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The two-envelope problem has intrigued mathematicians for decades, and is a question
of choice between two states in the presence of uncertainty. The problem so far, is
considered open and there has been no agreed approach or framework for its analysis. In
this paper we outline an elementary approach based on Cover’s switching function that,
in essence, makes a biased random choice where the bias is conditioned on the observed
value of one of the states. We argue that the resulting symmetry breaking introduced by
this process results in a gain counter to naive expectation. Finally, we discuss a number
of open questions and new lines of enquiry that this discovery opens up.
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1. Introduction

The two-envelope game is a hotly debated topic [1-12] that encapsulates the prob-
lem of decidability between two states in the face of uncertainty. This type of
decision-theoretic scenario is of significance as it crops up, in different guises, in a
number of fields ranging from physics and engineering to economics. Also, the two-
envelope problem attracts wide interest as it touches upon decision theory, game
theory, and probability theory [13]. For ease of visualization, the problem is often
entertainingly stated in game-theoretic form as follows. Imagine a player is pre-
sented with two envelopes, one containing x dollars and the other 2z dollars. The
player randomly chooses an envelope and observes the amount inside. The question
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is, should the player keep that envelope or now swap it for the other one, in order
to maximize payoff?

If the observed amount is y € {x,2x}, then the other envelope must contain
either 2y or ¥ dollars. Thus by swapping, the player either moves ahead by a net
y dollars or drops back by § dollars. Thus, it seems swapping is attractive as the
amount the player possibly wins by is always more than the amount the player
stands to lose. However, the conundrum is that exactly the same argument could
have been used if the other envelope was selected first, hence we have an apparent
paradox. As we shall see this can be resolved, and in this paper we will address the
wider question that asks “is there a strategy one can adopt to maximize the payoff
for an ensemble of two-envelope games?”

The two-envelope problem has some structural similarities to the Monty Hall
problem [14, 15], Newcomb’s paradox [16-18], and the St. Petersburg paradox [19],
but should not be confused with these different games. As we shall see, in Sec. 3, the
two-envelope problem leads to specifically different questions, has a unique mode
of solution, and is further distinguishable in that it can be likened to ratcheting
phenomena.

The origin of the problem traces back to 1930, when the Belgian mathematician
Maurice Kraitchik described the essence of the conundrum, which he called the
necktie paradoz [20]. In this form, two players each have a necktie and they call an
independent judge who takes the better necktie and awards it to the other player.
A given player reasons that entering the game is advantageous: although there is
a possible maximal loss of one necktie, the potential winning state is two neckties
with one that is judged superior. However, the apparent paradox is that both play-
ers can follow the same reasoning, therefore how can the game be simultaneously
advantageous to both players? In 1953, Kraitchik reframed this problem using two
wallets containing money [21] and in 1982 Martin Gardner dubbed this the wallet
game [22]. Independently, in 1953, the mathematician J. E. Littlewood described
essentially an identical paradox, but based on playing cards, and attributed the
game to the physicist Erwin Schrodinger [23]. The problem then appears in its
present two-envelope form in 1988 [24].

It should be noted that variants of the two-envelope game do exist [25, 26], and
in this paper we specifically analyze the case where the amount = is unbounded,
continuous valued, and that we have a large ensemble of independent games to play.

In the following section, we show the remarkable result that a switching strategy
does exist that guarantees an expectation of positive payoff for multiple indepen-
dent plays. The switching scheme we adopt is that when the player observes the
amount in the first selected envelope, the player swaps to the second envelope with a
probability that is a function of the observed amount. We call this switching policy
Cover’s switching function, after Tom Cover who first suggested the idea [27, 28].
The key is to select a Cover switching function, P(y), which decreases as y increases.
This is because we want to make it less likely to switch envelopes, if the observed
amount is a large sum of money. Conversely, we want the probability of switching



The Two-Envelope Problem Revisited 3

to be high if the initial observed amount is small. Thus P(y) is expected to be some
monotonically decreasing function of the observed amount. As the analysis in Sec. 2
shows, this scheme in fact does work. In Sec. 3 we explain this physically in terms
of a ratcheting effect due to symmetry breaking — i.e., if we leave the envelopes
unopened the problem becomes symmetrical, but as soon as we open an envelope
and switch according to P(y) we break this symmetry.

2. Analysis of the Two-Envelope Problem

Suppose two envelopes contain continuous valued amounts = and 2z, respectively.
The player selects one at random, it is opened and the amount revealed. The player
now has the opportunity to switch to the other envelope; and the question is should
the player swap? Firstly, let us imagine the player does not open the envelope. The
situation is entirely symmetrical and the average return is:

R= %(x—i—?x) = gl‘ (1)

Thus the player’s expected return, R = 1.5z, no matter if the envelopes are
switched or not. Now suppose the first envelope is opened and that the value
observed is y dollars. If the player now switches envelopes with a probability
P(y) € [0,1], the average return for a particular z is then:

R= %[ac(l — P(x)) +2zP(x)] + %[21‘(1 — P(2x)) + zP(2x)]
3 1
= 5o+ 5ulP(z) — P(22)]. (2)

Hence we clearly improve the return if P(x) > P(2x). The question is, what
function do we to choose for P(y)? It appears that any monotonically decreasing
function will improve the return. This result is quite general and does not presup-
pose a probability density function p(z) for z.

If we now select a suitably monotonically decreasing function, for example
P(y) = exp(—ay), this then leads to a question of optimization. How do we opti-
mize the value of the coefficient a in order to maximize the payoff R? The problem
is that a depends on the value of x, which is unknown. In the absence of any knowl-
edge about the probability density function, p(z), we cannot optimize a as there is
insufficient information.

However, let us now consider the case that, while z is unknown, we know its
probability density function (pdf) p(x). For example, suppose the pdf follows an
exponential distribution p(z) = cexp(—cx). The average return if the envelope is
unopened is,

_ 3 3
R z/O §J;ce_cxdac =50 (3)

and by symmetry this holds regardless of whether there is no swap, always a swap,
or a random swap. Now, in the case where we open an envelope, observe y, and
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randomly switch according the function P(y) = exp(—ay) we have:

_ <13 1
R= /0 [51‘ + 536(6_‘“” — e 29) | ce”“dy

_ 34_ c c
- 2¢ 2(c+a)?  2(c+2a)?

Differentiating to find the maximum, we have:

dR B c 2¢

%__(c+a)3+(c+2a)3zo' (5)

Solving the resulting cubic yields a = 0.35121¢, and substituting this back into
Eq. (4) yields the average return as,
1.6013

R= 20 (6)

Now let us suppose we do not select an arbitrary P(y), but seek now to find the
optimal switching function. What we require is to find the optimal function P(y),
which maximizes R, for the pdf p(z), with P(y) constrained such that P(y) € [0, 1],
thus:

R— /OOC {gac + %x[P(x) - P(Qx)]}p(x)dx

= [ jerte) + | gento) ~ gavte/] Pl (7)

This will be maximized if we choose P(x) = 1 if p(z) > 0.25p(5) and P(z) =0
otherwise. This result is general for any pdf p(x), but requires knowledge of p(z) in
order to evaluate the inequality. To see how this might be carried out, for illustrative
purposes, let us select our specific example of p(z) = cexp(—z). Therefore, we want
P(z) = 1if ce™* > 0.25ce~ 95 which reduces to the following inequality:

21n(4)

xr <

(®)

Hence the average return will be:

_ To 1
R = i +/ —xce” “dx
2C Io/z 2

1.6804
= 9
>, )
where z, = kc(él). Notice that, as required, the average return in Eq. (9) is indeed

higher than that obtained in Eq. (6) before the optimization procedure.
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3. The Two-Envelope Switching Process as a Ratchet

As we have shown in Sec. 2, the use of a Cover switching function not only pro-
vides a good framework for handling the two-envelope problem but also remarkably
provides a path for optimizing the player’s payoff. Whilst, this is initially surpris-
ing, we now discuss the physical picture and indicate how the two-envelope process
nicely accords with the mechanism of a discrete-time Brownian ratchet.

In game theory, Parrondo’s principle is paradigmatic of a discrete-time ratchet
and shows us that random switching between two losing games, in some circum-
stances, can result in a winning expectation [29-34]. A useful picture for under-
standing how this works, is to notice that the states in one of the games are set up
such that there is detailed balance when the game is played in isolation, but when
it is randomly mixed with another losing game the symmetry of the balance is
broken resulting in different equilibrium probabilities that can be designed to then
result in a winning game. This interaction between symmetry breaking and random
behavior is a ratchet effect and, in the case of Parrondo’s games, this connection
to ratchets has been formally established via discretization of the Fokker—Planck
equation [35-37].

Another interesting example is a new form of Parrondo’s paradox called the
Allison mixture [34]. Here we have two independent sequences of random digits
that individually have an autocovariance p = 0, and when we randomly mix the
sequences the resulting new sequence can result in p # 0. The naive expectation
is that a random mixture of sequences, individually possessing p = 0, should also
result in a final sequence with p = 0 — however it can be shown [38, 39] that
p is only zero provided the sequence means p; = po or the switching transition
probabilities oy + as = 1. If we break both these conditions, then we can legally
produce a sequence with a p # 0. The idea is that if we break symmetry and
impose both 1 # pe and ag + ag # 1, we lose detailed balance and end up with a
ratcheting action that results in a final sequence with p # 0 [34].

In Parrondo’s original games and the Allison mixture we see that when there
is symmetry we have detailed balance in both cases, and the processes are then
both time-reversible. When we then break symmetry both processes become time-
irreversible, and we obtain an increase in some parameter that moves against our
naive expectation. This is precisely what happens in the thermodynamic picture of
the Feynman—Smoluchowski ratchet: at equilibrium there is detailed balance, time-
reversibility, and no net displacement; whereas out of equilibrium detailed balance
is broken, with time-irreversibily leading to net displacement [34].

We can now appreciate that this is precisely the type of behavior we observe
in the two-envelope problem. When the envelopes are closed, the situation is sym-
metrical and swapping envelopes is purely a time-reversible situation. However, as
soon as we open an envelope, make an observation, and switch with P(y) condi-
tioned on the observed amount we have broken symmetry and made the process
time-irreversible. Hence, we now see the physical picture that winning money on
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the two-envelope process appears to be consistent with the thermodynamic view-
point if it is pictured as a ratchet and this now motivates future work to establish
a formal link.

Finally, it is worth pointing out in hindsight from an information-theoretic view-
point one should not be so surprised that the average return increases via perform-
ing a decision based on the observed amount y. This is because observing y is a
partial measurement of the whole system and has thereby reduced uncertainty and
increased information. However it is nevertheless intriguing that average gain can
increase without prior knowledge probability distribution of p(z).

4. Conclusion and Outlook

In this paper we have introduced the Cover switching function that is a transition
probability between two states, conditioned on the value of the initial state. We have
shown that if this is chosen to be an arbitrarily monotonically decreasing function
and adopted as a switching strategy, in the two-evelope game, we can calculate a
net positive payoff for the player. We show this is independent of the probability
distribution function (pdf) of the value of the initial state. Furthermore, in the case
when a pdf is known, we have shown that we can optimize the strategy to maximize
the payoff.

This work now motivates a number of interesting open questions for future
exploration. We have analyzed a specific example with an exponential distribution,
and this leads naturally to the question of researching how the payoff varies with
different distributions. In particular, fat-tailed distributions as observed on the stock
market would be of topical interest. This also leads to the question of exploring
connections with Luenberger’s method of volatility pumping on the stock market [40]
and if a common mathematical framework can be developed.

It is known that processes that switch between two different distributions can
be useful, for example, the statistical distribution of words in a human language
can be modeled in this way [38]. This leads to the question of new forms of repeated
two-envelope games where the amount = is alternately selected from two different
different distributions. Another possibility is that z might be selected from N pos-
sible distributions, and there remains the question of whether a form of central limit
theorem can be established in this case. Moreover, it is known there exists a Gaus-
sian decomposition theorem for arbitrary distributions [41]. Therefore, another line
of enquiry would be to compare the two-envelope game based on one given distri-
bution p(z), with an ensemble of many games each played on the set of Gaussian
components of p(x).

Games of chance and strategy are of emerging interest in the fields of
physics [42, 43] and econophysics [44] and a classical game of chance of this type can
be transformed into a quantum game setting. This type of approach is furthering
our understanding of quantum systems [45-47], and a biased quantum walk based
on the two-envelope game would be a possible starting point.
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Finally, another interesting line of enquiry would be to recast the two-envelope

switching process into the language of information theory — the relevant questions
here are to ask are how many bits of information are inferred by observing the
amount in the envelope, how does information entropy evolve during the switching
process, and by analogy does it accord with thermodynamic models of entropy or
run counter to expectation?
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