
IEEE TRANSACTIONS ON TERAHERTZ SCIENCE AND TECHNOLOGY, VOL. 6, NO. 6, NOVEMBER 2016 793
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on Geometric Algebra

Shengling Zhou, Dimitar G. Valchev, Alex Dinovitser, Member, IEEE, James M. Chappell, Azhar Iqbal,
Brian Wai-Him Ng, Member, IEEE, Tak W. Kee, and Derek Abbott, Fellow, IEEE

Abstract—This paper presents an approach to classification of
substances based on their terahertz spectra. We use geometric al-
gebra to provide a concise mathematical means for attacking the
classification problem in a coordinate-free form. For the first time,
this allows us to perform classification independently of dispersion
and, hence, independently of the transmission path length through
the sample. Finally, we validate the approach with experimental
data. In principle, the coordinate-free transformation can be ex-
tended to all types of pulsed signals, such as pulsed microwaves
or even acoustic signals in the field of seismology. Our source code
for classification based on geometric algebra is publicly available
at: https://github.com/swuzhousl/Shengling-zhou/blob/geometric-
algebra-classifier/GAclassifier/.

Index Terms—Classification, geometric algebra, multivectors,
spectroscopy, terahertz (THz).

I. INTRODUCTION

T ERAHERTZ (THz) inspection systems can penetrate com-
mon packaging materials and provide substance detection

of the contents by measuring the complex refractive index of
materials over a wide range of frequencies [1], [2]. The iden-
tification of different substances can be achieved via adoption
of a signal classifier that is trained to discriminate absorption
spectra in the THz regime [3].

In a general application where there may be little or no a
priori knowledge of the target, it becomes advantageous to

Manuscript received April 26, 2016; revised July 19, 2016; accepted Septem-
ber 6, 2016. Date of publication October 12, 2016; date of current version
November 1, 2016. This work was supported by the National key R&D program
of China under Grant 2016YFC0502301, by the Fundamental Research Funds
for the Central Universities under Program XDJK2014c132, and by the Aus-
tralian Research Council under Grant FT120100351. The work of D. G. Valchev
was supported by the Group of Eight 2014 European Fellowship scheme. The
work of S. Zhou was supported by the 2015 China Scholarship Council scheme.

S. Zhou is with the School of Engineering and Technology, Southwest Uni-
versity, Chongqing 400715, China, and also with the Department of Chemistry,
School of Physical Sciences and the School of Electrical and Electronic En-
gineering, The University of Adelaide, Adelaide, SA 5005, Australia (e-mail:
swuzhousl@163.com).

D. G. Valchev is with the Department of Computer Systems and Technologies,
University of Food Technologies, Plovdiv 4000, Bulgaria, and also with the
School of Electrical and Electronic Engineering, The University of Adelaide,
Adelaide, SA 5005, Australia (e-mail: dimitar.valchev@gmail.com).

A. Dinovitser, J. M. Chappell, A. Iqbal, B. W.-H. Ng, and D. Abbott are
with the School of Electrical and Electronic Engineering, The University of
Adelaide, Adelaide, SA 5005, Australia (e-mail: alex.dinovitser@gmail.com;
jamie2007@mail.com; mr.azhariqbal@gmail.com; brian.ng@adelaide.edu.au;
derek.abbott@adelaide.edu.au).

T. W. Kee is with the Department of Chemistry, School of Physical Sciences,
The University of Adelaide, Adelaide, SA 5005, Australia (e-mail: tak.kee@
adelaide.edu.au).

Color versions of one or more of the figures in this paper are available online
at http://ieeexplore.ieee.org.

Digital Object Identifier 10.1109/TTHZ.2016.2610759

capture THz spectra both in reflection and in transmission simul-
taneously. Dual THz systems that perform simultaneous trans-
mission and reflection measurements have been developed [4].
Reflective measurements avoid the disadvantages of transmis-
sion; however, this is at the expense of a signal scattered over
a wide capture angle, thereby reducing the signal-to-noise ratio
(SNR). Transmission measurements offer improved collima-
tion of energy; however, SNR will rapidly fall off as a function
of the thickness of the sample. Thus, in practice, a dual re-
flection and transmission mode system assists in maximizing
the total information that can be obtained from an arbitrary
sample.

A problem with using pulsed terahertz time-domain spec-
troscopy (THz-TDS) systems is the dispersion of the THz pulse
through the sample. This dispersion results in temporal pulse
spreading, and therefore classifiers trained on a substance of a
given thickness do not generalize. In other words, if a signal
classifier has been trained using both frequency and phase data
for a sample of one thickness, it may not always work for a target
sample of a different thickness. Clearly, retraining the classifier
for every expected substance thickness is highly impractical.

A standard solution to this problem is to move away from
pulsed systems and turn to THz continuous wave (CW) sys-
tems [5], thus avoiding the issue of pulse dispersion in the first
place—but this is at the expense of direct capture of phase in-
formation. On the other hand, a pulsed THz-TDS system is
desirable as it rapidly captures many frequencies, and chirped
systems even offer one-shot capture [6]. Also due to the high
pulse powers, pulsed systems offer a higher dynamic range over
CW counterparts [7].

Thus, the key question we address in this paper is: Can clas-
sification of THz pulses in transmission be carried out in a
dispersion independent manner? If this can be achieved, then
dual reflection and transmission pulsed THz inspection systems
will have a much wider practical application space.

The approach we take in this paper is to essentially find
a higher dimensional mathematical space over which all THz
pulses lie on the same hyperplane if they represent a unique
substance, independent of the dispersion. In other words, we find
a mathematical projection that enables us to perform dispersion-
independent signal classification.

Geometric algebra (GA) is the most convenient mathemati-
cal framework for handling higher dimensional spaces. It has
already been successfully applied to complex signal [8] and
image processing [9], computer vision [10], electrical engineer-
ing [11], etc. Following the approach in [12], we briefly in-
troduce this methodology and, second, we show how it may be
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used for isolating dispersion-independent hyperplanes in higher
dimensions.

Next, we perform THz-TDS measurements on a number of
substances of varying thicknesses. We then use these data to
validate the approach by comparing the performance of GA
classification with the performance of a conventional support
vector machine (SVM) classifier. The reason we select the SVM
classifier for comparison is that it has been previously demon-
strated as one of the most robust and accurate for THz-TDS
signals [13], [14].

Our original contribution is that for the first time we the-
oretically demonstrate that a classifier based on GA is nearly
independent of signal dispersion in the ideal noise-free case.
Moreover, in the nonideal case, we experimentally demonstrate
reduced dependence on dispersion.

A. Brief Introduction to GA

Clifford GA C� (�n ) represents an associative graded real
algebra over n dimensions. We can define the algebra through
selecting a set of basis vectors {e1 , . . . , en}, where we spec-
ify e2

i = 1, i = 1, 2, . . . , n, with the basis elements ei anti-
commuting with each other. The scalars, vectors ei , bivectors
eiej , trivectors eiej ek , etc., formed from distinct basis vectors
form the grades of the algebra from 0 to n, respectively. We
write a general vector v = v1e1 + v2e2 + · · · + vnen , where
v1 , v2 , . . . , vn are real scalars that, using the rules of the al-
gebra, give the product v2 = v2

1 + v2
2 + · · · + v2

n , where we
assume the distribution of multiplication over addition when
expanding brackets. For two vectors we can form the geometric
product as

vw =
1
2

(vw + wv) +
1
2

(vw − wv) = v · w + v ∧ w.

(1)
That is, v · w = 1

2 (vw + wv) and v ∧ w = 1
2 (vw − wv),

which corresponds with the conventional definitions of the
dot and wedge products [15]. In three dimensions, the wedge
product corresponds with the conventional vector cross prod-
uct. Note that the wedge product is anticommuting so that
v ∧ w = −w ∧ v and consists of a linear combination of bivec-
tor elements eiej . The special case of bivectors formed from the
wedge product of two vectors is referred to as a 2-blade. In
general, we define an r-blade as an outer product of r linearly
independent vectors. The wedge product v ∧ w geometrically
describes an oriented plane in n dimensions, where the vec-
tors v and w lie in this plane. Fig. 1 shows how a plane is
described by a 2-blade H formed from two vectors f and α.
Due to their importance, we specifically denote 2-blades with
bold uppercase letters, for example, B = v ∧ w. Vectors are
then distinguished by using lowercase bold symbols. For a third
vector x, we can then form the 3-blade B ∧ x = v ∧ w ∧ x. If
this 3-blade (representing an oriented volume) is zero, then the
vectors must be coplanar [16]–[18]. We also have the highest
grade element given by j = e1e2 . . . en , where by selecting n
appropriately, we have j2 = −1 that commutes with all other
elements of the algebra. These properties of j imply that it can
be treated in the same way as the scalar unit imaginary

√
−1.

Fig. 1. The substance 2-blade (plane) H, in 2m dimensions, is defined by the
pair of vectors f and α, with experimental measurements hd1 and hd2 also
lying in this plane, from (9).

We use the notation h̃ = a + jb, a, b ∈ � to identify situations
where we are dealing with complex-like numbers that include
the n-blade j. We also denote complex-like vectors with similar
notation h̃ = v + jw. Naturally, the operators Re and Im now
refer to the real- and imaginary-like (represented by j) parts of
these numbers.

II. CORRESPONDENCE OF A THZ MEASUREMENT

TO A 2-BLADE

In a THz-TDS setting, two signals in the time domain are
recorded: a signal through the propagation medium (usually free
space), termed the reference THz signal, and a signal through
the sample, termed the sample THz signal. These two signals
are then Fourier transformed for obtaining their corresponding
spectra. Dividing the spectrum from the sample Esam (ω) by
the reference spectrum Eref (ω), the complex-valued transfer
function h̃ (ω) for the target substance is obtained as follows:

h̃ (ω) =
Esam (ω)
Eref (ω)

=
4ñ (ω) nm

[ñ (ω) + nm ]2
exp

{
−κ (ω)

ωd

c

}

× exp
{
−j [n (ω) − nm ]

ωd

c

}
(2)

where c is the speed of light in vacuum, ω is the angular fre-
quency, d is the sample thickness, ñ (ω) = n (ω) − jκ (ω) is
the frequency-dependent complex refractive index of the sam-
ple, and nm is the refractive index of the propagation medium.
The real and imaginary components of the complex refractive
index of the sample are, respectively, the refractive index n (ω)
and the extinction coefficient κ (ω) of the sample. These two
components can be obtained, respectively, from the phase and
the amplitude of the complex-valued transfer function h̃ (ω) in
(2). It can be seen that the phase angle of this transfer function
is expressed as

∠h̃ (ω) = ∠ 4ñ (ω) nm

[ñ (ω) + nm ]2
− [n (ω) − nm ]

ωd

c
. (3)

Also, the natural logarithm of the magnitude of the transfer
function is expressed as

ln
∣∣∣h̃ (ω)

∣∣∣ = ln
∣∣∣∣ 4ñ (ω)nm

[ñ (ω) + nm ]2

∣∣∣∣ − κ (ω)
ωd

c
. (4)
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The 4ñ(ω )nm

[ñ(ω )+nm ]2
term is the Fresnel loss at the sample-medium

interfaces and can be denoted as f̃ (ω).
Due to the nature of the THz-TDS system, with the use of a

discrete Fourier transform, all the presented functions of fre-
quency are sampled at frequencies ωi with i = 1, 2, . . . ,m.
Thus, the complex refractive index ñ (ω), the complex trans-
fer function h̃ (ω), and the complex Fresnel loss f̃ (ω) are
expressed, respectively, by the m-dimensional vectors ñ, h̃,
and f̃ . Since these three vectors are complex valued, each of
them contains 2m real values. Two functions, g1 (·) and g2 (·),
are defined for mapping these m-dimensional complex-valued
vectors to 2m-dimensional real-valued vectors. For a set of
2m orthonormal basis vectors ei , i = 1, 2, . . . , 2m, and an arbi-
trary m-dimensional complex-valued vector ṽ with components
ṽi , i = 1, 2, . . . ,m, these two functions are defined as follows:

g1 (ṽ) =
m∑

i=1

Re (ṽi) ei +
m∑

i=1

Im (ṽi) ei+m , (5)

g2 (ṽ) =
m∑

i=1

∠ṽiei +
m∑

i=1

ln |ṽi | ei+m . (6)

Applying the function g2 (·) to the m-dimensional complex-
like vector h̃, the 2m-dimensional real vector h is
obtained as

g2

(
h̃

)
= h =

m∑
i=1

∠h̃iei +
m∑

i=1

ln
∣∣∣h̃i

∣∣∣ ei+m . (7)

An m-dimensional vector α̃ now is defined with its m compo-
nents being α̃i = − (ni − nm + jκi) ωi

c , i = 1, 2, . . . , m. Then
from (7), using (3) and (4), h is obtained as

h =
m∑

i=1

{
∠h̃i − [ni − nm ]

ωid

c

}
ei

+
m∑

i=1

[
ln

∣∣∣f̃i

∣∣∣ − κiωid

c

]
ei+m

=
m∑

i=1

∠f̃iei +
m∑

i=1

ln
∣∣∣f̃i

∣∣∣ em+i

+
m∑

i=1

{
− [ni − nm ]

ωid

c

}
ei +

m∑
i=1

[
−κiωid

c

]
ei+m

=
m∑

i=1

∠f̃iei +
m∑

i=1

ln
∣∣∣f̃i

∣∣∣ em+i

+ d

m∑
i=1

Re (α̃i) ei + d

m∑
i=1

Im (α̃i) ei+m . (8)

After the last equality of (8), the first two terms can be identi-
fied as g2(f̃) through (6) and the last two terms can be identified
as dg1(α̃) through (5). Therefore, g2(h̃) = g2(f̃) + dg1(α̃).
Denoting α = g1(α̃) and f = g2(f̃), (8) reduces to

h = f + dα. (9)

In (9), the first term corresponds to the Fresnel loss and the
second term corresponds to the complex refractive index of
the target substance. This expression shows that the measured
THz spectrum for the substance (the m-dimensional complex-
valued vector h̃ of the transfer function) can be transformed
into a 2m-dimensional vector h, which is a sum of a 2m-
dimensional vector f determined by the Fresnel loss and a
scaled 2m-dimensional vector α determined by the complex
refractive index. The second term of the sum in (9) depends
linearly on the sample thickness d. The vectors f and α are not
parallel and therefore linearly independent of each other or, in
terms of GA, f ∧ α �= 0.

It is assumed that for any two different substances A and B,
their corresponding complex refractive indices, ñA and ñB , are
neither linearly dependent, nor the complex conjugate of each
other. In terms of GA, linear independence requires that

fA ∧ αA ∧ fB ∧ αB �= 0. (10)

Based on these assumptions, the following theorems can be
easily proved (see Appendix).

Theorem 1: Each vector ñ of a complex refractive index
determines unique vectors f̃ and α̃ (hence, unique vectors f
and α), and vice versa.

Theorem 2: Each complex refractive index vector ñ de-
termines in the 2m-dimensional space a unique unit 2-blade
H = f∧α

|f∧α| .

Theorem 3: All vectors hd = f + dα (∀d ∈ R) are coplanar
and belong to the hyperplane H .

Theorem 2 shows that each substance under investigation cor-
responds to a unique 2-blade in the 2m-dimensional multivector
space of measured THz spectra, transformed through (9). The-
orem 3 shows that samples of one substance but with different
thicknesses belong to the same 2-blade determined by the sub-
stance according to Theorem 2. Therefore, the same 2-blade can
be determined by two vectors, hd1 and hd2 , obtained through
measurements of samples of two different thicknesses, d1 and
d2 , of the same substance as

hd1 ∧ hd2 = (f + d1α) ∧ (f + d2α)

= f ∧ f + d2f ∧ α + d1α ∧ f + d1α ∧ d2α.

(11)

As the first and last terms in (11) vanish, we obtain

hd1 ∧ hd2 = (d2 − d1) (f ∧ α) = Δd (f ∧ α) (12)

with Δd = (d2 − d1) being the difference in thicknesses of the
two samples of the same substance. It is seen that the vector pair
hd1 and hd2 determines the same 2-blade as the vector pair f
and α, up to a scaling constant. Therefore, the unit 2-blade is

H =
f ∧ α

|f ∧ α| =
hd1 ∧ hd2∣∣hd1 ∧ hd2

∣∣ (13)

where (13) will be used for determining the 2-blade correspond-
ing to the THz measurement data in Section IV. For any sub-
stance under investigation, its corresponding vectors f and α
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Fig. 2. The measurement vector hx along with 2-blades (planes) correspond-
ing to three substances, Hk , Hk+1 , and Hk+2 , in 2m dimensions. The closer
the measurement vector is to a particular 2-blade, the lower the value of λ is
and the more likely the measured unknown substance with an unknown sample
thickness is the substance corresponding to that 2-blade. Here, the substance
corresponding to the 2-blade Hk+2 is most likely the one corresponding also
to the measurement vector hx .

are generally a priori unknown. But the measured vectors hd1

and hd2 determine the same 2-blade as illustrated in Fig. 1.
Once the set of all planes for the different substances under

investigation is determined within the 2m-dimensional space,
the measurement of the THz spectrum of an unknown substance
x with an unknown sample thickness can take place, producing
a measurement vector hx . This vector is then checked for be-
longing to the planes of all the N different 2-blades of possible
substances, assuming that the unknown substance is the same
as one of the corresponding 2-blades.

This is significant given that the signal is affected by inevitable
noise and other factors in a THz-TDS system, so the vectors
will deviate from their original orientation and move away from
the planes. To estimate this deviation, the magnitude rejection1

of the vector to the plane is given by the parameter λ. This
parameter is defined as

λ =
∣∣∣∣ hx

|hx |
∧ H

∣∣∣∣ , 0 ≤ λ ≤ 1. (14)

The closer the vector is to the plane, the lower the value of λ.
In the ideal case, the value of λ is equal to zero.

Therefore, a substance identification method based on the
minimum value of the parameter λ is presented as

x = arg min
k

{λk}

= arg min
k

∣∣∣∣ hx

|hx |
∧ Hk

∣∣∣∣ , k = 1, 2, . . . , N. (15)

The plane with the minimum value of λ with the measurement
vector hx is most likely the plane of the unknown measured
substance. The measurement vector hx along with three planes
representing different substances is illustrated in Fig. 2.

III. DISPERSION AND NOISE

In order to explore the influence of dispersion on the GA-
based method, a series of THz pulses with different amounts of
dispersion are simulated using a linear model, where the phase
delay is proportional to frequency. Fig. 3 shows the simulated

1The vector rejection is defined as the vector component orthogonal to the
vector projection.

THz pulses that are modeled as Gaussians, where the dispersion
parameter D increases from zero to 0.018π. In this model, the
THz pulse is simulated by synthesizing it as a sum of 2500
harmonics, which is used to represent a bandwidth of 2.5 THz,
with a spectral resolution of 1 GHz. A linear dispersion and a
Gaussian spectral transfer function are then calculated for each
harmonic in order to simulate the properties of the materials
and measurement system. The harmonics are then summed to
recreate the time-domain signal. As the dispersion D increases,
the constituent harmonics are spread out in the time domain, as
illustrated in Fig. 3(a)–(j). Fig. 4 demonstrates that the vector
rejection parameter remains approximately flat as a function
of dispersion—it is this property that we exploit to produce
dispersion-independent classification.

By adding Gaussian white noise to these simulated signals
with different SNR, labeled in Fig. 4, we evaluate the effect of
noise on the λ parameter as a function of increasing dispersion.

IV. MATERIALS AND METHODS

A. Sample Preparation

To verify the GA theory, four substances, melamine, tartaric
acid, lactose, and glucose, are chosen for the experiment. All
samples are purchased from the Sigma-Aldrich Corporation
and used without further purification. In order to ensure that
samples remain intact, each is mixed with HDPE powder in a
mass ratio of 1:1. The resulting mixture is pressed into 13-mm-
diameter tablets of five different thicknesses, 1.0, 1.5, 2.0, 2.5,
and 3.0 mm. Each tablet is prepared by compressing the pow-
ders in a pellet press, and applying a pressure of 10 tonnes for
2 min.

B. THz Measurement System

The THz-TDS system consists of a Menlo 1560-nm T-Light
fiber laser coupled to a photo-conductive antenna (PCA) trans-
mitter, as well as a PCA receiver (model TERA15-TX/RX-
FC). The laser produces 90-fs pulses at a repetition rate of
100 MHz. The THz transmitter and receiver utilize an InGaAs
PCA manufactured by the Fraunhofer-Institut für Physikalische
Messtechnik. The system is operated through TC-1550 control
electronics for the laser head and an HVG110 electrical chopper
for the emitter antenna. The signal is acquired with a lock-in am-
plifier with 16-bit data acquisition at 250 k-samples/s, connected
to a PC with software for measurement and data analysis.

The THz radiation is free-space coupled to the sample with
a spot waist size of 0.8-mm full width at half-maximum using
a pair of broadband plano-convex TPX polymer lenses (model
TPX50) with an effective focal length of 54 mm each. Another
pair of lenses, of the same specification, is used to couple the
THz radiation to the PCA receiver.

Each sample is placed in a custom-designed sample holder
on an X–Y scanning harness consisting of a pair of Newport
LTA-HZ actuators and translation stages. LabVIEW software
is utilized to acquire the THz spectrum at each position, as
the sample is moved in a 20 × 20 grid to acquire 400 separate
measurements across the sample.
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Fig. 3. Simulated THz pulses with different dispersion levels. (a) Simulated original THz signal without any dispersion. (b)–(j) Simulated THz signals with
parameter D of 0.002π , 0.004π , 0.006π , 0.008π , 0.010π , 0.012π , 0.014π , 0.016π , and 0.018π .

Fig. 4. The vector rejection parameter λ as a function of increasing dispersion,
for simulated THz signals. The smaller the value of λ, the closer the signals are
to the same plane. This plot shows that there is no obvious trend as dispersion
increases. In the ideal case, with no noise, all signals are tightly bound to the same
plane with λ < 0.025. In simulation, we see that as the SNR is progressively
decreased to 20 dB, λ consequently increases.

C. THz Feature Extraction

Transfer functions h̃ (w) for all the investigated data samples
are extracted by taking the Fourier transform after deconvolv-
ing measured time-domain signals with the reference signal,
according to (2). To avoid the effects of noise, we select data
from the 0.2–1.6-THz range for this equipment, where the signal
stays well above the noise floor. The Fourier transform produces
complex-valued spectra, containing both phase and magnitude

information. Fig. 5(a)–(d) shows the amplitude spectrum of the
transfer functions with a frequency in the range of 0.2–1.6 THz.
Each is labeled by the corresponding thickness.

To verify the effectiveness of the proposed GA classifier, we
carry out a comparison with the well-known multiclass SVM
classifier. There are two kinds of datasets that are prepared
separately for the SVM classifier and the GA classifier. For the
GA classifier, by using (7) we calculate the GA vector hk,d

i for
every data sample i, where k denotes the substances melamine,
tartaric acid, lactose, and glucose, each pressed into tablets of
five different thicknesses, d = 1.0, 1.5, 2.0, 2.5, and 3.0 mm. For
the SVM classifier, the amplitude spectra ak,d

i of the substances
are used as classification features, where a = |h (w)|.

D. Performance Assessment of Classification

In order to carry out a fair comparison between the SVM and
GA classifiers, the same THz signals obtained from the 1.5- and
2.0-mm tablets are employed to train the SVM classifier and GA
classifier separately. The classification process is as follows:

1) Training Data Selection: For each substance, 200 signals
transmitted through a 1.5-mm pellet and 200 signals transmit-
ted through a 2.0-mm pellet are randomly selected. Thus, the
training set of 200 data samples equates to half the total size of
400 of each dataset.

2) GA Classifier: For each substance, we calculate their cor-
responding vectors, {hk,d1

1 hk,d1
2 ,hk,d1

3 , . . . ,hk,d1
200 } and {hk,d2

1

hk,d2
2 ,hk,d2

3 , . . . ,hk,d2
200 }, and form the unit 2-blade Hk by using

their average values as

Hk =
hd1

k ∧ hd2
k

|hd1
k ∧ hd2

k |
(16)
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Fig. 5. Measurement of the average magnitude spectrum of four substances, melamine, tartaric acid, lactose, and glucose, at five different thicknesses. For
each spectrum, the number of frequency samples is 104 corresponding to a 0.2–1.6-THz frequency range. The 2-blades associated with the four substances are
calculated as the wedge product of vector pairs corresponding to the signals from the same substance at 1.5 and 2.0 mm.

where

hd1
k =

hk,d1
1 + hk,d1

2 + hk,d1
3 + · · · + hk,d1

200

200
(17)

hd2
k =

hk,d2
1 + hk,d2

2 + hk,d2
3 + · · · + hk,d2

200

200
(18)

d1 = 1.5 mm and d2 = 2.0 mm.
For any vector hx,d

i corresponding to a signal from an un-
known substance x with an unknown thickness d to be identi-
fied, we compute the value of λx

k , according to (14), which is
used as the criterion in the substance identification. Here, λx

k

denotes the magnitude of the vector rejection, for vector x, to
the plane k. In other words, the closer the λx

k is to 0, the more
likely the unknown substance x is the kth substance. There-
fore, we can assume that the unknown is the kth substance,
if the value of λx

k is smaller than for any of the other known
substances.

3) SVM Classifier: In the classification process, all sample
data are divided into three parts: 1) training set, 2) validation
set, and 3) testing set. The selected 200 signals transmitted
through 1.5-mm substances and 200 signals transmitted
through 2.0-mm substances, their amplitude spectra, contain-
ing 104 frequency features, {ak,d1

1 ,ak,d1
2 ,ak,d1

3 , . . . ,ak,d1
200 } and

{ak,d2
1 ,ak,d2

2 ,ak,d2
3 , . . . ,ak,d2

200 } are collected and normalized

to make up the training set. Then, the amplitude spectra of the
remaining 200 signals for 1.5- and 2.0-mm substance thick-
nesses are used as a validation set to determine classification
accuracy. Finally, the remaining amplitude spectra for different
thicknesses form the testing set.

In this paper, the statistics and machine learning toolbox of
MATLAB are used to construct the SVM classifier. By use of
a Gaussian kernel function, we map all features from a nonlin-
ear feature space to a linear one, and the kernel scale and box
constraint parameters are set to 8 and 2, respectively. In order
to mitigate the overfitting problem and obtain the optional de-
sign of a multiclass SVM classifier, a five-fold cross-validation
method is used for picking the most favorable parameters for
the SVM classifier.

Once the SVM classifier is constructed, the validation set
consisting of the amplitude spectra obtained from 1.5- and
2.0-mm substances is used to verify the performance of the
SVM classifier. Then, this SVM classifier is applied to identify
the resting amplitude spectra obtained from the 1.0-, 2.5-, and
3.0-mm samples.

4) Comparison: To further improve the estimate, steps 1
through 3 are repeated ten times. The accuracy values of the
substance identification at a certain thickness over the ten runs
are averaged to provide a statistical estimate of the classifier
performance. These results are presented in Table I.
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TABLE I
CLASSIFICATION PERFORMANCE (%) VERSUS SUBSTANCE THICKNESS USING SVM AND GA CLASSIFIERS

SVM GA

Substances 1.0 mm 1.5 mm 2.0 mm 2.5 mm 3.0 mm 1.0 mm 1.5 mm 2.0 mm 2.5 mm 3.0 mm

Melamine 54.00 100.00 100.00 98.25 93.25 82.50 97.75 100.00 99.75 99.75
Tartaric acid 100.00 100.00 100.00 100.00 85.25 100.00 99.75 99.75 99.50 99.50
Lactose 99.00 99.50 100.00 99.00 62.70 99.75 98.25 100.00 100.00 100.00
Glucose 59.25 100.00 100.00 84.00 80.50 100.00 97.50 97.75 86.50 85.00
Overall 78.06 99.87 100.00 95.31 80.43 95.56 98.31 99.37 96.43 96.06

Bold columns indicate samples where half of the data points were used for training, and the other half used for identification.

Fig. 6. Illustration of substance identification based on the GA classifier. Here, for purposes of illustration, 20 lactose vectors are randomly chosen from each
dataset. Their magnitude rejections λlac

k to each plane are calculated using (14). Here, λlac
k denotes the magnitude of the lactose vector rejection to plane k, where

k corresponds to four substances, melamine, tartaric acid, lactose, and glucose. In this graph, only the case of data from a 1.0-mm lactose sample is misclassified
as glucose by the GA classifier.

E. Experimental Results Analysis

As shown in Fig. 5, the magnitude spectra for a given sub-
stance display increasing spectral broadening and greater influ-
ence of noise with increasing sample thickness. It is difficult to
find an analytic expression to describe the relationship between
the thickness and the magnitude spectrum. When the sample
is relatively thin, the spectrum will be affected by etalon arti-
facts, as can be seen in the amplitude spectrum of the glucose at
1.0 mm. As the thickness increases, SNR rapidly falls off, and
the effect of dispersion broadens the absorption spectra. Thus, a
traditional classifier may not always work for an arbitrary sam-
ple thickness, if the classifier has been trained on data from a
substance of one thickness.

Table I reports the classification outcomes of both the SVM
classifier and the GA classifier for all four substances at thick-
nesses of 1.0, 1.5, 2.0, 2.5, and 3.0 mm. As can be seen from this

table, for the SVM classifier trained on data from substances of
thickness 1.5 and 2.0 mm, the overall classification accuracy
is 99.87% for a substance thickness of 1.5 mm and 100% for
a substance thickness of 2.0 mm. Notice that the overall clas-
sification accuracy of the SVM drops to as low as 78.06% for
thicknesses that are outside the training set.

According to Theorem 3, the 2-blade defined by (13) deter-
mines a unique plane for each substance, which is independent of
the thickness of each substance. In the ideal case, all GA vectors
obtained from the same substance but with different thicknesses
must be coplanar and lie on this plane. The inevitable influences
of noise and other nonidealities in THz-TDS systems cause the
GA vectors calculated from transfer functions to deviate from
their real orientation, thus degrading the performance of the GA
classifier. Clearly, our results show that these influences appear
to affect the GA classifier to a lesser extent compared to the
SVM classifier. As shown in Table I, the performance of the GA
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classifier appears to be more consistent as a function of thick-
ness, and the overall accuracy for all substances and thicknesses
is always kept over 95%. Even in the worst case (melamine at
1.0 mm), the GA classification accuracy is still above 82.50%.

In GA theory, for any GA vector of an unknown substance
x with an unknown thickness d, we compute the magnitude
of each vector rejection to each plane according to (14), and
choose the plane with a minimal λ value as its class label.
So the classification standard of the GA classifier is a relative
concept that results in an improved robustness. Taking lactose
vectors, for example, Fig. 6 illustrates how the GA classifier
works based on a minimal value of λ.

As we can see clearly from this graph, with a few exceptions,
the magnitude of the vector rejections to the lactose plane is
always minimal. For lactose vectors obtained from 1.5-, 2.0-,
2.5-, and 3.0-mm data samples, λlac

lac remains about 0.1. For
1.0-mm lactose data samples, their vectors diverge more from
their actual plane, and the magnitude of vector rejection to the
lactose plane increases. However, from this graph, one can see
that in most of the cases, the lactose plane has the lowest λ

compared to the planes of the other substances. The GA classifier
can still distinguish the spectra, which indicates the robustness
and practicability of the GA classifier.

It is worth noting that by combining the advantages of signal
preprocessing with classification, the prediction accuracy of the
SVM classifier is likely to be improved, but the performance
of the SVM classification model is influenced by many factors,
including the features selected, the kernel function, kernel pa-
rameters, the training data, and data preprocessing techniques,
and there are no specific guidelines to choose the kernel func-
tions and set the value of the parameters for the SVM classifier.
Previous studies have shown that no single kernel function or
set of kernel parameters applies universally to any dataset to
guarantee optimal classification performance [19]. On the other
hand, the GA classifier is fundamentally different—it requires
no training process, and its performance is less affected by exter-
nal factors, rendering it potentially more reliable and practical.

V. CONCLUSION

Due to the presence of dispersion, noise, and other nonide-
alities, classification tasks were previously difficult to perform
on samples having nonuniform thicknesses or unknown thick-
nesses. This may no longer be the case with the use of GA
classifiers. In this paper, the THz transmitted signal is first an-
alyzed on the basis of GA theory. It can be proved that the GA
vectors obtained from the transfer function of samples of one
substance but with different thicknesses are coplanar and be-
long to a unique plane. By analyzing the simulated THz signals
with different levels of dispersion, it is confirmed that the sub-
stance identification based on the GA theory is independent of
signal dispersion in the ideal noise-free case. Thus, a substance
identification method independent of dispersion, via GA the-
ory, is demonstrated. To validate the GA classifier, THz signals
obtained from four substances of varying thicknesses are used
for testing. The results confirm the superiority in classification
accuracy and robustness of the GA classifier. It may also be

concluded that the GA classifier is a powerful and less complex
algorithm, without any tuning parameters.

This study now motivates future work to further validate the
method on a diverse range of different datasets. The successful
formulation of such a mathematical projection is not only of
benefit for THz systems, but may also be suitable for other
applications where pulsed time domain signals are involved,
such as pulsed microwaves or even acoustic pulses through
mechanical media or seismic pulses in geophysical systems.

APPENDIX

Proof of Theorem 1: For two substances, A and B, having
exactly the same refractive index, ñA = ñB , nAi = nBi , and
κAi = κBi , for i = 1, 2, . . . ,m. From the defining expression
α̃i = − (ni − nm + jκi) ωi

c , i = 1, 2, . . . ,m, it is obvious that
ñA = ñB ⇔ α̃A = α̃B ⇔ αA = αB . From the defining ex-
pression f̃i = 4ñ i nm

[ñ i +nm ]2
, it follows that

4ñAinm

(ñAi + nm )2 =
4ñB inm

(ñB i + nm )2

when either ñAi = ñB i or ñAiñB i = n2
m , i = 1, 2, . . . ,m. As-

suming that for no two substances under investigation ñAi ñB i =
n2

m , it follows that ñA = ñB ⇔ f̃A = f̃B ⇔ fA = fB .
Proof of Theorem 2: For two substances, A and B, having

exactly the same refractive index, ñA = ñB , it was shown
that fA = fB and αA = αB . Therefore, fA ∧ fB = 0 and
αA ∧ αB = 0. Also, if for two substances, A and B, there ex-
ist nonzero real scalars λ1 and λ2 , such that fA = λ1fB and
αA = λ2αB , then

fA ∧ αA

|fA ∧ αA |
=

λ1fB ∧ λ2αB

|λ1fB ∧ λ2αB | =
fB ∧ αB

|fB ∧ αB | .

Proof of Theorem 3: Based on the properties of the wedge
product, we have

hd ∧ H = (f + dα) ∧ α ∧ f

= f ∧ α ∧ f + dα ∧ α ∧ f

= 0.
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