is
greater than that devices’s threshold, θi, and zero otherwise. The overall output, y, is the sum of the individual
device outputs. For SSR, all thresholds are set to the same value, so that θi = θ ∀ i. In the absence of noise,
and for θ1 < θ2 <, .., < θN , this model also describes a flash ADC.

Let the number of threshold devices be N . The i-th threshold device is subject to continuously valued iid
additive noise, ηi (i = 1, .., N), drawn from a distribution with PDF R(η). The output from each device, yi, is
unity if the input signal, x, plus the noise is greater than that device’s threshold, θi, and zero otherwise. All
outputs are summed to give the overall output signal, y. Hence, y is a discrete encoding of the input taking
on integer values between 0 to N . This signal is therefore the number of devices that are “on” for each signal
sample. For SSR, all thresholds are set to the same value, so that θi = θ ∀ i. However, for arbitrary thresholds
we have

y(x) =
1
2

N∑

i=1

sign[x + ηi − θi] +
N

2
.

Note the similarity between this formula, and that of Eqn. (1). For the particular case of SSR, the difference
is that now all threshold values are identical, rather than unique. Also, for arbitrary thresholds, due to the
independent noise, y(x) is now a random variable, rather than deterministic for a given input signal value, x.

Due to the nondeterministic encoding of an input value x to an output state n, the key function required
to measure the system’s performance is the joint PDF between the input and output signals, Pxy(x, y). We
commence by deriving a method of calculating Pxy(x, y) for the general case of N arbitrary thresholds, and then
simplify to the SSR case of all thresholds equal to the signal mean. We denote the PDF of the input signal
as P (x) and the probability mass function of the output as Py(n). Then we have, as a consequence of Bayes’
theorem,

Pxy(x, y) = P (y = n|x)P (x).

We will refer to the set of conditional probabilities, P (y = n|x) as the “transition probabilities,” and abbreviate
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the notation used to P (n|x). Integration of the joint probability with respect to x gives

Py(n) =
∫ ∞

−∞
P (n|x)P (x)dx n = 0, .., N.

Recall we assume that the noise is iid at each comparator. Let P̂i(x) be the probability of device i being “on”
(that is, signal plus noise exceeding the threshold θi), given the input signal, x. Then

P̂i(x) =
∫ ∞

θi−x

R(η)dη = 1 − FR(θi − x), (11)

where FR(·) is the cumulative distribution function of the noise and i = 1, .., N . If the noise has an even PDF
then P̂i(x) = FR(x − θi). In general, it is difficult to find an analytical expression for P (n|x) and we will rely
on numerics. Given any arbitrary N , R(η), and {θi}, {P̂i(x)} can be calculated exactly for any value of x from
Eqn. (11), from which P (n|x) can be found using an efficient recursive formula.37 For the particular case when
the thresholds all have the same value, then each P̂i(x) has the same value P̂ (x) and, as noted by Stocks35 we
have the transition probabilities given by the binomial distribution as

P (n|x) = CN
n P̂ (x)n(1 − P̂ (x))N−n n = 0, .., N.

Using the transition probabilities, it is possible to calculate the mutual information between the system input
and output.35, 37 However, in line with conventional quantization theory, we will find a decoding of y that
approximates reconstructs the input signal, and examine the MSE distortion performance.38

Let the output of the array of comparators be decoded so that each value of y = 0, .., N is decoded to
ŷ ∈ [ŷ0.., ŷN ], where ŷn is the reproduction value for encoded value n. Thus, the MSE distortion is

Dms =
∫ ∞

−∞

N∑

n=0

(x − ŷn)2P (n|x)P (x)dx. (12)

Note that unlike the MSE distortion for a deterministic quantizer as given by Eqn. (2), for noise PDFs with
infinite support, all output states are now achievable for any input value. Thus, the integral in Eqn. (12) is over
all x, and we require knowledge of the transition probabilities, P (n|x).

Just as with the conventional deterministic scalar quantizer, we can find the optimal MSE distortion decoding.
We label the output signal resulting from this decoding as x̂. Each value of this decoding is the expected value
of x given y,2 which is

x̂n = E[x|n] =

∫ ∞
−∞ xP (x)P (n|x)dx
∫ ∞
−∞ P (x)P (n|x)dx

n = 0, .., N. (13)

Again, note the similarity between Eqn. (13) and Eqn. (8). Just as with the distortion, the integrations are now
over all x, and the reproduction values depend on the transition probabilites. Using this decoding, then we have
the Minimum Mean Square Error (MMSE) distortion,

MMSE = E[x2] − E[x̂2
n]. (14)

Noting that E[x] = E[x̂] = 0, the MMSE is the difference between the variance of the input signal and the
variance of the optimally decoded output signal, just as with the deterministic scalar quantizer.

In line with the original SSR work,35 we define the input noise intensity as the square root of the ratio of
noise power to signal power, σ2 = σ2

η/σ2
x. This is the inverse of the input SNR.

Fig. 3(a) shows for various N , the MMSE distortion for a unity variance Gaussian source, for Gaussian noise,
as a function of noise intensity, σ. It is clear that SR occurs, since the distortion is minimized for a nonzero
value of σ. As N increases the distortion decreases for all σ, and the value of σ at which the minimum distortion
occurs increases towards unity. This value corresponds to an input SNR of 0 dB.

Fig. 3(b) shows the SQNR performance of SSR, at the optimal value of σ, as a function of N , compared with
the optimal noiseless SQNR as a function of N . We can see that SSR can achieve the same SQNR as an optimal
noiseless scalar quantizer, but to do this, requires a larger value of N . For example, SSR with N = 63 (6 bit
output), provides about the same SQNR performance as a noiseless quantizer with N = 7 (3 bit output).
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Figure 3: Fig. 3(a) shows for various N , the MMSE distortion for a unity variance Gaussian source, for Gaussian
noise, as a function of noise intensity, σ. As N increases the distortion decreases for all σ, and the value of σ at
which the minimum distortion occurs increases towards unity. This value corresponds to an input SNR of 0 dB.
Fig. 3(b) shows the SQNR performance of SSR, at the optimal value of σ, as a function of N , compared with
the optimal noiseless SQNR as a function of N .

4. OPTIMAL STOCHASTIC QUANTIZATION

We now aim to find the threshold values that minimize the MSE distortion in the quantization model shown in
Fig. 2, as a function of input noise intensity. This goal can be formulated as the following nonlinear optimization
problem:

Find: min
{θi}

MMSE

subject to: {θi} ∈ R
N . (15)

The solution to Problem (15) in the absence of noise is exactly the optimal solution found by the Lloyd Method
I algorithm. However, for nonzero noise, although we have Eqn. (13) for the optimal reproduction values, which
implicitly depend on the threshold values, via the transition probabilities, we do not have a necessary condition
for the optimal thresholds. Hence, it is not possible to solve Problem (15) using an iterative descent method like
the Lloyd Method I algorithm.

However, it is possible to solve Problem (15) numerically using standard unconstrained non-linear optimiza-
tion methods such as the conjugate gradient method.39 The main problem with such an approach is that the
objective function is not convex in {θi}, and there exist many local optima. This problem can be overcome
by employing random search techniques such as simulated annealing,33 or by solving for many different initial
threshold values.

4.1. Results

We present here, as an example, results for the optimal quantization obtained by solving Problem (15) for
Gaussian signal with unity variance, and Gaussian noise, for N = 5. Fig. 4(a) shows the optimal thresholds
plotted against increasing noise intensity, σ. The optimal noiseless thresholds, as calculated by the Lloyd method
I are shown with crosses at σ = 0. Fig. 4(a) also shows the optimal reconstruction values as a function of σ.
Fig. 4(b) shows the MMSE distortion obtained with the optimal thresholds, and for comparison, the MMSE for
SSR.
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Figure 4: Fig. 4(a) shows the thresholds (circles) and reconstruction values (thick lines) that minimize the
MMSE, against increasing σ, for N = 5 and a zero mean Gaussian source with unity variance, and Gaussian
noise. The optimal noiseless thresholds are shown with crosses, and the optimal noiseless reproduction values
with squares. Fig. 4(b) shows the MMSE that results from the optimal quantization of Fig. 4(a), compared with
the MMSE from the SSR situation.

4.2. Discussion

Fig. 4(b) shows that the MMSE distortion obtained with the optimal thresholds is strictly increasing with
increasing σ. This means that no SR effect is seen for optimized thresholds. The MMSE for SSR with N = 5
is shown for comparison. As σ increases, the difference in MMSE between the two cases decreases, until for
σ � 0.8, SSR becomes optimal.

From Fig. 4(a), we observe, firstly, that for very small noise, the optimal thresholds are consistent with the
optimal noiseless values. There does not appear to be a discontinuity in the optimal thresholds as the noise
intensity increases from zero to some small nonzero value. However, the most striking feature is the fact that
bifurcations are present. For σ between zero and some critical value greater than zero, the optimal placement
of the 5 thresholds are at unique values. However, for larger σ, a bifurcation occurs, and some of the optimal
thresholds coincide to the same value. As σ increases, more bifurcations occur, and increasing fractions of the
total number of thresholds tend to cluster to fewer identical values.

The bifurcation structure is quite surprising, but appears to be fundamental to the problem type, as we have
found similar bifurcation structures in the optimal threshold settings for measures other than MMSE, including
mutual information,40 and other signal and noise distributions. Finally, it is evident that above a certain value
of σ the SSR situation is optimal. That is, the optimal quantization for large noise is to set all thresholds to the
signal mean.

The discontinuous bifurcations in the optimal threshold diagram are due to the presence of many locally
optimal threshold configurations. In fact, numerical experiments find that for every value of σ, there is at least
one locally optimal solution—that is a set of threshold values giving a gradient vector of the MMSE distortion
with respect to {θi} of zero—corresponding to every possible integer partition of N . For each partition, there
are as many locally optimal solutions as there are unique orderings of that partition. For small σ, all of these
local optima are unique. As σ increases, more and more of these local optima bifurcate continuously to become
coincidental with other local optima.

Due to this structure, it is very difficult to find the exact optimal solution for larger N . However, we have
found that many of the local optima provide a MMSE distortion very close to optimal. Therefore, if we are only
interested in finding solutions that are close to optimal, we are able to approximately solve Problem (15) for
larger N . If we do this, we find a bifurcation structure like that shown in Fig. 4(a) persists, but that the value
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of σ for which the first bifurcation occurs decreases, and that there are many more bifurcations. This means
that even for small values of noise intensity, it is not optimal to have N unique threshold values—i.e. some of
the threshold values can be identical. We can exploit this fact to reduce the complexity of quantization. An
example of this is given in Section 5.

5. NOISE VS COMPLEXITY TRADEOFF

We now comment on how, even very low input SNRs, a reasonable average performance for a substantial reduction
in complexity can be achieved in a quantizer. For large input SNRs, we can also provide a reduction in complexity
for only a negligible degradation in performance.

5.1. SSR

We saw in section 3 that for large σ—that is, a small input SNR—the same MSE distortion can be achieved by
SSR as for the optimal thresholds in the absence of noise. However, this requires that we use a larger value of N
in the SSR situation. Alternatively, we can tradeoff complexity for performance, since, for the same value of N ,
although SSR does not achieve as good a distortion as an optimal quantizer in the absence of noise, it requires
only a single threshold value to be specified, instead of N .

5.2. Arbitrary thresholds

Since we would always desire as small a distortion as possible, it is preferable to try to operate a quantizer under
small input SNR conditions. Our results for SSR show that for small input SNRs, the distortion performance
degrades rapidly with decreasing σ. However, our observations in Section 4 indicate that the performance for
small σ can be improved from the SSR situation without resorting to N unique thresholds, simply by clustering
a number of thresholds at a small number of unique values.

Hence, we solve Problem (15) for a given N , under the constraint that only some fraction of the N threshold
values are allowed to be unique. We consider, as an example, N = 16, and the cases of (i) 2 unique threshold
values, with two clusters of size 8; and (ii) 4 unique threshold values, with clusters of size 4.

The optimal thresholds resulting from solving these problems are shown in Figs. 5(a) and 5(b). The resultant
MMSE distortion is shown in Fig. 5(c).

We can see from Fig. 5(c), that for small σ, the MMSE distortion is decreased by increasing the number of
clusters of unique threshold values, while for larger σ, it is optimal to have less clusters. In each situation we can
see that SR occurs, since the optimal noise intensity is nonzero. However, as the number of clusters increases,
this noise intensity decreases, and the optimal MMSE distortion at this noise intensity improves.
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(a) N = 16, two clusters
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(b) N = 16, four clusters
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(c) N = 16, MMSE comparison

Figure 5: Figs. 5(a) and 5(b) show the optimal values of two threshold clusters and four threshold clusters for
N = 16, and Gaussian signal and noise, as a function of σ. The resultant MMSE distortion for these two cases,
as well as for SSR, is shown in Fig. 5(c).
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6. CONCLUSIONS

We have demonstrated in this paper how noise can be used to tradeoff performance for complexity in a quan-
tization scheme. This phenomenon relies on the assumption of independent threshold noise. Such a situation
could occur when quantization of data is required to be made by widely spatially separated sensors, and there-
fore may have applications for distributed sensor networks. Alteratively if each threshold is required to operate
sequentially in time for every signal sample, independent noise may result. This work may also be relevant to
our understanding of how sensory neurons encode information. It has previously been shown that SSR can occur
in arrays of neuron models,41 and SSR has been applied to cochlear implant encoding.42
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