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multistep progression to cancer with an ordinary
differential equation (ODE) model which, despite the
apparent complexity of the equations, is based on basic
principles and a minimal set of parameters.
2. Structure and parameters of the model

Although the model applies to the process of
oncogenesis in general, the parameters are loosely based
on breast cancer data. We consider the following cell
populations: a population of 108 normal cells (N),
(Nowak et al., 2002), cells which have acquired the
ability to induce angiogenesis (A), cells with mutations
which allow them to avoid death (D), cells with
mutations that lead to genetic instability (G), cells with
mutations which increase their replication rate (R), and
cells with two or more of these mutations. Cell
populations that have acquired two or three mutations
are denoted by listing the mutations together in
alphabetical order (state DRA would be listed as state
ADR, for example). We label a cell which has acquired
all four mutations a primary tumor cell (T). Although
our model only addresses development of a primary
tumor in genetic detail, we allow a primary tumor cell
that has acquired the capability to invade and metasta-
size to become a metastatic cell (M).
The spontaneous mutation rate in human cells has

been estimated to be in the range of 10 7–10 6

mutations/gene/cell division (Jackson and Loeb, 1998).
We assume a spontaneous mutation rate of k1 ¼ 10 7

mutations/gene/cell division. The loss of DNA repair
genes can increase the mutation rate by a factor ranging
from 101 to 104 (Tomlinson et al., 1996). We assume
that the mutation rate after a genetic instability
mutation increases 1000-fold to k2 ¼ 10 4 mutations/
gene/cell division. Successful invasion and metastasis
depend upon acquisition of the other hallmark
capabilities, as well as several new capabilities (Hanahan
and Weinberg, 2000). To simplify the model, we do
not address the multistep progression of a tumor cell to
a metastatic cell, and instead consider this
complex process as one step. It has been estimated that
the rate of successful metastasis is in the range
of 10 9–10 7 per cell division (Luebeck and Moolgav-
kar, 2002), and so we use a conservative estimate of
k3 ¼ 10 9 for the transition from a primary tumor cell
to a metastatic cell.
A tumor cannot grow past about 106 cells without

angiogenesis supplying blood to the tumor (Folkman,
1990). We thus cap the size of the tumor at 106 cells until
greater than 10% of the population of non-normal, non-
metastatic cells have acquired a mutation in an A gene.
This accounts for the fact that only a fraction of the cells
in a tumor need to send angiogenesis signals in order to
develop an adequate blood supply for the tumor. In
addition, populations of non-normal, non-metastatic
cells are always capped by a lethal tumor burden limit of
1013 cells (Friberg and Mattson, 1997), irrespective of
the angiogenesis cap.
Futreal et al. (2004) state that 291 genes have been

reported to be implicated in the causation of human
cancer and note that many more cancer genes remain to
be identified. The number listed on the Wellcome Trust
Sanger Institute web site at this time is 298 genes. We
therefore estimate that there are approximately
400 genes involved in the development of a primary
tumor. Dividing by four categories, we assume that
there are approximately 100 genes involved in each of
categories A, D, G, and R. To account for the fact that
some genes function in more than one category, we
allow double and triple state transitions but reduce the
number of genes involved to the order of 10 and 1,
respectively, to reflect the likelihood that a single
mutation would affect more than one category. For
example, we assume that there are 100 genes involved
transitions where only one mutation is acquired (e.g.
N ! A; D ! DR; AG ! AGR; or ADG ! ADGR),
10 genes involved in transitions where two mutations are
acquired in one step (e.g. N ! AD; G ! ADG; or
AR ! ADGR), and 1 gene involved in transitions where
three mutations are acquired in one step (e.g. N ! ADG

or G ! ADGR). This feature accounts for a mutational
hit in p53, for example, which could take a cell directly
from N to DGR, as p53 is involved in apoptosis,
DNA repair, and cell cycle progression (Vogelstein
et al., 2000).
We estimate that the relative contribution to increased

net proliferation for mutations in the D and R categories
is 7 and 3, respectively, an inference made from work by
Tomlinson and Bodmer (1995). Using this D:R ratio of
7:3, a tumor volume doubling time for breast cancer of
500 days (Friberg and Mattson, 1997), and a cell
division rate for breast cancer of 1

10
days 1 (Rew and

Wilson, 2000), we calculate (see Section 4) the following:
cells without a mutation in an R gene divide every b ¼

10 days, cells with a mutation in an R gene divide every
bR ¼ 9:92 days, the lifetime of cells without a mutation
in a D gene is d ¼ 10 days, and the lifetime of cells with
a mutation in a D gene is dD ¼ 10:11 days. The birth
and death rates are equal for normal cells and for all
cells without a mutation in D or R.
The above information is depicted in a unified fashion

in Fig. 1 and the parameters appearing in the ODE
model are given in Table 1.
In the next section, we present an ODE model that

will be used to explore the following areas:
(1)
 The kinetics of various paths to cancer.

(2)
 The effect of inherited mutations on cancer devel-

opment.

(3)
 A sensitivity analysis of variations in the parameters.
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3. Construction of the ODE model

Although the development of cancer has inherent
stochasticity and several previous cancer models include
stochastic components (Speer et al., 1984; Koscielny et
al., 1985), ordinary differential equations can accurately
model the rate changes associated with cancer progres-
Fig. 1. State diagram of the model. Normal cells ðNÞ can acquire

mutations which give the cell the capability to induce angiogenesis ðAÞ;
mutations which give the cell the capability to avoid death ðDÞ;
mutations which lead to genetic instability ðGÞ; or mutations which
increase the proliferation rate ðRÞ: These mutations are acquired at rate
k1: After a mutation in G, the mutation rate increases to k2: Cells with
one mutation go on to acquire two, three, and four mutations, denoted

by listing the mutations together in alphabetical order for the cases of

two and three mutations. When a cell has acquired all four mutations,

it becomes a primary tumor cell ðTÞ: Finally, tumor cells become

metastatic cells ðMÞ at rate k3: Double and triple state transitions are

also allowed, as detailed in the text, but are not shown in this diagram

for simplification. Cell birth rates (1=b) and cell death rates (1=d) have

units days�1:

Table 1

Parameters appearing in the ODE model

Characteristic Parameter Range in literatu

Mutation rate without a G mutation k1 10�7 10�6 mut./

Mutation rate with a G mutation k2 10�6 10�2 mut./

Metastasis rate k3 10�9 10�7 /cell d

Number of genes involved in cancer 291+ genes

Genes per single, double, triple transitions Unknown

Tumor volume doubling time 88 523 (sometim

Relative contribution of D:R 7:3 8:2 (inferred

Cell division rate without an R mutation 1=b Once every 1.8

Cell division rate with an R mutation 1=bR

Cell death rate without a D mutation 1=d Once every 1.8

Cell death rate with a D mutation 1=dD

% of cells needed to signal for A Unknown

Angiogenesis cap 106 cells

Lethal tumor burden cap 1013 cells

The default value is that used in our ODEs, unless otherwise specified.
sion. Adding a stochastic component would not change
the mean time to cancer onset that our model produces
using deterministic differential equations. Our goal is
only to create one ‘‘generic’’ model to better understand
the kinetics of cancer progression, not to create a model
that captures the variability of many different types of
cancer all at once. We here outline the ODE model that
we use.
Based on the basic rules outlined in the state diagram

in Fig. 1, we construct 17 ODEs to model a hetero-
geneous population of cells undergoing the multistep
process of tumorigenesis. Each equation represents one
of the 17 populations of cells depicted in the state
diagram and has the following format: the population of
cells in a state is increased by cells gaining mutations
and entering that state from previous states, is increased
by cells replicating and remaining in that state, and is
decreased by cells gaining new mutations and leaving
that state for a new state. The populations are capped by
two logistic terms, as detailed below.
We condense the ODEs into vector format as follows:

dy

dt
¼ diag diag yTk

� �T
b

� �
M

�
þdiag b� dð Þ

Ty
� ��

S 1� aðyÞ
PNM

106

� �

� 1�
PNM

1013

� �
þmm; ð1Þ

where y is the row vector of cell populations; y1 is the
population of normal cells, y2; y3; . . . ; y15 are the
populations of cells with single, double, and triple
mutations, y16 is the number of primary tumor cells
(cells with all four mutations), and y17 is the number of
metastatic cells. Here, diag �ð Þ is the operator that forms
the row vector of the main diagonal of the matrix. The
corresponding rate (row) vector is k; with mutation rates
re Default value Reference

gene/cell div. 10�7 Jackson and Loeb (1998)

gene/cell div. 10�4 Tomlinson et al. (1996)

ivision 10�9 Luebeck and Moolgavkar (2002)

400 Futreal et al. (2004)

100, 10, 1 N/A

es 45000) days 500 Friberg and Mattson (1997)

) 7:3 Tomlinson and Bodmer (1995)

47.5 days 1
10
days�1 Rew and Wilson (2000)

1
9:92 days

�1 See Section 4

47.5 days 1
10
days�1 Rew and Wilson (2000)

1
10:11 days

�1 See Section 4

10% N/A

106 Folkman (1990)

1013 Friberg and Mattson (1997)
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ki (mutations/gene/cell division) corresponding to the
mutation rate for element yi in y: The same applies to
the birth rates b (day 1) and death rates d (day 1). The
metastasis rate vector is

mm ¼ 0; 0; . . . ; 0; 10 9 � y16
� �

þ ð1=bR � 1=dDÞy17;

corresponding to cells leaving y16 for y17 at rate 10 9;
and a doubling of metastatic cells at rate ð1=bR � 1=dDÞ

for 1=bR and 1=dD as given in Table 1. The 17� 17
upper triangular matrix M consists of elements Mi;j

(jai) for the number of genes associated with going
from state i to state j, and

Mi;i ¼ �
X
jai

Mi;j ð2Þ

is the main diagonal containing the number of genes for
leaving each of the states. S is the 17� 17 matrix

S ¼

0 0 0 . . . 0

0 1 0 . . . 0

..

. . .
. ..

.

0 . . . 1 0

0 . . . 0 0

2
6666664

3
7777775

ð3Þ

used to apply the cell population caps to the non-
normal, non-metastatic cells. Non-normal, non-meta-
static cells are denoted by PNM ; where

PNM ¼
X16
i¼2

yi

 !
: ð4Þ

The system is capped at 106 cells using a logistic term if
10% or fewer of the non-normal, non-metastatic cells
are in states with angiogenesis mutations, otherwise this
term is removed. This is expressed in the term aðyÞ;
defined as

aðyÞ ¼
0; PA

P
NM

410%;

1 otherwise;

(
ð5Þ

where PA is the number of non-metastatic cells with
mutations in A category genes. The populations of non-
normal, non-metastatic cells are also capped by a lethal
tumor burden limit of 1013 cells (Friberg and Mattson,
1997), irrespective of the angiogenesis cap. The ODEs
are solved using the Runge–Kutta method of order 5,
with a variable step size between 1 and 10 5; to
guarantee that the errors in calculating the populations
remain within 10 4 at each step.
Below, we have reproduced the normal cell and four

single state ODEs from the compact vector form for
ease of comprehension. Note that our equations assume
a constant, renewing population of normal cells, since
we assume that cells leaving state N for other states are
few enough in number so as not to affect the population
of N cells.

dPN

dt
¼ 0; ð6aÞ

dPA

dt
¼

100PNk1

b
�

3� 100þ 3� 10þ 1ð ÞPAk1

b

� �

� 1�
PNM

106

� �
1�

PNM

1013

� �
; ð6bÞ

dPD

dt
¼

100PNk1

b
þ PD

1

b
�

1

dD

� ��

�
3� 100þ 3� 10þ 1ð ÞPDk1

b

�

� 1�
PNM

106

� �
1�

PNM

1013

� �
; ð6cÞ

dPG

dt
¼

100PNk1

b
�

3� 100þ 3� 10þ 1ð ÞPGk2

b

� �

� 1�
PNM

106

� �
1�

PNM

1013

� �
; ð6dÞ

dPR

dt
¼

100PNk1

b
þ PR

1

bR

�
1

d

� ��

�
3� 100þ 3� 10þ 1ð ÞPRk1

bR

�

� 1�
PNM

106

� �
1�

PNM

1013

� �
; ð6eÞ

..

.

The equations for the other populations follow the same
format and can be derived from the state diagram and
from the vector form of the ODEs. In words, Eq. (6c),
for example, says that the population of cells with a
mutation in D is increased by normal cells gaining a
mutation in one of 100 genes in D at a rate of k1 every
b days. The population is also increased by cells in state
D replicating (but not mutating) every b days and dying
every dD days. The population is decreased by cells
leaving state D and gaining a single mutation in one of 3
other categories (AD, DG, DR) each with 100 genes, by
gaining a double mutation in one of 3 ways (DGR, ADG,
ADR), with 10 genes being involved in each transition,
or by gaining a triple mutation to go to state ADGR

with 1 gene being involved in the transition. The logistic
term caps the total population of non-normal,
non-metastatic cells at 106 cells. What is not visible in
this standard form of the ODEs but is present in
the vector form is the fact that the logistic angiogenesis
cap is only imposed when 10% or fewer of the
non-normal, non-metastatic cells have a mutation in
the A category. Finally, populations of non-normal,
non-metastatic cells are always capped by a lethal tumor
burden limit of 1013 cells.
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4. Calculation of cell division and death rates

In order to calculate the change in cell division and
death rates for mutations in R and D, we begin with the
assumption that birth and death rates are equal for
normal cells, that is, the cell division rate =1=b = cell
death rate=1=d ¼ 1

10
days 1:

We use an approximation to the ODEs where we treat
the rate of cells entering and leaving the state as
negligible compared with the tumor volume doubling
time, since they are several orders of magnitude
different. Thus, for cells with mutations in D but not
R, for example, we consider

dD

dt
¼ D

1

b
�

1

dD

� �
: ð7Þ

Solving this gives D ¼ D0 expðð1=b � 1=dDÞtÞ: A dou-
bling corresponds to 2 ¼ expðð1=b � 1=dDÞTDÞ: Simi-
larly, for cells with mutations in R and not D, we arrive
at R ¼ R0 expðð1=bR � 1=dÞtÞ: Taking the natural loga-
rithm of both sides leads to Eqs. (8a) and (8b),

ln 2

1=bR � 1=d
¼ TR; ð8aÞ

ln 2

1=b � 1=dD

¼ TD; ð8bÞ

where TR is tumor volume doubling time for cells with a
mutation in R but not D and equals T þ 50� 3; where
TD is the tumor volume doubling time for cells with a
mutation in D but not R and equals T þ 50� 7; and
where the D : R importance ratio is 7 : 3: The base
tumor volume doubling time is T when the growing
tumor has mutations in both D and R (500 days). The
value 50 is chosen to give realistic doubling times for
cells with mutations in D (but not R) and R (but not D),
on the upper bound of observed tumor volume doubling
times, where the cells typically have both mutations.
5. Kinetics of various paths to cancer

Given that multiple mutations are necessary to form a
tumor, we are interested in whether the specific order of
mutations is important. It is currently believed that the
temporal sequence of mutations determines the propen-
sity of tumor development (Arends, 2000). The extent to
which genetic instability (G) determines the timing of
tumorigenesis has been a controversial issue in cancer
biology. Some have argued that an increased pre-
malignant mutation rate (that is, acquiring a mutation
in G early) is necessary for tumor development (Loeb,
1991; Rajagopalan et al., 2003). Others have argued that
an increased cell division rate, offering more opportu-
nities to accumulate mutations, is sufficient for tumor-
igenesis (Tomlinson and Bodmer, 1995, 1999; Sieber
et al., 2003). Although the extent to which angiogenesis
(A), decreased apoptosis (D), genetic instability (G), and
increased replication rate (R) contribute to the develop-
ment of cancer depends on the type of cancer involved, a
better general understanding of the kinetics of various
paths to cancer can be informative about their relative
importance.
We explore the kinetics of various pathways to cancer

by analysing the dynamics of the different cell popula-
tions. By plotting different sets of cell populations, we
are able to identify the individual contribution of each
mutation to the development of cancer. The growing
populations of cells plateau at various points in the
graphs due to the imposed 1013 cell population cap. In
this model, the fastest pathway for tumor progression
starts with a mutation in D (Fig. 2(a)) which increases
the population of potential tumor cells. Next, a
mutation in R is acquired, further increasing the
population of cells by clonal expansion (Fig. 2(b)).
After acquiring these two mutations, the tumor is
sufficiently large to be inhibited by the angiogenesis
cap imposed by the model. For this reason, a mutation
in the angiogenesis category occurs next in the fastest
path (Fig. 2(c)). Finally, a mutation in G follows.
Fig. 2(d) shows the populations of tumor cells, T, and
metastatic cells, M. Although the rate k3 ¼ 10 9 is very
low, the large increase in population of T cells
guarantees that eventually some cells successfully
metastasize.
Our model predicts that genetic instability is more

likely to be a feature of later-stage sporadic tumors, in
accordance with the view of Tomlinson and Bodmer
(1999). This is because a mutation in G has no direct
selective advantage, only an indirect advantage through
increasing the mutation rates in other genes. Although
genetic instability can aid tumorigenesis, selection and
clonal expansion are the main driving force for tumor
progression in this model, a conclusion which has been
proposed previously by Siber et al. (2003).
6. Effect of inherited mutations on cancer development

Here, we examine the effect of different inherited
mutations on cancer development by varying our initial
conditions. Since most inherited cancers are the result of
mutations in tumor suppressors (Knudson, 2002), we
model this situation by increasing the rate of transition
from a normal cell to the appropriate mutated cell to
10 5 mutations/gene/cell division. This models a case
where a person inherits an inactivating mutation in one
copy of the gene. These cells are still functionally
‘‘normal’’ (thus they begin in state N), but the chance of
acquiring the second ‘‘hit’’ and losing functionality of
the protein (moving into the mutated state) is much
increased.



Fig. 2. Fastest path to cancer. (a) Dynamics of cell populations with one type of mutation. (b) Dynamics of cell populations with two types of

mutations. (c) Dynamics of cell populations with three types of mutations. (d) Dynamics of cell populations with four types of mutations (T), and

those that have metastasized (M). (e) The fastest path to cancer is by acquiring a mutation in D, then R, then A, then G.
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As expected, inheriting a mutation in a cancer-critical
gene decreases the time to cancer onset. The effects of
inheriting a mutation in each category on time to reach
109 primary tumor cells, 1012 primary tumor cells, and
1012 metastatic cells are shown in Fig. 3. A tumor
volume of 1 cm3 weighs about 1 g and represents about
109 cells (Friberg and Mattson, 1997). This tumor size is
regarded as relatively small in a clinical setting and it is
at this size that a tumor may give rise to the first
symptoms and may first become detectable by palpation
(Friberg and Mattson, 1997). A tumor that weighs
about 1 kg (1012 cells) is approaching the lethal tumor
burden for a patient (Friberg and Mattson, 1997). The
1012 metastatic cells plotted in Fig. 3 are not necessarily
localized to one site in the body; they could represent
1012 cells present in one location or 1011 cells present in
each of 10 different locations, for example.
In contrast to the results obtained in Fig. 2, where the

increased population of cells caused by mutations in D

and R dominates the fastest path to sporadic cancer,
inheriting a mutation in a G gene causes cancer onset at
the earliest age. There is no observable difference
between inheriting a mutation in one of the other
categories (A, D, or R) and inheriting no mutations at all
(N), partly due to the robustness of the model to changes
in parameters, discussed in the Fig. 3 caption and in
Section 7. In the fastest path plots (Fig. 2), there is equal
probability of acquiring a mutation in A, D, G or R. D

will dominate over G due to the fact that the transition
from one state to another is a function not only of the
mutation rates k1 and k2; but also the cell population
size. Both D and G are equally likely to begin with, but
since D increases the net cell population very quickly, it
soon dominates over the rate k2 associated with G.
Therefore, the fastest path to sporadic cancer is through
a mutation in D first.
In comparison, when a mutation in G is inherited, the

cell has already surpassed the initial probability hurdle
of acquiring a mutation in G. The rate of subsequent
mutation is now 1000-fold higher and once a mutation
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in D or R is obtained, the cell population will begin to
increase. For this reason, an inherited mutation in G has
the greatest effect. This is consistent with the fact that
many inherited cancer syndromes are the result of a
mutation in the G category. These include xeroderma
pigmentosum, ataxia telangiectasia, Nijmegen breakage
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Fig. 3. Inherited mutations in cancer critical genes. Age at which a

person may acquire 109 primary tumor cells, 1012 primary tumor cells,

and 1012 metastatic cells with different inherited mutations. For

reference, the case where no mutations are inherited is also shown (N).

An inherited mutation in G is the only case which produces an earlier

onset of cancer than the case where no mutations are inherited.

Inheriting a mutation in G has a large effect because it allows the cell to

surpass the initial probability hurdle of acquiring a mutation in G

which then confers a 1000 fold increase in the rate of subsequent

mutation. Increasing the initial probability of getting into state A, D,

or R (that is, inheriting a mutation in A, D, or R) does not increase the

time to cancer onset due to the number of cells that normally already

build up in states D and R and due to the fact that mutations in A

confer no benefit until 106 cells are obtained.

Table 2

Sensitivity of the model to changes in changes in parameters

Parameter Default Time Path

Cell birth and death rates 1
10

51.75 DRAG

Tumor volume doubling time 500 51.75 DRAG

% A cells needed to remove cap 10% 51.75 DRAG

D : R importance ratio 7:3 51.75 DRAG

Mut. rate with a G mutation 10�4 51.75 DRAG

Mut. rate without a G mutation 10�7 51.75 DRAG

# of genes involved in transitions 100, 10, 1 51.75 DRAG

Cell birth and death rates have units days�1: Tumor volume doubling times
cell division. Number of genes involved in transitions are listed as number in

values tested in the sensitivity analysis. ‘‘Time’’ refers to age at acquisition of 1

refers to the fastest path to cancer for a variation in that parameter.
syndrome, hereditary non-polyposis colorectal cancer,
and Bloom syndrome (Siber et al., 2003).
The time to develop a palpable primary tumor (109

cells) in this model is 16.25 years if no mutations are
inherited (Fig. 3). Even taking into account the fact that
detection of the tumor would not occur until several
years later (Friberg and Mattson, 1997), this age of
cancer onset is significantly earlier than the average age
of cancer onset in the human population (DePinho,
2000). This is an indication of the need for more
accurate information on cell division, cell death, and
tumor doubling rates. Importantly, this may also be an
indication that acquisition of mutations in more than
four categories is necessary for development of a
primary tumor. Adding two more steps to the multistep
model would certainly delay the time to cancer, however
to add those as detailed in Hanahan and Weinberg
(2000) would be better left for an agent-based model (see
Discussion). Consideration of the role of the immune
system in curbing the growth of a tumor would also slow
the time to cancer onset. Our model does not directly
consider this factor, although category D does allow for
apoptosis initiated by the immune system. Considera-
tion of these three factors would allow the model to be
more appropriately scaled to the timing of human
cancer.
7. Sensitivity analysis of variations in the parameters

In order to determine the relative contributions of the
parameters to the model, we vary each parameter listed
in Table 2 while holding all others constant at the
default value. The default values chosen are our best
estimate from the literature. Except for D:R importance

ratio where we use 3:7 to determine the effect on the
fastest path, and % A cells needed to remove cap where
we test the range from 0% to 100%, the other values are
chosen to be near the upper and lower bounds of the
Other Time Path Other Time Path

1
5

50.25 DRAG 1
30

54.75 DRAG

300 38.25 DRAG 700 64.75 DRAG

30% 51.75 DRAG 40% 57.50 DRAG

8:2 50.50 DRAG 3:7 51.75 RDAG

10�3 50.50 DRAG 10�2 50.50 DRAG

10�6 48.50 DRAG

500, 100, 10 48.25 DRAG

are measured in days. Mutation rates are measured as mutations/gene/

volved in single, double, triple transitions. ‘‘Other’’ refers to different

012 M cells for a variation in that parameter, measured in years. ‘‘Path’’
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range given in the literature. We assess the contribution
of each by examining their effect on time to reach 1012

M cells and on the fastest pathway to cancer in Table 2.
The most salient result of the sensitivity analysis is the

robustness of the model. Despite trials with very high
values for k2; the fastest path to somatic cancer is always
via a mutation in D then R then A then G, except in the
case where we flip the D:R importance ratio. As
expected, a ratio of 3:7 flips the roles of D and R in
the fastest path to give RDAG, but does not change the
time to 1012 M cells from the default value of 51.75
years. Using a D:R ratio of 8:2 decreases the time to
reach 1012 M cells due to the increased weight given to
D.
The parameter that has the largest effect on time to

reach 1012 M cells is the tumor volume doubling time. A
tumor volume doubling time of 300 days decreases the
time to reach 1012 M cells by 13.50 years relative to the
default of 500 days, and a tumor volume doubling time
of 700 days increases the time to reach 1012 M cells by
13.00 years. This effect is seen in Fig. 4(a) as well as in
Table 2. The large effect of this parameter on the model
is due to its impact on the ð1

b
� 1

d
Þ term; when cells have

mutations in R and/or D, the terms become 1=bR and/or
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Fig. 4. Sensitivity of the model to changes in parameters. (a)

Sensitivity to changes in tumor volume doubling time. Time to reach

1012 M cells is shown for tumor volume doubling times of 300, 500,

and 700 days. (b) Effect of variations in percentage of A cells required

to induce angiogenesis on time to reach 1012 M cells.
1=dD; allowing the cell populations to increase at a rate
that reflects the tumor volume doubling time chosen.
Variations in the birth and death rates to 1 in every 5

days and 1 in every 30 days also have an effect on time
to reach 1012 M cells. This can be seen in row one of
Table 2, but the effect is small when compared with the
effect of tumor volume doubling time.
The time (51.75 years) to reach 1012 M cells does not

change in varying the percentage of A cells needed to
remove the angiogenesis cap from 0% to 31%. Between
31% and 35%, the time to reach 1012 M cells increases
rapidly. The time (57.50 years) to reach 1012 M cells
does not change in varying the percentage from 35% to
100%. This effect can be seen in Fig. 4(b). At 31%, the
requirement for mutations in the A category begins to
have an effect on the growing cell populations. At 35%
and above, the percentage of A cells required is so large
that the sum of the populations of non-normal, non-
metastatic cells never goes above 106 because there are
never at least 35% with A mutations. Thus the time to
reach 1012 M cells depends only on a fixed number of T

cells in each case, and remains constant at 57.50 years
for percentages 35% and above.
A ten-fold change (from 10 7 to 10 6 mutations/gene/

cell division) in mutation rate without a G mutation (k1)
has a larger effect on time to reach 1012 M cells than a
ten-fold change (from 10 4 to 10 3 mutations/gene/cell
division) in mutation rate with a G mutation (k2). This is
due to the fact that the effect of k2 only becomes
important later in tumorigenesis since G is last in the
fastest path to cancer, whereas the effect of k1 occurs at
the beginning. There is no change in time to reach 1012

M cells when k2 is increased from 10 3 to 10 2

mutations/gene/cell division because the effect of muta-
tion rate has already saturated the system at a k2 value
of 10 3:
Since the parameter number of genes involved in

transitions is located in the numerator of the differential
equations, increasing the number of genes involved in
the transitions decreases time to reach 1012 M cells
simply by making the numerator larger.
To determine whether we could obtain a more

realistic age of cancer onset, we ran the model
using all parameter values that would push back the
time to cancer onset but are still in the biologically
valid range. The parameters that we varied from the
default settings are a tumor volume doubling time of 700
days, a cell birth and death rate of one every 30 days,
and an angiogensis cap removal percentage of 40%.
Running the model with these parameter adjustments
results in a time to 109 tumor cells of 20.75 years, a time
to 1012 tumor cells of 33.75 years, and a time to 1012

metastatic cells of 65.5 years. Although this time to
cancer onset is more realistic, it does not represent our
best estimates of parameter values from the current
literature.
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8. Discussion

This paper explores facets of the multistep model of
oncogenesis. The key findings of this paper are:
(1)
 The fastest path to somatic cancer is predicted to be
through gaining mutations in D (evasion of cell
death), then R (increased replication rate), then A

(angiogenesis), then G (increased mutation rate).

(2)
 Of the four categories of mutations, inheriting a

mutation in G is predicted to produce cancer at the
earliest age.
(3)
 The fastest path to somatic cancer is robust to
realistic changes in parameters, with the model being
most affected by variations in tumor volume
doubling time.
The strength of our model lies not in its utility for
predicting any one individual’s time to cancer onset per

se, but rather in the fact that it presents a novel
approach to understanding the genetic basis of cancer
from a systems biology perspective. Although a thor-
ough testing of this model is not currently possible due
to the ‘‘generic’’ nature of the model (i.e. specific types
of cancer and specific genes are not mentioned), this
model establishes the groundwork for future models
that can be directly tied to clinical and molecular data
pertaining to a specific type of cancer.
We hope that the creation of this model for the

multistep progression to cancer will encourage biologists
to gather quantitative data and will suggest which
experiments should be performed with highest priority.
The only parameter values which are reasonably agreed
upon in the literature are the spontaneous mutation rate
and the size to which a tumor can grow before
angiogenesis is required. All other parameter values
could use experimental refinement. In particular, experi-
mental data that would help include direct measurement
of tumor volume doubling time and measurement of the
number of mutations in various gene categories in
heterogeneous cancer cell populations. The experimental
data on mutations should consider the ordering of
acquisition of key genes in each of the categories and
include a study of inherited mutations in these key
genes. A number of genes that could be categorized and
tracked include those in the Wellcome Trust
Sanger Institute database (Futreal et al., 2004).
Tracking mutations in A category genes along with a
study of the timing of angiogenesis would allow
an estimate of the percentage of A cells required to
signal for successful angiogenesis and tumor growth
past 106 cells. Estimates of cell division and death rates
in cells with these mutations would also be useful.
Our model is kept as general as possible; to make use of
much of this experimental data the model would need to
focus on a particular type of cancer, as many of these
parameters are highly dependent on the originating
tissue type.
To push back the time to cancer onset, we did try

building a six step ODE model more like the one
proposed by Hanahan and Weinberg with the same 4
steps (A, D, G, R) and two additional ones: L (limitless
replicative potential, e.g. turning on telomerase) and M

(invasion and metastasis, e.g. loss of E-cadherin). The
main problem was that we could not accurately model L

or M using ODEs. To properly model the effect of a
beneficial mutation in L, we would need to store how
many times each individual cell divides. A population-
based ODE model ignores individual cells and their cell
divisions, and so we only monitor cell populations. To
properly model invasion, we need to consider the cells
existing in 3D space. The ODEs can only model change
in population over time, not through space, and we were
unable to create equations that could reflect invasion by
just using a rate change. An agent-based model would
allow stochastic modeling of the six-step transformation
to cancer. In this type of model, it would be possible to
track the number of times an individual cell divides
(category L) and where the cells are located in 3D space
(category M).
Better estimates of parameter values, inclusion of two

additional categories to give a total of six steps in the
multistep model, and consideration of the role of the
immune system in curbing the growth of a tumor will
allow future models to be more appropriately scaled to
human cancers. Modeling the multistep accumulation of
genetic mutations in cancer will give insight into topical
questions about the progression of a normal cell to a
cancerous cell, enabling cancer treatments to be better
targeted to various stages of cancer progression, and
suggesting the most important directions for future
experimental research.
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