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A simple and precise method based on fixed-point iteration is used to

estimate dielectric parameters using terahertz time-domain spectro-

scopy (THz-TDS). The method converges and gives correct para-

meters when the sample thickness is greater than 200 mm at a

frequency of 0.1 THz or 20 mm at a frequency of 1.0 THz. The

technique in validated using measured terahertz data, obtained by

probing a sample of high-resistivity silicon.

Introduction: Terahertz or T-ray radiation lies in the 0.1–10 THz

frequency range, and has emerged to fill the gap between the upper

limit of electronics and the lower limit of photonics. One of the most

widely used terahertz applications is materials characterisation using

terahertz time-domain spectroscopy (THz-TDS). With the coherent

and ultra-wide bandwidth nature of a single-cycle terahertz pulse, we

can extract amplitude and phase information from the signal at each

individual frequency. This information leads to a specific material

parameter, a complex refractive index, which becomes useful in

describing and distinguishing many materials.

Background: Many parameter extraction methods for homogeneous

materials based on a measurement of reference and probing terahertz

signals have been proposed. The method introduced by Duvillaret

et al. [1] models the error from the difference between estimated and

measured data at each frequency. The error is then approximated by a

paraboloid, and the complex refractive index at the apex of the

paraboloid is found by a complicated numerical solution. Duvillaret

et al. [2] and Dorney et al. [3] suggest a similar process for estimating

the sample thickness. The process determines simultaneously a set

of refractive indices at various guessed thicknesses, and uses the

criterion of peak-to-peak or deepest total variation of the indices to

select the correct thickness. This is applicable when the thickness of

the sample is uncertain.

The method in this Letter is derived from a regular fixed-point

iteration method. Provided with the reference and probing terahertz

signals and the sample thickness, the method gives a simple, rapid, and

precise solution to the problem. The solution is mathematically conver-

gent at moderate or higher sample thicknesses. However, for a sample,

which has a thickness comparable to or thinner than the wavelength, the

sensitivity of terahertz time-domain spectroscopy is usually inadequate

and it is then possible to use a more sensitive system exploiting

terahertz differential time-domain spectroscopy instead [4].

Transfer function of material: Given a terahertz signal transmitted

through the sample at normal incidence, Es(t), and a reference signal

travelling an identical path without the presence of the sample, Eref(t),

a measured transfer function, obtained by deconvolving the probing

spectrum with respect to the reference spectrum, is described by [1]:
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where L is the sample thickness, and ñs and ña are the frequency-

dependent complex refractive indices of sample and air, respectively.

The complex refractive index contains two components: a real refractive

index n and an absorption index k, where ñ¼ n� ik. In (1), FP(o)

represents the Fabry-Pérot effect or the interference in the received

signal from reflections within the material,
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Model for material parameter estimation: The reflections or FP(o) in

the transfer function should ideally be eliminated prior to the para-

meter estimation process. We can simply take out the reflections, by

windowing the probing signal, if they are well separated from the

primary pulse in the spatial domain. A more complicated procedure

is given by Duvillaret et al. [1]. Assuming that preprocessing has

taken place to remove the reflections from the measured signal, the

argument of the transfer function is rearranged to,
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assuming that the absorption index of air or ka equals to zero.

Also, we can find ks from the transfer function by taking the

logarithm of it and rearranging,
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Equations (3) and (4) are in the form suitable for a fixed-point iteration

in two dimensions. Provided the initial value of ns and ks for the

complex refractive index, the functions g1 and g2 map those points to

new points. Repeatedly substituting the new values of ns and ks into

both functions gives updated values. If the functions appear convergent,

when there is a small change in ns and ks over the succeeding iterations,

ns and ks are then called fixed points of the functions.

If initial values of ns and ks, or n0 and k0, are selected to be close to the

final values, the iteration times can be reduced to some extent. Therefore,

from (3) and (4) when (4ñsña)=(ñsþ ña)2
¼ 1, n0 and k0 are given by
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Condition of convergence: Given that both fixed-point functions, g1

and g2, are first-order differentiable, two sufficient conditions to

guarantee the convergence of the functions are
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along the search path, i.e. from the initial value to the fixed point.

Substituting the derivatives of (3) and (4) into (6) gives the following

inequality,
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To validate this condition, all possible values of ns and ks are taken into

account. Normally, a practical value [1] of refractive index ns lies

between 1 and 10, whereas a practical value of attenuation index ks lies

between 0 and 10. From the analysis, the maximum value for the LHS

of (7) occurs at ns¼ 1 and ks¼ 0.9234. By putting this critical point

into (7), the condition of convergence is 0.4024 <oL=c. This condition

implies that, at f¼ 0.1 THz, the minimum applicable thickness L is

200 mm and at f¼ 1.0 THz the minimum applicable thickness is 20 mm.
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Fig. 1 Estimated indices of silicon wafer when reflections are preserved
and removed by the process in [1]

ELECTRONICS LETTERS 7th July 2005 Vol. 41 No. 14



Result: The sample under test is a 500 mm-thick high-resistivity

silicon wafer having the following characteristics: (i) polished on

both sides, (ii) undoped, (iii) unbiased, (iv) h100i crystal orientation,

and (v) bulk silicon. The fixed point iteration is applied to the THz-

TDS data over an effective bandwidth with the number of iterations

set to 5 at each frequency point. The extracted refractive index and

absorption index, shown in Fig. 1, concur with results obtained in [5]

in the 0.2 to 0.4 THz range.

Conclusions: The simple parameter extraction method derived from

the regular fixed-point iteration requires two terahertz signals, a

sample signal and a reference signal, and the sample thickness to

determine the complex refractive index. From the analysis, the

method always produces a convergent solution when the thickness

of sample is higher than 200 mm at 0.1 THz or 20 mm at 1.0 THz,

regardless of the refractive index value. This condition is applicable in

most cases common to THz-TDS. Our method tested with a terahertz

signal passing through a silicon wafer yields a promising result within

a few iterations. Future work is required to improve further the

removal of Fabry-Pérot effects.
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