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A B S T R A C T

For linearly estimating the input signal, the optimization of suprathreshold stochastic resonance in an array
of 𝑁 parallel 𝑀-ary quantizers is theoretically investigated. We first prove that the mean square error (MSE)
of the designed quantizer-array is a convex functional with respect to the cumulative probability function
(CDF) of the added noise. Then, for an arbitrary input signal and the quantization interval being 𝑁 times the
decoding step size, we theoretically demonstrate that minimum MSE distortion can be obtained for optimal
added uniform noise. Furthermore, for a uniform input signal, the optimality condition also holds if the system
parameters and the boundary of the signal satisfy an inequality constraint condition. Moreover, under this
condition, the optimal parameters of the quantizer-array can be also determined exactly. By applying both
the optimal added noise and optimal parameters to the quantizer-array, the MSE can be further improved for
larger array size 𝑁 or quantization order 𝑀 . Finally, the optimal added noise is also discussed for minimizing
distortions of the quantizer-array linear estimation in the presence of the background noise.
1. Introduction

Noise is ubiquitous especially in complex systems. In general, it
arises from environmental perturbations, the natural random variation
of the system parameters, or internal thermal fluctuations [1]. Noise
used to be thought detrimental in any circumstance, but the fact is
that it can play a constructive role [2–5]. For instance, the presence
of noise may increase the degree of order rather than disorder [1],
which turns out to be beneficial. Intentionally added noise to the
inputs of convolutional neural networks (CNNs) has been shown to
enhance deep learning [6]. The response to noise can even shape the
behavior of systems. Cavagna et al. discovered that animal groups such
as bird flocks work in a self-organized way so as to acquire a better
global response to environmental perturbations under the pressure of
predation [7]. The main proponent, Parisi, was awarded the 2021
Nobel Prize in Physics for his contributions to ‘‘the discovery of the
interplay of disorder and fluctuations in physical systems from atomic
to planetary scales’’ [8].

In certain nonlinear dynamic systems, noise can assist weak signals
in crossing the potential barrier, thereby improving the performance of
these systems. This effect was first introduced by Benzi et al. under the
name ‘‘stochastic resonance’’ (SR) [2]. Besides, noise can also be ben-
eficial for inducing phase transitions [9–14] or enhancing the stability
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of metastable states [15–17]. Such noise-induced effects have also been
referred to as noise-enhanced [18–20], noise-aided effects [21,22], or
stochastic facilitation [4,23] in subsequent studies. To date, noise-
induced effects have been observed in a wide variety of natural or
artificial systems in physics [24–26], biology [19,27,28], ecology [29,
30], engineering [31–33], etc. The type of noise is usually assumed
to be Gaussian due to its convenient statistical properties [34–36].
However, non-Gaussian noise has been observed in numerous sys-
tems [25,37,38]. For those types of noise exhibiting abrupt jumps
and rapid variations, an 𝛼-stable Lévy distribution provides a better
description [12,28,39]. The exploration of the constructive role of
non-Gaussian noise is also very interesting in many practical situations.

In the early days of SR research, the signal was required to be
below the potential barrier or the crossing threshold of the system [36,
40–43]. Notwithstanding, Stocks discovered that, in multilevel thresh-
old systems, the noise-enhanced effects can be extended to the case
of suprathreshold signal strengths [44,45], this is the suprathresh-
old SR (SSR). Accordingly, this effect in multilevel threshold systems
has received considerable attention due to potential applications in
analog-to-digital converters [31,35,46], cochlear implants [34,47], sig-
nal detection and estimation [37,48,49], neural modeling [35,50–55],
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neural networks [56–58], and so on. The performance measurements of
the SSR effect involve mutual information [59–61], output signal-to-
noise ratio (SNR) [23,62], signal-to-quantization-noise ratio [63–65],
Fisher information [23,66], input–output cross correlation [37,67],
mean square error (MSE) [68–70], etc.

The SSR effect has been extensively discussed in multilevel thresh-
old systems consisting of parallel binary quantizers [19,32,44,45]. A
large number of discussions concern the optimal system parameters for
a given added noise type. If all the binary quantizers are identical,
the transmitted information evaluated by the mutual information is
maximized when all thresholds are set to coincide with the signal
mean [45]. Otherwise, if the thresholds in different binary quantizers
vary independently, the optimal threshold distributions depend on the
input SNR [62,71]. For signal estimation or reconstruction, a decoder
is usually connected to a multilevel threshold system. In terms of
linear decoding criteria, the decoding step size that minimizes the
MSE depends on both the signal and the multilevel threshold system
according to Wiener optimal linear decoding [32]. Furthermore, the
output of each quantizer is endowed with a weight coefficient, and the
optimally weighted quantizer array is proven to provide a lower MSE
in comparison with the unweighted array [72,73].

Since the addition of noise can be arbitrarily designed to improve
the system performance within the framework of SR, then finding the
optimal type of added noise becomes an interesting question [74–
76]. Particularly, for an array of identical binary quantizers, optimal
types of noise have been studied analytically [61,69,77]. If the input
signal is discrete (binary), the optimal added noise that maximizes the
mutual information is found to have a finite distribution form [61].
In contrast, for a continuous signal, the corresponding optimal added
noise becomes a constant bias [61]. It is proven that uniform noise
gives the fastest MSE decrease in the small-noise limit among all zero-
symmetric scale-family noise types with finite variance [69]. Further,
the uniform noise, among all types of added noise, is also proven to
yield the lowest MSE distortion of parallel binary quantizer-arrays on
signal quantization [77].

McDonnell et al. extended the binary quantizer-array to the M -ary
situation and discussed M -ary SSR behaviors in terms of mutual infor-
mation [35] and signal-to-quantization-noise ratio [63]. In [35], the
𝑀-ary quantizer-array assisted by added Gaussian noise is investigated
as a case study of a stochastic pooling network. The loss in the mutual
information before and after pooling by summation shows a double
peak as the input SNR increases. In [63], the scaling of the optimal
input SNR as well as the maximum signal-to-quantization-noise ratio
was analyzed numerically for a uniformly distributed signal buried
in the added Gaussian noise. Subsequently, the corresponding signal-
dependent noise situation was considered [64], and the effects of three
different threshold boundaries on 𝑀-ary SSR were compared [64].
Optimal weights and threshold distributions under the assumptions of
Gaussian distributed signal and noise were discussed in [65], which
indicates that the random thresholds are the optimal thresholds setting
in the context of 𝑀-ary SSR.

However, for the 𝑀-ary quantizer-array, the added noise type
is usually assumed aforehand and the research conclusions are only
elicited on time-consuming numerical experiments. Analytical studies
are needed and the optimal type of noise for 𝑀-ary SSR is still
unknown. Therefore, in this study, we theoretically investigate the
optimization of M -ary SSR for minimizing distortion in quantizer-array
linear estimation. First, we theoretically prove the optimal added noise
type under certain conditions for an arbitrary input signal. Second, we
analytically derive the optimal parameters of the designed quantizer-
array, including the quantization level interval and linear decoding
step size, for uniform input signal buried in added optimal uniform
noise. The rest of the paper is organized as follows: Section 2 describes
the model and performance metric. Section 3 explores the optimal
added noise in 𝑀-ary quantizer-array. Section 4 discusses the optimal
parameters of quantizer-array for a uniform input signal. Section 5
analyzes the optimal added noise for minimizing MSE distortion in the
2

presence of background noise. Finally, Section 6 concludes the paper.
Fig. 1. Schematic diagram of the 𝑀-ary quantizer-array connected to a linear decoder
ℎ(⋅). This parallel array consists of 𝑁 quantizers. Each quantizer, modeled by the same
quantization function 𝑔(⋅), is subject to the same signal 𝑥 but mutually independent
added noise components 𝜂𝑖 with the common probability distribution. The outputs of
each quantizer are 𝐼𝑖 ∈ {0, 1,… ,𝑀} for 𝑖 = 1, 2,… , 𝑁 . The summation 𝐼 =

∑𝑀
𝑖=1 𝐼𝑖

belongs to the set of {0, 1,… , 𝑁𝑀}.

2. Model

2.1. Definitions and notation

As shown in Fig. 1, the 𝑀-ary quantizer-array consists of 𝑁 parallel
quantizers 𝑔(⋅) and a linear decoder 𝑦 = ℎ(𝐼). Each quantizer is
subject to the same zero-mean signal 𝑥 but with independently identical
distributed (i.i.d.) noise components 𝜂𝑖(𝑡) for 𝑖 = 1, 2,… , 𝑁 . The 𝑀
quantization levels of each quantizer are denoted by {𝑢1, 𝑢2,… , 𝑢𝑀} and
are supposed to be equally spaced. Specifically, the initial level

𝑢1 =

⎧

⎪

⎨

⎪

⎩

0, 𝑀 = 1,

−𝐿𝑢, otherwise,
(1)

and 𝑢𝑘 = 𝑢1 + 𝛥𝑢(𝑘 − 1) for 𝑘 = 2, 3,… ,𝑀 . Here, 𝐿𝑢 represents the
positive boundary of the quantization levels. The interval 𝛥𝑢 is set to
2𝐿𝑢∕(𝑀 − 1) so that {𝑢1, 𝑢2,… , 𝑢𝑀} are unbiased on [−𝐿𝑢, 𝐿𝑢]. Each
quantizer is modeled by the quantization function

𝑔(𝑥) = 𝑘, 𝑥 ∈ [𝑢𝑘, 𝑢𝑘+1) (2)

for 𝑘 = 0, 1,… ,𝑀 , where 𝑢0 = −∞ and 𝑢𝑀+1 = +∞. Hence, the output
𝐼𝑖 = 𝑔(𝑥+𝜂𝑖) of the 𝑖th quantizer takes values from the set {0, 1,… ,𝑀},
and the summation 𝐼 =

∑𝑁
𝑖=1 𝐼𝑖 of the quantizer-array belongs to the

set {0, 1,… , 𝑁𝑀}. For estimating the input signal, the linear decoder
in Fig. 1 is given by

𝑦 = ℎ(𝐼) = 𝛥𝑦𝐼 −
𝛥𝑦𝑁𝑀

2
(3)

with the decoding step size 𝛥𝑦. Then, the values of 𝑦 are equally spaced
on the interval [−𝛥𝑦𝑁𝑀∕2, 𝛥𝑦𝑁𝑀∕2].

2.2. MSE distortion of the designed quantizer-array

In order to measure the distortion between the input signal and the
decoder, we employ the MSE calculated as [77]

𝐷 = E
[

(𝑦 − 𝑥)2
]

= ∫

+∞

−∞ ∫

+∞

−∞
𝑝𝑥(𝑥)𝑝𝑦|𝑥(𝑦|𝑥)(𝑦 − 𝑥)2 d𝑥d𝑦

= ∫

+∞

−∞
𝑝𝑥(𝑥)

{𝑁𝑀
∑

𝑘=0
𝑃 {𝐼 = 𝑘|𝑥} [ℎ(𝑘) − 𝑥]2

}

d𝑥

= ∫

+∞

−∞
𝑝𝑥(𝑥)

{

𝛥2
𝑦E[𝐼

2
|𝑥] + 2𝛥𝑦(𝑦0 − 𝑥)E[𝐼|𝑥] + (𝑦0 − 𝑥)2

}

d𝑥

(4)

to evaluate the estimated performance of the designed quantizer-array.
Here, 𝑝𝑥 is the probability density function (PDF) of the input 𝑥,
𝑝 (𝑦|𝑥) is the conditional PDF of 𝑦 given 𝑥, and 𝑦 represents ℎ(0) for
𝑦|𝑥 0
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n
s

d

(

𝑥

simplicity. The conditional expectations of 𝐼 and 𝐼2 given 𝑥 are denoted
by E[𝐼|𝑥] and E[𝐼2|𝑥], which can be expressed as Eqs. (A.4) and (A.5)
(see Appendix A), respectively.

Substituting Eqs. (A.4) and (A.5) into Eq. (4) gives

𝐷 =∫

+∞

−∞
𝑝𝑥(𝑥)

{

𝛥2
𝑦𝑁(𝑁 − 1)

[ 𝑀
∑

𝑘=1
𝐹𝜂(𝑢𝑘 − 𝑥) −𝑀

]2

+ 𝛥𝑦𝑁
𝑀
∑

𝑘=1
𝐹𝜂(𝑢𝑘 − 𝑥)

(

𝛥𝑦 − 2𝛥𝑦𝑘 − 2𝑦0 + 2𝑥
)

+ 2𝑁𝑀𝛥𝑦(𝑦0 − 𝑥) + (𝑦0 − 𝑥)2 + 𝛥2
𝑦𝑁𝑀2

}

d𝑥,

(5)

where 𝐹𝜂 is the cumulative density function (CDF) of the added noise
and 𝐷 is a functional of 𝐹𝜂 . Our main aim is to find the optimal CDF
𝐹 opt
𝜂 that minimizes the MSE 𝐷, that is:

𝐹 opt
𝜂 = arg min

𝐹𝜂∈F
𝐷(𝐹𝜂), (6)

where F is the set of CDFs of all random variables.

3. Optimal added noise for the designed quantizer-array

For any 𝛼 ∈ [0, 1] and 𝐹𝜂 , 𝐹𝜂′ ∈ F , it is easy to verify that
𝛼𝐹𝜂 + (1 − 𝛼)𝐹𝜂′ ∈ F , indicating that F is a convex set. Moreover,

𝐷
[

𝛼𝐹𝜂 + (1 − 𝛼)𝐹𝜂′
]

−
[

𝛼𝐷(𝐹𝜂) + (1 − 𝛼)𝐷(𝐹𝜂′ )
]

= 𝛥2
𝑦𝑁(𝑁 − 1)∫

+∞

−∞
𝑝𝑥(𝑥)

{

−𝛼

[ 𝑀
∑

𝑘=1
𝐹𝜂(𝑢𝑘 − 𝑥) −𝑀

]2

− (1 − 𝛼)

[ 𝑀
∑

𝑘=1
𝐹𝜂′ (𝑢𝑘 − 𝑥) −𝑀

]2

+

[

𝛼
𝑀
∑

𝑘=1
𝐹𝜂(𝑢𝑘 − 𝑥) + (1 − 𝛼)

𝑀
∑

𝑘=1
𝐹𝜂′ (𝑢𝑘 − 𝑥) −𝑀

]2 }

d𝑥

= 𝛥2
𝑦𝑁(𝑁 − 1)𝛼(𝛼 − 1)

× ∫

+∞

−∞
𝑝𝑥(𝑥)

{ 𝑀
∑

𝑘=1

[

𝐹𝜂(𝑢𝑘 − 𝑥) − 𝐹𝜂′ (𝑢𝑘 − 𝑥)
]

}2

d𝑥 ≤ 0.

(7)

Hence, 𝐷(𝐹𝜂) is a convex functional defined on F , and the global
optimization problem in Eq. (6) can be solved with local optimization
methods. For 𝑁 > 1 and 𝑀 = 1, the optimal noise that minimizes MSE
has been proven to be uniform for any signal [77]. For 𝑀 > 1, we prove
that if either of the following conditions

(C-1) 𝛥𝑦 = 𝛥𝑢∕𝑁 ,
(C-2) the signal 𝑥 uniformly distributed on [−𝐿𝑥, 𝐿𝑥], 0 ≤ 𝐿𝑢 ≤ 𝐿𝑥 and

𝛥𝑦(𝑁 − 1) ≤ 2min
{

𝐿𝑥 − 𝐿𝑢, 𝐿𝑢∕(𝑀 − 1)
}

is satisfied, the optimal added noise with the PDF

𝑝𝜂(𝑥) =

⎧

⎪

⎨

⎪

⎩

1
𝛥𝑦(𝑁−1) , 𝑥 ∈ [− 𝛥𝑦(𝑁−1)

2 ,
𝛥𝑦(𝑁−1)

2 ],

0, otherwise
(8)

corresponds to the minimum MSE. Note that the condition (C-1) places
no limitation on the type of signal. Proofs of the optimal noise PDF
under the condition (C-1) or (C-2) are shown in Appendix B.

It is seen from Eq. (8) that, for only one quantizer (𝑁 = 1), the PDF
of the optimal noise reduces to the Dirac delta function 𝛿(𝑥), indicating
that the MSE is minimized in the absence of added noise. Thus, the
SSR effect does not appear in this case. For the array size 𝑁 > 1,
Eq. (8) indicates that the added noise can be beneficial, and the optimal
noise is uniformly distributed. Fig. 2 plots the MSE log2(𝐷) versus the
oise standard deviation 𝜎𝜂 for different array sizes 𝑁 . Here, the input
ignal 𝑥 = sin(2𝜋𝑡), the quantization levels 𝑀 = 3, the bound 𝐿 = 1,
3

𝑢

Fig. 2. Plots of log2 𝐷 versus the uniform noise level (standard deviation) 𝜎𝜂 for
ifferent array sizes 𝑁 . Here, 𝑥 ∼ 𝑈 [−1, 1], 𝑀 = 3, 𝐿𝑢 = 1, 𝛥𝑢 = 1, 𝛥𝑦 = 𝛥𝑢∕𝑁 .

The optimal noise PDF indicated in Eq. (8) is employed. The curves (solid lines) are
theoretically calculated from Eq. (5), and the numerical results of the model in Fig. 1
achieved by 103 Monte Carlo trials are also plotted for array sizes 𝑁 = 1 (×), 2 (□), 8
▵) and 16 (◦).

Fig. 3. Plots of log2 𝐷 versus the added noise standard deviation 𝜎𝜂 for the input signals
∼ 𝑈 [−1, 1] (US), 𝑥 ∼ N(0, 1∕3) (GS) and 𝑥 = sin(2𝜋𝑡) (SS) buried in uniform noise (UN)

and Gaussian noise (GN), respectively. Here, 𝑁 = 2 and other parameters are the same
as in Fig. 2. The curves are theoretical results, and the numerical results achieved by
Monte Carlo trials are represented by marks.

the decoding steps 𝛥𝑦 = 𝛥𝑢∕𝑁 = 0.5, 0.1250 and 0.0625 for array sizes
𝑁 = 2, 8 and 16, thereby the condition (C-1) holds. Since adding noise
will only have a negative effect for a single quantizer (𝑁 = 1), it
is seen in Fig. 2 that the MSE increases monotonically as the noise
level 𝜎𝜂 increases. While, for the quantizer-array (𝑁 > 1), the MSE
distortion versus the noise level 𝜎𝜂 first decreases and then increases
above its initial value. Hence, in this circumstance, the addition of
uniform noise with an appropriate noise level 𝜎𝜂 can greatly reduce
the MSE. It is shown in Fig. 2 that, for array sizes 𝑁 = 2, 8 and
16, the corresponding optimal noise levels 𝜎opt𝜂 are 0.1443, 0.2526 and
0.2706, respectively. Accordingly, the boundaries of the optimal added
noise 𝐿opt

𝜂 =
√

3𝜎opt𝜂 = 0.25, 0.4375 and 0.4687 respectively, which are
exactly equal to 𝛥𝑦(𝑁 − 1)∕2 as indicated in Eq. (8). Moreover, the
corresponding minimum of MSE gradually decreases as 𝑁 increases.

For comparison, we choose three different input signals, i.e. uniform
signal (US) 𝑥 ∼ 𝑈 [−1, 1], Gaussian signal (GS) 𝑥 ∼ N(0, 1∕3) and
sinusoidal signal (SS) 𝑥 = sin(2𝜋𝑡), and add the uniform noise (UN) or
Gaussian noise (GN) into the quantizer-array, respectively. Here, 𝑁 = 2,
𝑀 = 3, 𝛥𝑢 = 1, and 𝛥𝑦 = 𝛥𝑢∕𝑁 = 0.5. It is shown in Fig. 3 that
the optimal added uniform noise does lead to a lower MSE than the
Gaussian noise for the considered input signals, and the MSE reaches
its minima identically at the optimal uniform noise level 𝜎opt𝜂 = 0.1443.
This is because that the optimal added uniform noise accords to the
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Fig. 4. Plots of the output 𝑦 and the conditional mean 𝐸[𝑦|𝑥] for array sizes (a) 𝑁 = 1, (b) 𝑁 = 2, (c) 𝑁 = 8, and (d) 𝑁 = 256. Here, 𝑥 = sin(2𝜋𝑡), 𝑀 = 3, 𝛥𝑢 = 1, 𝛥𝑦 = 𝛥𝑢∕𝑁 . The
ptimal uniform noise is with the PDF of Eq. (8). The numerical results of the model in Fig. 1 are obtained by 103 Monte Carlo trials.
4

s

S

𝐷

istribution 𝑈 [−0.25, 0.25] for any input signal under the condition
C-1).

It should be mentioned that the output 𝑦 is a biased estimation when
he optimal noise is employed unless 𝑁 is large enough. To see this, the
SE in Eq. (4) can be decomposed into two parts

= E
[

(𝑦 − 𝑥)2
]

= E
[

E [𝑦 − 𝑥]2 |𝑥
]

= E
[

E [𝑥 − E[𝑦|𝑥] + E[𝑦|𝑥] − 𝑦]2 |𝑥
]

= E [𝑥 − E[𝑦|𝑥]]2 + E [var[𝑦|𝑥]] .

(9)

he first part E [𝑥 − E[𝑦|𝑥]]2 on the right hand side of Eq. (9) reflects the
ean squared bias of the output 𝑦 given the input 𝑥, and the second part
[var[𝑦|𝑥]] measures the average variation of the output 𝑦 given the

nput 𝑥. Hence, the degrees of bias and variation together determines
he MSE distortion.

Fig. 4 displays the output 𝑦 and the conditional mean 𝐸[𝑦|𝑥] for
ifferent array sizes 𝑁 . Note that there is no SSR effect for 𝑁 = 1,
nd the added noise is not needed. Thus, the output 𝑦 is determined
y the input 𝑥, and the behaviors of 𝑦 and 𝐸[𝑦|𝑥] overlap totally, as
hown in Fig. 4(a). For 𝑁 > 1, the added noise introduces randomness
nto the quantizer-array. Specifically, for 𝑁 = 2, 𝐸[𝑦|𝑥] shows a stair-
tepping trend as the input 𝑥 increases, as illustrated in Fig. 4(b).
he output 𝑦 can take several possible values for some values of the

nput 𝑥, leading to linear monotonically stair step traces. Nevertheless,
s the range of the optimal uniform noise generated from the range
−𝛥𝑦(𝑁 − 1)∕2, 𝛥𝑦(𝑁 − 1)∕2] for 𝑁 = 2 is not large enough to make
he output 𝑦 randomized for all the values of 𝑥, there remain some
verlapping parts of 𝐸[𝑦|𝑥] and 𝑦. The difference between 𝐸[𝑦|𝑥] and
indicates that the output 𝑦 is a biased estimation. As the array size
increases, the range of the optimal uniform noise expands, and the

verlapping parts of 𝑦 and 𝐸[𝑦|𝑥] shrinkage gradually (see Fig. 4(c)). If
increases further (see Fig. 4(d)), the overlapping parts disappear. In

his situation, the conditional expectation 𝐸[𝑦|𝑥] almost coincides with
he input 𝑥, and the output 𝑦 becomes an unbiased estimate.
4

. Optimal parameters of the designed quantizer-array

In this section, we focus on estimating the uniformly distributed
ignal 𝑥 in the range [−𝐿𝑥, 𝐿𝑥] by the 𝑀-ary quantizer-array (𝑀 > 1).

Without the added noise, the MSE 𝐷NN can be calculated from Eq. (5)
as

𝐷NN =
(𝑀 + 1)𝑀𝑁𝛥𝑦𝐿2

𝑢

6(𝑀 − 1)𝐿𝑥
−

(𝑀 + 1)𝑀𝑁2𝛥2
𝑦𝐿𝑢

6𝐿𝑥

+
𝑁2𝑀2𝛥2

𝑦

4
−

𝐿𝑥𝑁𝑀𝛥𝑦

2
+

𝐿2
𝑥
3
.

(10)

By differentiating 𝐷NN with respect to 𝛥𝑦 and 𝐿𝑢 and letting the partial
derivatives be equal to zero, the optimal parameter pair
(𝛥opt,NN

𝑦 , 𝐿opt,NN
𝑢 ) can be derived as

𝛥opt,NN
𝑦 =

2𝐿𝑥
(𝑀 + 1)𝑁

, 𝐿opt,NN
𝑢 =

(𝑀 − 1)𝐿𝑥
𝑀 + 1

. (11)

The optimal quantization level interval 𝛥opt,NN
𝑢 can be obtained directly

from the optimal boundary of the quantization levels 𝐿opt,NN
𝑢 as

𝛥opt,NN
𝑢 =

2𝐿opt,NN
𝑢

𝑀 − 1
=

2𝐿𝑥
𝑀 + 1

. (12)

ubstituting Eq. (11) into Eq. (10) yields the minimum of the MSE

opt,NN =
𝐿2
𝑥

3(𝑀 + 1)2
. (13)

Now we assume that 𝛥𝑦, 𝐿𝑢, and 𝐿𝑥 satisfy the condition (C-2) so
that the optimal noise can be obtained. For 𝑀 > 1, substituting the CDF
of the optimal noise into Eq. (5) gives the analytical expression of the
MSE

𝐷 =
(𝑀 + 1)𝑁𝛥𝑦𝑀𝐿2

𝑢

6(𝑀 − 1)𝐿𝑥
−

(𝑀 + 1)𝑁2𝛥2
𝑦𝑀𝐿𝑢

6𝐿𝑥
−

𝑁𝑀(𝑁 − 1)2𝛥3
𝑦

24𝐿𝑥

+
𝑁2𝑀2𝛥2

𝑦 −
𝐿𝑥𝑁𝑀𝛥𝑦 +

𝐿2
𝑥 .

(14)
4 2 3
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From Eq. (17b), the optimal parameter pair (𝛥opt
𝑦 , 𝐿opt

𝑢 ) are given by

𝛥opt
𝑦 =

2
(

𝑁𝑀 −
√

2𝑁 − 1
)

𝐿𝑥

𝑁2(𝑀 + 1)(𝑀 − 1) + (𝑁 − 1)2
, (15a)

opt
𝑢 =

𝑁(𝑀 − 1)
(

𝑁𝑀 −
√

2𝑁 − 1
)

𝐿𝑥

𝑁2(𝑀 + 1)(𝑀 − 1) + (𝑁 − 1)2
. (15b)

The Hessian matrix of 𝐷 at (𝛥opt
𝑦 , 𝐿opt

𝑥 ) can be verified to be positive
definite, implying that it is a minimum. The optimal quantization level
interval 𝛥opt

𝑢 can be acquired directly from 𝐿opt
𝑢 as

𝛥opt
𝑢 =

2𝑁
(

𝑁𝑀 −
√

2𝑁 − 1
)

𝐿𝑥

𝑁2(𝑀 + 1)(𝑀 − 1) + (𝑁 − 1)2
. (16)

orrespondingly, the boundary of the optimal uniform noise 𝐿opt
𝜂 as

ell as the minimum 𝐷opt can be achieved as

opt
𝜂 =

(𝑁 − 1)
(

𝑁𝑀 −
√

2𝑁 − 1
)

𝐿𝑥

𝑁2(𝑀 + 1)(𝑀 − 1) + (𝑁 − 1)2
, (17a)

opt =
(2𝑁 − 1)

(

𝑁𝑀 −
√

2𝑁 − 1
)2

𝐿2
𝑥

3
[

𝑁2(𝑀 + 1)(𝑀 − 1) + (𝑁 − 1)2
]2
. (17b)

The results in Eqs. (15) and (17) are compatible with the optimal
arameters for 𝑀 = 1 [77]. It is interesting that the relation 𝛥𝑦 = 𝛥𝑢∕𝑁
n the condition (C-1) holds for both (𝛥opt

𝑦 , 𝛥opt
𝑢 ) and (𝛥opt,NN

𝑦 , 𝛥opt,NN
𝑢 ).

In the absence of noise, 𝐿opt,NN
𝑢 and 𝐷opt,NN

𝑦 are independent of the
array size 𝑁 , but 𝛥opt,NN

𝑦 decreases as 𝑁 increases. By contrast, when
the optimal uniform noise is added, 𝐿opt

𝑢 increases, while 𝛥opt
𝑦 and 𝐷opt

decrease as 𝑁 increases. The 𝑀-ary quantizer-array (𝑀 > 1) displays
improved performance over the binary one (𝑀 = 1) in the sense of
minimizing the MSE distortion.

Fixing 𝑀 and letting 𝑁 tend to infinity gives lim𝑁→+∞ 𝛥opt
𝑦 = 0,

lim𝑁→+∞ 𝐿opt
𝑢 = 𝐿𝑥 − 𝐿𝑥∕𝑀 , lim𝑁→+∞ 𝐿opt

𝜂 = 𝐿𝑥∕𝑀 , and
lim𝑁→+∞ 𝐷opt = 0. Thus, for the binary case (𝑀 = 1), lim𝑁→+∞ 𝐿opt

𝜂 =
𝐿𝑥, and the optimal noise is identical to the signal. This result is in
accordance with the discussion for large array size 𝑁 in Ref. [32].
For 𝑀 > 1, lim𝑁→+∞ 𝐿opt

𝜂 < 𝐿𝑥. On the other hand, if 𝑁 is fixed and
𝑀 goes to infinity, each quantizer’s output is continuous. Then, from
Eq. (15), the optimal boundary 𝐿opt

𝑢 coincides with the signal boundary
𝐿𝑥. In this case, 𝛥opt

𝑦 , 𝐿opt
𝜂 , and 𝐷opt converge to zero regardless of

the array size 𝑁 . Thus, adding noise will only degrade the estimation
performance of the designed quantizer-array, and the SSR phenomenon
disappears.

5. Optimal added noise for minimizing MSE distortion in the pres-
ence of background noise

It should be noted that the background noise is not considered in the
above theoretical investigations. The obtained results on the optimal
added noise cannot be extended directly to the situation of the presence
of background noise. Here, we discuss the optimal added noise for
minimizing MSE distortion of the quantizer-array in two possible cases
of background noise: the transmission channel noise (Case A) and the
quantizer noise (Case B) (see Fig. 5).

For the Case A, the signal 𝑥 is corrupted by the background noise
𝜉 in the transmission channel, thus the input of the quantizer-array
in Fig. 1 should be replaced by the noisy one 𝑥 + 𝜉. For mutually
independent random variables 𝑥 and 𝜉 with known distributions, it is
proven in Appendix C.1 that the MSE distortion 𝐷 of the quantizer-
array is still a convex functional of the CDF 𝐹𝜂 of the added noise.
Hence, the existence of the optimal added noise 𝜂opt is guaranteed.
However, the PDF 𝑝𝜂opt of the optimal added noise 𝜂opt is relevant with
the input signal 𝑥 and the background noise 𝜉. It is not easy to find the
5

closed form expression of 𝑝𝜂opt in general. The MSE distortion log2 𝐷 in
the presence of different types of background noise is simulated numer-
ically by adding noise to the quantizer-array, and the numerical results
are displayed in Fig. 5(a) for comparison. Here, three background noise
types of Lévy noise 𝑆1.8(0.05, 0, 0) (LBN), uniform noise 𝑈 [−0.125, 0.125]
(UBN) and Gaussian noise N(0, 0.052) (GBN) are considered. Therein,
in the notion of Lévy noise 𝑆𝛼(𝜎, 𝛽, 𝜇), 𝛼 ∈ (0, 2] is the stability index,
𝜎 > 0 is the scale parameter, 𝛽 ∈ [−1, 1] is the asymmetry parameter
and 𝜇 ∈ (−∞,+∞) is the location parameter [12]. The quantizer-array
is added by Uniform (UN), Gaussian (GN) and dichotomous noise (DN),
respectively. It is seen in Fig. 5(a) that the proper amount of added
noise can reduce the MSE distortion for the three types of background
noise. However, the added uniform noise achieves the lowest MSE
distortion, followed by Gaussian noise and then dichotomous noise. As
the optimal added noise type is not established theoretically, we can
expect to acquire a lower MSE distortion by other types of added noise
than that by three considered noise types.

For the Case B, the quantizer-array contains 𝑁 background noise
components 𝜉𝑖 for 𝑖 = 1, 2,… , 𝑁 . We suppose that the background
noise components 𝜉𝑖 are mutually independent identically distributed,
and the background noise 𝜉𝑖 and the added noise 𝜂𝑖 are also indepen-
dent. Similarly to the Case A, the MSE distortion is also convex (see
Appendix C.2) and thus the optimal added noise 𝜂opt𝑖 (𝑖 = 1, 2,… , 𝑁)
always exists if the distributions of the input signal 𝑥 and the back-
ground noise 𝜉𝑖 (𝑖 = 1, 2,… , 𝑁) are given. Moreover, if the composite
noise 𝜉𝑖 + 𝜂opt𝑖 obeys the optimal uniform distribution, i.e.,

𝜉𝑖 + 𝜂opt𝑖 ∼ 𝑈
[

−
𝛥𝑦(𝑁 − 1)

2
,
𝛥𝑦(𝑁 − 1)

2

]

, (18)

then the minimal MSE distortion 𝐷opt is equal to that in the absence of
ackground noise as displayed in Eq. (17b). In this case, the production
f the characteristic functions 𝐶𝜉 of the background noise 𝜉𝑖 and 𝐶𝜂opt

of the optimal added noise 𝜂opt𝑖 satisfies

𝐶𝜉 (𝑡)𝐶𝜂opt (𝑡) =
2
𝑡
sin

(𝛥𝑦(𝑁 − 1)𝑡
2

)

. (19)

The right-hand side of Eq. (19) is the characteristic function of
the uniform distribution 𝑈 [−𝛥𝑦(𝑁 − 1)∕2, 𝛥𝑦(𝑁 − 1)∕2]. Thereby, the
characteristic function of the optimal added noise is given by

𝐶𝜂opt (𝑡) =
2

𝑡𝐶𝜉 (𝑡)
sin

(𝛥𝑦(𝑁 − 1)𝑡
2

)

. (20)

Further, the inverse Fourier transformation of Eq. (20) yields the
PDF 𝑝𝜂opt of the optimal added noise if it exists.

For instance, if the background noise 𝜉𝑖 obeys the uniform distribu-
tion in the interval [−𝛥𝑦(𝑁 − 1)∕4, 𝛥𝑦(𝑁 − 1)∕4] for 𝑖 = 1, 2,… , 𝑁 , then
we can obtain 𝐶𝜂opt (𝑡) = 2cos(𝛥𝑦(𝑁 − 1)𝑡∕4). The corresponding PDF of
the optimal added noise 𝜂opt𝑖 is given by 𝑝𝜂opt (𝑥) = 0.5𝛿(𝑥−𝛥𝑦(𝑁−1)𝑡∕4)+
0.5𝛿(𝑥 + 𝛥𝑦(𝑁 − 1)𝑡∕4), this is the dichotomous noise.

However, if the background noise is Gaussian or Lévy distributed,
the optimal added noise cannot be deduced from Eq. (18). For example,
we as well consider the zero-mean symmetric Lévy distribution, whose
characteristic function is expressed as [12]

𝐶𝜉 (𝑡) = 𝑒−𝜎
𝛼
|𝑡|𝛼 (21)

ith 𝛼 ∈ (0, 2], 𝜎 ∈ [0,+∞). Substituting Eq. (21) into Eq. (20) gives

𝐶𝜂opt (𝑡) =
2
𝑡
sin

(𝛥𝑦(𝑁 − 1)𝑡
4

)

𝑒𝜎
𝛼
|𝑡|𝛼 , (22)

which diverges as 𝑡 goes to infinity for any 𝛼 ∈ (0, 2]. Hence 𝐶𝜂opt (𝑡)
in Eq. (22) cannot be a characteristic function of any distribution,
and the optimal added noise that satisfies Eq. (18) does not exist. In
this situation, adding proper amount of noise could reduce the MSE
distortion to some extent, although it cannot eliminate the effect of
background noise and minimizes the MSE distortion in Eq. (17) to
the greatest extent. The numerical results of the MSE distortion log2 𝐷
in the presence of different types of background noise are displayed
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Fig. 5. Plots of log2 𝐷 versus the added noise level (standard deviation) 𝜎𝜂 for different background noise types in the quantizer-array for the (a) Case A and (b) Case B. Lévy
background noise 𝑆1.8(0.05, 0, 0) (LBN), uniform background noise 𝑈 [−0.125, 0.125] (UBN) and Gaussian background noise N(0, 0.052) (GBN) are considered. Uniform (UN), Gaussian
(GN) and dichotomous (DN) added noise are employed, respectively. Here, the input signal 𝑥 ∼ 𝑈 [−1, 1]. 𝑀 = 3, 𝑁 = 2, 𝐿𝑢 = 1, 𝛥𝑢 = 1, 𝛥𝑦 = 𝛥𝑢∕𝑁 . The results are obtained
numerically by 103 Monte Carlo trials.
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in Fig. 5(a). The considered types of background noise and added
noise are the same as in Fig. 5(b). We can see in Fig. 5(b) that,
for the uniform background noise 𝑈 [−0.125, 0.125], the dichotomous
noise achieves the lowest MSE among the three types of added noise,
and the minimal MSE is reached at the noise intensity 𝜎𝜂 = 0.125.
The PDF of the corresponding dichotomous noise can be expressed
as 𝑝𝜂(𝑥) = 0.5𝛿(𝑥 − 0.125) + 0.5𝛿(𝑥 + 0.125). This result accords to
he above mentioned theoretical analysis. As 𝛥𝑦(𝑁 − 1)∕4 = 0.125

and under the background noise 𝑈 [−0.125, 0.125], the optimal added
noise is solvable, i.e. the dichotomous noise taking its values ±0.125
equiprobably. Further, by comparing Figs. 5(b) and 2, we can find
that the lowest MSE distortion of the quantizer-array in the presence
of the background noise 𝑈 [−0.125, 0.125] is the same as that in the
absence of background noise. The beneficial role of added noise is
significantly demonstrated in both cases. The theoretical and numerical
results are consistent. It is also shown in Fig. 5(b) that, for the Lévy
or Gaussian background noise, the added dichotomous noise performs
better than the other two types of added noise, but the corresponding
MSE distortion is always larger than that in the absence of background
noise (see Fig. 2). As discussed above, since the PDF of the added noise
does not satisfy Eq. (18), then the minimal MSE distortion is always
larger than that in the absence of background noise.

6. Conclusion

In this paper, we theoretically analyze the optimization of 𝑀-ary
SR in the quantizer-array linear estimation. It is proven that the opti-
al noise with uniform PDF can achieve the minimum MSE distortion

or any input signal if the quantization level interval 𝛥𝑢 is 𝑁 times the
ecoding step size 𝛥𝑦. Furthermore, for a uniformly distributed signal,
he optimal uniform added noise also holds as the decoding step size 𝛥𝑦,
he boundary of quantization levels 𝐿𝑢, and the boundary of the signal
𝑥 satisfy a certain inequality constraint. In the latter case, the optimal
arameters, including the quantization level interval 𝛥opt

𝑢 and linear
ecoding step size 𝛥opt

𝑦 , are derived analytically. We finally discuss the
ptimal added noise for minimizing distortions of the quantizer-array
inear estimation in the presence of the background noise.

Besides the exploration of the beneficial effect of noise on SSR, it
s also noted that dithering is another noise-enhanced phenomenon
n quantizers [78,79]. Although both techniques involve intentionally
dding noise to the input signal, the characteristics of the two effects
re different in certain ways. The goal of dithering is to make the
uantization error, which is the difference between the input signal and
he output signal, statistically independent of the input signal [27,80].
ithering can occur in a single quantizer, but SSR only exists in parallel
uantizer-arrays (𝑁 > 1).

It is interesting to note that the condition (C-1) holds for the optimal
opt opt opt,NN opt,NN
6

arameter pair (𝛥𝑦 , 𝛥𝑢 ) and the parameter pair (𝛥𝑦 , 𝛥𝑢 ), E
both obtained under the condition (C-2). Hence, we pose the following
open question: Does the optimal 𝛥𝑦 and 𝜏 satisfy the condition (C-1)
for an arbitrary input signal? If the answer is yes, then we conclude
that the added uniform noise can yield the lowest MSE no matter what
the input signal is. This interesting question deserves further study. In
addition, the decoder is assumed to be linear, and the quantization
levels are set to be equally spaced in this study. One might possibly
expect improved performance of the quantizer-array if these conditions
are relaxed, which is also worthy of further study.
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ppendix A. Calculation of 𝐄[𝑰|𝒙] and 𝐄[𝑰𝟐
|𝒙]

Noting that each quantizer’s output 𝐼𝑖 is 𝑖.𝑖.𝑑. for 𝑖 = 1, 2,… , 𝑁 , and
e denote 𝑃 {𝐼𝑖 = 𝑘|𝑥} as 𝑃𝑘|𝑥 for short. By definition,

𝑘|𝑥 = 𝑃 {𝑢𝑘 ≤ 𝑥 + 𝜂𝑖 < 𝑢𝑘+1|𝑥} = 𝐹𝜂(𝑢𝑘+1 − 𝑥) − 𝐹𝜂(𝑢𝑘 − 𝑥) (A.1)

or 𝑘 = 0, 1,… ,𝑀 . Let 𝑊𝑘 be the number of 𝑁 quantizers whose out-
uts are equal to 𝑘. In this case, 𝑊𝑘 ∈ {0, 1,… , 𝑁}, 𝑘 = 0, 1,… ,𝑀 . Let-
ing 𝑊 = (𝑊0,𝑊1,… ,𝑊𝑀 ), 𝑊 obeys a multinomial distribution [81].
ccordingly,

E[𝑊𝑘|𝑥] = 𝑁𝑃𝑘|𝑥,

E[𝑊 2
𝑘 |𝑥] = 𝑁𝑃𝑘|𝑥 +𝑁(𝑁 − 1)𝑃 2

𝑘|𝑥, (A.2)
[𝑊𝑘𝑊𝑗 |𝑥] = 𝑁(𝑁 − 1)𝑃𝑘|𝑥𝑃𝑗|𝑥, 𝑘 ≠ 𝑗.
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As 𝐼 =
∑𝑀

𝑘=0 𝑘𝑊𝑘 =
∑𝑀

𝑘=1 𝑘𝑊𝑘, then

E[𝐼|𝑥] =
𝑀
∑

𝑘=1
𝑘E(𝑊𝑘|𝑥) = 𝑁

𝑀
∑

𝑘=1
𝑘𝑃𝑘|𝑥,

[𝐼2|𝑥] =
𝑀
∑

𝑘=1

𝑀
∑

𝑗=1
𝑘𝑗E[𝑊𝑘𝑊𝑗 |𝑥]

= 𝑁
𝑀
∑

𝑖=1
𝑘2𝑃𝑘|𝑥 +𝑁(𝑁 − 1)

𝑀
∑

𝑘=1

𝑀
∑

𝑗=1
𝑘𝑗𝑃𝑘|𝑥𝑃𝑗|𝑥.

(A.3)

ubstituting Eq. (A.1) into Eq. (A.3) yields

E[𝐼|𝑥] = 𝑁𝑀 −𝑁
𝑀
∑

𝑘=1
𝐹𝜂(𝑢𝑘 − 𝑥), (A.4)

E[𝐼2|𝑥] = 𝑁𝑀2 +𝑁
𝑀
∑

𝑘=1
(1 − 2𝑘)𝐹𝜂(𝑢𝑘 − 𝑥)

+𝑁(𝑁 − 1)

[ 𝑀
∑

𝑘=1
𝐹𝜂(𝑢𝑘 − 𝑥) −𝑀

]

2. (A.5)

Appendix B. Proof of the optimal noise

B.1. Necessary condition of the optimal noise

The CDF of the optimal added noise 𝐹 opt
𝜂 must satisfy

d
d𝛼

𝐷
[

𝐹 opt
𝜂 + 𝛼(𝐹𝜂′ − 𝐹 opt

𝜂 )
]

|

|

|𝛼=0
⩾ 0 (B.1)

for any 𝐹𝜂′ ∈ F , based on the necessary condition for the minimum
point(s) of a convex functional [77,82]. Thereby,

d
d𝛼

𝐷
[

𝐹 opt
𝜂 + 𝛼(𝐹𝜂′ − 𝐹 opt

𝜂 )
]

|

|

|𝛼=0

= 𝛥𝑦𝑁 ∫

+∞

−∞
𝑝𝑥(𝑥)

{ 𝑀
∑

𝑘=1

[

𝐹𝜂′ (𝑢𝑘 − 𝑥) − 𝐹 opt
𝜂 (𝑢𝑘 − 𝑥)

]

𝑍𝑘(𝑥)

}

d𝑥

= 𝛥𝑦𝑁
𝑀
∑

𝑘=1
∫

+∞

−∞
𝑝𝑥(𝑥)

[

𝐹𝜂′ (𝑢𝑘 − 𝑥) − 𝐹 opt
𝜂 (𝑢𝑘 − 𝑥)

]

𝑍𝑘(𝑥)d𝑥

= 𝛥𝑦𝑁
𝑀
∑

𝑘=1
∫

+∞

−∞
𝑝𝑥(𝑥)𝐴𝑘(𝑥;𝐹𝜂′ , 𝐹𝜂)d𝑥 ⩾ 0,

(B.2)

where

𝑍𝑘(𝑥) = 2(𝑥 − 𝑦0) + 𝛥𝑦(1 − 2𝑘) − 2𝛥𝑦(𝑁 − 1)
𝑀
∑

𝑗=1
𝑗
[

𝐹 opt
𝜂 (𝑢𝑗+1 − 𝑥)

− 𝐹 opt
𝜂 (𝑢𝑗 − 𝑥)

]

,

𝐴𝑘(𝑥;𝐹𝜂′ , 𝐹𝜂) =
[

𝐹𝜂′ (𝑢𝑘 − 𝑥) − 𝐹𝜂(𝑢𝑘 − 𝑥)
]

𝑍𝑘(𝑥), 𝑘 = 1, 2,… ,𝑀.

(B.3)

B.2. Proof of the optimal noise under the condition (C-1)

Proof. Firstly, we show that the added noise with the PDF of Eq. (8)
satisfies the above necessary condition (B.2). We obtain

𝐹𝜂(𝑢𝑘 − 𝑥) =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

1, 𝑥 < 𝑢𝑘 −
𝛥𝑦(𝑁−1)

2 ,
𝑢𝑘−𝑥

𝛥𝑦(𝑁−1) +
1
2 , 𝑢𝑗 −

𝛥𝑦(𝑁−1)
2 ≤ 𝑥 < 𝑢𝑘 +

𝛥𝑦(𝑁−1)
2 ,

0, 𝑥 ≥ 𝑢𝑘 +
𝛥𝑦(𝑁−1)

2 ,

(B.4)

from the CDF of the uniform noise 𝐹𝜂 . Note that 𝛥𝑢 = 𝛥𝑦𝑁 > 𝛥𝑦(𝑁 −1).
Hence, for 𝑥 ∈

[

𝑢𝑘 − 𝛥𝑦(𝑁 − 1)∕2, 𝑢𝑘 + 𝛥𝑦(𝑁 − 1)∕2
]

,

𝐹𝜂(𝑢𝑗 − 𝑥) =

⎧

⎪

⎪

⎨

⎪

⎪

1, 𝑗 < 𝑘,
𝑢𝑘−𝑥

𝛥𝑦(𝑁−1) +
1
2 , 𝑗 = 𝑘,

0, 𝑗 > 𝑘.

(B.5)
7

⎩

Substituting Eq. (B.5) into Eq. (B.3) yields 𝑍𝑘(𝑥) = 0 on
[

𝑢𝑘 − 𝛥𝑦(𝑁 −
1)∕2, 𝑢𝑘 + 𝛥𝑦(𝑁 − 1)∕2

]

. The sign of 𝑍𝑘(𝑥) on (−∞,+∞) can then be
identified as follows due to its monotonicity:

𝑍𝑘(𝑥) =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

< 0, 𝑥 < 𝑢𝑘 −
𝛥𝑦(𝑁−1)

2 ,

0, 𝑢𝑘 −
𝛥𝑦(𝑁−1)

2 ≤ 𝑥 ≤ 𝑢𝑘 +
𝛥𝑦(𝑁−1)

2 ,

> 0, 𝑥 > 𝑢𝑘 +
𝛥𝑦(𝑁−1)

2 .

(B.6)

Eqs. (B.4) and (B.6) imply that

𝐴𝑘(𝑥;𝐹𝜂′ , 𝐹𝜂) ≥ 0, (B.7)

and thus

𝑝𝑥(𝑥)𝐴𝑘(𝑥;𝐹𝜂′ , 𝐹𝜂) ≥ 0. (B.8)

Therefore, the above 𝐹𝜂 satisfies the necessary condition (B.2).
Next, we prove by reduction that the above 𝐹𝜂 is a minimum.

Otherwise, assuming that 𝐹𝜂′ ∈ F is a minimum, and 𝐷(𝐹𝜂′ ) < 𝐷(𝐹𝜂).
Due to the convexity of 𝐷(𝐹𝜂), for any 𝛼 ∈ (0, 1),

𝐷[𝛼𝐹𝜂′ + (1 − 𝛼)𝐹𝜂] ≤ 𝛼𝐷(𝐹𝜂′ ) + (1 − 𝛼)𝐷(𝐹𝜂)

< 𝛼𝐷(𝐹𝜂) + (1 − 𝛼)𝐷(𝐹𝜂) = 𝐷(𝐹𝜂).
(B.9)

Thus, 𝐷[𝐹𝜂 + 𝛼(𝐹𝜂′ − 𝐹𝜂)] −𝐷(𝐹𝜂) = 𝐷[𝛼𝐹𝜂′ + (1 − 𝛼)𝐹𝜂] −𝐷(𝐹𝜂) < 0,
hich implies that d

d𝛼𝐷
[

𝐹𝜂 + 𝛼(𝐹𝜂′ − 𝐹𝜂)
]

|

|

|𝛼=0
≤ 0.

On the other hand, since 𝐹𝜂 satisfies the in Eq. (B.2) and equiva-
ently (B.1), then

d
d𝛼

𝐷
[

𝐹𝜂 + 𝛼(𝐹𝜂′ − 𝐹𝜂)
]

|

|

|𝛼=0
= 0. (B.10)

It can be easily verified from Eq. (5) that 𝐷[𝐹𝜂 + 𝛼(𝐹𝜂′ − 𝐹𝜂)] is a
onvex quadratic function of 𝛼 if 𝐹𝜂 and 𝐹𝜂′ are fixed. Thus, Eq. (B.10)
eans that 𝐷[𝐹𝜂+𝛼(𝐹𝜂′ −𝐹𝜂)] achieves its minimum at 𝛼 = 0. However,

ince 𝐹𝜂′ is the minimum point, 𝐷[𝐹𝜂 + 𝛼(𝐹𝜂′ − 𝐹𝜂)] should achieve its
inimum at 𝛼 = 1 rather than 𝛼 = 0, which results in a contradiction.
herefore, the above 𝐹𝜂 is a minimum. □

.3. Proof of the optimal noise under the condition (C-2)

roof. We assume that the added noise with the PDF of Eq. (8) is
mployed, and the condition (C-2) is satisfied. The following three
roperties of 𝑍𝑗 (𝑥) can be easily verified. For 𝑥 ∈ [−𝐿𝑥, 𝐿𝑥],

roperty 1: 𝑍𝑘(𝑥) = −𝑍𝑀−𝑘+1(−𝑥), 𝑘 = 1, 2,… ,𝑀 ,
roperty 2: 𝑍𝑘(𝑥) is a monotonically increasing function of 𝑥, 𝑘 =

1, 2,… ,𝑀 ,
roperty 3: 𝑍𝑘(𝑥) = 𝑍𝑘−1(𝑥) − 2𝛥𝑦, 𝑘 = 2, 3,… ,𝑀 .

As for the proof of Property 1,

𝜂(𝑢𝑗 − 𝑥) + 𝐹𝜂(𝑢𝑀−𝑗+1 + 𝑥) ≡ 1, 𝑗 = 1, 2,… ,𝑀, (B.11)

ields

𝑀

𝑗=1
𝐹𝜂(𝑢𝑗 + 𝑥) +

𝑀
∑

𝑗=1
𝐹𝜂(𝑢𝑗 − 𝑥) ≡ 𝑀. (B.12)



Chaos, Solitons and Fractals: the interdisciplinary journal of Nonlinear Science, and Nonequilibrium and Complex Phenomena 166 (2023) 112887T. Xie et al.
Hence, 𝑍𝑘(𝑥) +𝑍𝑀−𝑘+1(−𝑥) ≡ 0, i.e., 𝑍𝑘(𝑥) = −𝑍𝑀+1−𝑘(−𝑥). Property 2
can be derived by examining the sign of the slope of 𝑍𝑘(𝑥). Property 3
can be obtained directly from Eq. (B.3).

Based on the above properties, we have:

(1) If 𝑍𝑘(𝑥) > 0 for 𝑥 ∈ [−𝐿𝑥, 𝐿𝑥], then 𝑍𝑀+1−𝑘(𝑥) < 0 for
𝑥 ∈ [−𝐿𝑥, 𝐿𝑥]. Similarly, if 𝑍𝑘(𝑥) < 0 for 𝑥 ∈ [−𝐿𝑥, 𝐿𝑥], then
𝑍𝑀+1−𝑘(𝑥) > 0 for 𝑥 ∈ [−𝐿𝑥, 𝐿𝑥].

(2) If 𝑍𝑘(𝑥) has a zero point 𝑥𝑘,0 on [−𝐿𝑥, 𝐿𝑥], i.e., 𝑍𝑘(𝑥𝑘,0) = 0,
𝑥𝑘,0 ∈ [−𝐿𝑥, 𝐿𝑥], then 𝑍𝑀+1−𝑘(𝑥) also has a zero point 𝑥𝑀+1−𝑘,0

on [−𝐿𝑥, 𝐿𝑥] satisfying 𝑥𝑀+1−𝑘,0 = −𝑥𝑘,0. Moreover, 𝑥𝑘,0 < 0 for
𝑘 < (𝑀 + 1)∕2 and 𝑥𝑘,0 > 0 for 𝑘 > (𝑀 + 1)∕2.

In particular, if 𝑀 is odd, we have 𝑍(𝑀+1)∕2(𝑥) = 0, 𝑥 ∈
[

𝑢(𝑀+1)∕2 − 𝛥𝑦(𝑁 − 1)∕2, 𝑢(𝑀+1)∕2 + 𝛥𝑦(𝑁 − 1)∕2
]

. Then

𝐴(𝑀+1)∕2(𝑥;𝐹𝜂′ , 𝐹𝜂) ≥ 0, (B.13)

for any 𝐹𝜂′ ∈ F and 𝑥 ∈ [−𝐿𝑥, 𝐿𝑥]. Thereby,

∫

𝐿𝑥

−𝐿𝑥

𝑝𝑥(𝑥)𝐴(𝑀+1)∕2(𝑥;𝐹𝜂′ , 𝐹𝜂)d𝑥 ≥ 0. (B.14)

Thus, we need only discuss the cases of 𝑘 < (𝑀+1)∕2 and 𝑘 > (𝑀+1)∕2.
As the signal 𝑥 ∼ 𝑈 [−𝐿𝑥, 𝐿𝑥],

∫

+∞

−∞
𝑝𝑥(𝑥)𝐴𝑘(𝑥;𝐹𝜂′ , 𝐹𝜂)d𝑥 = ∫

𝐿𝑥

−𝐿𝑥

𝑝𝑥(𝑥)𝐴𝑘(𝑥;𝐹𝜂′ , 𝐹𝜂)d𝑥 (B.15)

for 𝑘 = 1, 2,… ,𝑀 . We divide the range [−𝐿𝑥, 𝐿𝑥] into four parts based
on the above properties. By discussing the signs of the integrals on each
part, we show that 𝐹𝜂 satisfies the necessary condition (B.2). Let

𝑥𝑘,𝑝 =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

−𝐿𝑥, if 𝑍𝑘(𝑥) > 0, 𝑥 ∈ [−𝐿𝑥, 𝐿𝑥],

𝑥𝑘,0, if 𝑥𝑘,0 exists , 𝑥𝑘,0 ∈ [−𝐿𝑥, 𝐿𝑥],

𝐿𝑥, if 𝑍𝑘(𝑥) < 0, 𝑥 ∈ [−𝐿𝑥, 𝐿𝑥].

(B.16)

If 𝑥𝑘,0 exists, then

𝑥𝑘,0 < 𝑢𝑘 − 𝛥𝑦(𝑁 − 1)∕2, for 𝑘 < (𝑀 + 1)∕2,

𝑥𝑘,0 > 𝑢𝑘 + 𝛥𝑦(𝑁 − 1)∕2, for 𝑘 > (𝑀 + 1)∕2.
(B.17)

Hence, the range of the 𝑘th integral is divided into four parts 𝑅𝑘,1, 𝑅𝑘,2,
𝑅𝑘,3, and 𝑅𝑘,4:

(1) For 𝑘 < (𝑀 + 1)∕2,

• 𝑅𝑘,1: [−𝐿𝑥, 𝑥𝑘,𝑝),

• 𝑅𝑘,2:
[

𝑥𝑘,𝑝, 𝑢𝑘 −
𝛥𝑦(𝑁−1)

2

)

,

• 𝑅𝑘,3:
[

𝑢𝑘 −
𝛥𝑦(𝑁−1)

2 , 𝑢𝑘 +
𝛥𝑦(𝑁−1)

2

)

,

• 𝑅𝑘,4:
[

𝑢𝑗 +
𝛥𝑦(𝑁−1)

2 , 𝐿𝑥

]

,

(2) For 𝑘 > (𝑀 + 1)∕2,

• 𝑅𝑘,1: [−𝐿𝑥, 𝑢𝑘 −
𝛥𝑦(𝑁−1)

2 ),

• 𝑅𝑘,2:
[

𝑢𝑘 −
𝛥𝑦(𝑁−1)

2 , 𝑢𝑘 +
𝛥𝑦(𝑁−1)

2

)

,

• 𝑅𝑘,3:
[

𝑢𝑘 +
𝛥𝑦(𝑁−1)

2 , 𝑥𝑘,𝑝
)

,
[ ]
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• 𝑅𝑘,4: 𝑥𝑘,𝑝, 𝐿𝑥 .
The signs of the integrals in Eq. (B.15) on 𝑅𝑘,1, 𝑅𝑘,2, 𝑅𝑘,3, and 𝑅𝑘,4 are
discussed as follows.

(1) For 𝑘 = 1, 2,… ,𝑀 , 𝑥 ∈ 𝑅𝑘,1 or 𝑥 ∈ 𝑅𝑘,4, we have

𝐹𝜂(𝑢𝑘 − 𝑥) = 1 and 𝑍𝑘(𝑥) ≤ 0 if 𝑥 ∈ 𝑅𝑘,1,

𝐹𝜂(𝑢𝑘 − 𝑥) = 0 and 𝑍𝑘(𝑥) ≥ 0 if 𝑥 ∈ 𝑅𝑘,4.
(B.18)

Then, 𝐴𝑘(𝑥;𝐹𝜂′ , 𝐹𝜂) ≥ 0. Consequently, for any 𝐹𝜂′ ∈ F ,

∫𝑅𝑘,1

𝑝𝑥(𝑥)𝐴𝑘(𝑥;𝐹𝜂′ , 𝐹𝜂)d𝑥 ≥ 0,

∫𝑅𝑘,4

𝑝𝑥(𝑥)𝐴𝑘(𝑥;𝐹𝜂′ , 𝐹𝜂)d𝑥 ≥ 0.
(B.19)

(2) For 𝑘 < (𝑀 + 1)∕2 and 𝑥 ∈ 𝑅𝑘,2,

𝐹𝜂(𝑢𝑘 − 𝑥) = 1 and 𝑍𝑘(𝑥) ≥ 0. (B.20)

Hence, 𝐴𝑘(𝑥;𝐹𝜂′ , 𝐹𝜂) ≤ 0. Subsequently,

∫𝑅𝑘,2

𝑝𝑥(𝑥)𝐴𝑘(𝑥;𝐹𝜂′ , 𝐹𝜂)d𝑥 ≤ 0 (B.21)

for any 𝐹𝜂′ ∈ F . Nonetheless, we have 𝑥 + (𝑀 + 1 − 2𝑘)𝛥𝑢 ∈
[

𝑥𝑘,𝑝 + (𝑀 + 1 − 2𝑘)𝛥𝑢, 𝑢𝑀+1−𝑘 − 𝛥𝑦(𝑁 − 1)∕2
]

, which belongs to
𝑅𝑀+1−𝑘,1. Moreover,

𝑍𝑀+1−𝑘
(

𝑥 + (𝑀 + 1 − 2𝑘)𝛥𝑢
)

≤ −𝑍𝑘(𝑥) ≤ 0,

𝐹𝜂′
(

𝑢𝑀+1−𝑘 − 𝑥 − (𝑀 + 1 − 2𝑘)𝛥𝑢
)

− 𝐹𝜂
(

𝑢𝑀+1−𝑘 − 𝑥 − (𝑀 + 1 − 2𝑘)𝛥𝑢
)

= 𝐹𝜂′ (𝑢𝑘 − 𝑥) − 𝐹𝜂(𝑢𝑘 − 𝑥).

(B.22)

Consequently,

𝐴𝑀+1−𝑘(𝑥 + (𝑀 + 1 − 2𝑘)𝛥𝑢;𝐹𝜂′ , 𝐹𝜂) ≥ −𝐴𝑘(𝑥;𝐹𝜂′ , 𝐹𝜂). (B.23)

Therefore,

∫𝑅𝑘,2

𝑝𝑥(𝑥)𝐴𝑘(𝑥;𝐹𝜂′ , 𝐹𝜂)d𝑥

+ ∫𝑅𝑀+1−𝑘,1

𝑝𝑥(𝑥)𝐴𝑀+1−𝑘(𝑥;𝐹𝜂′ , 𝐹𝜂)d𝑥 ≥ 0.
(B.24)

Similarly, for 𝑘 > (𝑀 + 1)∕2 and 𝑥 ∈ 𝑅𝑘,3, we have

∫𝑅𝑘,3

𝑝𝑥(𝑥)𝐴𝑘(𝑥;𝐹𝜂′ , 𝐹𝜂)d𝑥

+ ∫𝑅𝑀+1−𝑘,4

𝑝𝑥(𝑥)𝐴𝑀+1−𝑘(𝑥;𝐹𝜂′ , 𝐹𝜂)d𝑥 ≥ 0.
(B.25)

(3) For 𝑘 < (𝑀 + 1)∕2 and 𝑥 ∈ 𝑅𝑘,3,

𝑍𝑘(𝑥) = (𝑀 + 1 − 2𝑘)𝛥𝑦𝑁 + 2𝑢𝑘, (B.26)

𝑥 + (𝑀 + 1 − 2𝑘)𝛥𝑢 ∈ 𝑅𝑀+1−𝑘,2, (B.27)

𝑍𝑀+1−𝑘(𝑥 + (𝑀 + 1 − 2𝑘)𝛥𝑢) = −𝑍𝑘(𝑥). (B.28)

Hence,

𝑍𝑘(𝑥) ≥ 0,

𝑍𝑀+1−𝑘(𝑥 + (𝑀 + 1 − 2𝑘)𝛥𝑢) ≤ 0,

𝑍𝑘(𝑥) +𝑍𝑀+1−𝑘(𝑥 + (𝑀 + 1 − 2𝑘)𝛥𝑢) = 0.

(B.29)

As a result,

∫𝑅𝑘,3

𝑝𝑥(𝑥)𝐴𝑘(𝑥;𝐹𝜂′ , 𝐹𝜂)d𝑥

+ ∫ 𝑝𝑥(𝑥)𝐴𝑀+1−𝑘(𝑥;𝐹𝜂′ , 𝐹𝜂)d𝑥 = 0.
(B.30)
𝑅𝑀+1−𝑘,2
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Above all, the necessary condition (B.2) holds for 𝜂𝑖 ∼ 𝑈 [−𝛥𝑦(𝑁 −
1)∕2, 𝛥𝑦(𝑁 − 1)∕2], 𝑖 = 1, 2,… , 𝑁 . The rest of the proof is the same as
in Appendix B.2. □

Appendix C. Proof of the convexity of the MSE distortion in the
presence of background noise

C.1. Proof for the Case A

Proof. In this case, the MSE distortion in Eq. (4) should be modified
as
𝐷 = E

[

(𝑦 − 𝑥)2
]

= ∫

+∞

−∞ ∫

+∞

−∞ ∫

+∞

−∞
𝑝𝑥(𝑥)𝑝𝜉 (𝜉)𝑝𝑦|𝑥,𝜉 (𝑦|𝑥, 𝜉)(𝑦 − 𝑥)2d𝑦d𝜉d𝑥

= ∫

+∞

−∞ ∫

+∞

−∞
𝑝𝑥(𝑥)𝑝𝜉 (𝜉)

{𝑁𝑀
∑

𝑘=0
𝑃 {𝐼 = 𝑘|𝑥, 𝜉} [ℎ(𝑘) − 𝑥]2

}

d𝜉d𝑥

= ∫

+∞

−∞ ∫

+∞

−∞
𝑝𝑥(𝑥)𝑝𝜉 (𝜉)

×
{

𝛥2
𝑦E[𝐼

2
|𝑥, 𝜉] + 2𝛥𝑦(𝑦0 − 𝑥)E[𝐼|𝑥, 𝜉] + (𝑦0 − 𝑥)2

}

d𝜉d𝑥,

(C.1)

where

E[𝐼|𝑥, 𝜉] = 𝑁𝑀 −𝑁
𝑀
∑

𝑘=1
𝐹𝜂(𝑢𝑘 − 𝑥 − 𝜉) (C.2)

and

E[𝐼2|𝑥, 𝜉] = 𝑁𝑀2 +𝑁
𝑀
∑

𝑘=1
(1 − 2𝑘)𝐹𝜂(𝑢𝑘 − 𝑥 − 𝜉)

+𝑁(𝑁 − 1)

[ 𝑀
∑

𝑘=1
𝐹𝜂(𝑢𝑘 − 𝑥 − 𝜉) −𝑀

]2

.

(C.3)

For any 𝛼 ∈ [0, 1] and 𝐹𝜂 , 𝐹𝜂′ ∈ F , it is easy to verify that 𝛼𝐹𝜂 + (1 −
𝛼)𝐹𝜂′ ∈ F , indicating that F is a convex set. Then the convexity of
𝐷(𝐹𝜂) is derived immediately by replacing 𝑥 by 𝑥 + 𝜉 in Eq. (C.6). □

C.2. Proof for the case B

Proof. The MSE in Eq. (5) should be modified as

𝐷 =∫

+∞

−∞
𝑝𝑥(𝑥)

{

𝛥2
𝑦𝑁(𝑁 − 1)

[ 𝑀
∑

𝑘=1
𝐹𝜉+𝜂(𝑢𝑘 − 𝑥) −𝑀

]

2

+ 𝛥𝑦𝑁
𝑀
∑

𝑘=1
𝐹𝜉+𝜂(𝑢𝑘 − 𝑥)

[

𝛥𝑦 − 2𝛥𝑦𝑘 − 2𝑦0 + 2𝑥
]

+ 2𝑁𝑀𝛥𝑦(𝑦0 − 𝑥) + (𝑦0 − 𝑥)2 + 𝛥2
𝑦𝑁𝑀2

}

d𝑥,

(C.4)

where

𝐹𝜉+𝜂(𝑢𝑘 − 𝑥) = ∫

+∞

−∞
𝑝𝜉 (𝜉)∫

𝑢𝑘−𝑥−𝜉

−∞
𝑝𝜂(𝜂)d𝜂d𝜉

= ∫

+∞

−∞
𝑝𝜉 (𝜉)𝐹𝜂(𝑢𝑘 − 𝑥 − 𝜉)d𝜉.

(C.5)

For any 𝛼 ∈ [0, 1] and 𝐹𝜂 , 𝐹𝜂′ ∈ F , 𝛼𝐹𝜂 +(1−𝛼)𝐹𝜂′ ∈ F , indicating that
F is a convex set.

𝐷
[

𝛼𝐹𝜂 + (1 − 𝛼)𝐹𝜂′
]

−
[

𝛼𝐷(𝐹𝜂) + (1 − 𝛼)𝐷(𝐹𝜂′ )
]

= 𝛥2
𝑦𝑁(𝑁 − 1)∫

+∞

−∞
𝑝𝑥(𝑥)

{

−𝛼

[ 𝑀
∑

𝑘=1
𝐹𝜉+𝜂(𝑢𝑘 − 𝑥 − 𝜉) −𝑀

]2

− (1 − 𝛼)

[ 𝑀
∑

𝐹𝜉+𝜂′ (𝑢𝑘 − 𝑥 − 𝜉) −𝑀

]2
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𝑘=1
+

{ 𝑀
∑

𝑘=1

[

𝛼𝐹𝜉+𝜂(𝑢𝑘 − 𝑥 − 𝜉) + (1 − 𝛼)𝐹𝜉+𝜂′ (𝑢𝑘 − 𝑥 − 𝜉)
]

−𝑀

}2 }

d𝑥

= 𝛥2
𝑦𝑁(𝑁 − 1)𝛼(𝛼 − 1)∫

+∞

−∞
𝑝𝑥(𝑥)

×

{

∫

+∞

−∞
𝑝𝜉 (𝜉)

𝑀
∑

𝑘=1

[

𝐹𝜂(𝑢𝑘 − 𝑥 − 𝜉) − 𝐹𝜂′ (𝑢𝑘 − 𝑥 − 𝜉)
]

d𝜉

}2

d𝑥

≤ 0.

(C.6)

Hence, 𝐷(𝐹𝜂) is a convex functional defined on F . □
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