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A variable polarisation compensator using artificial dielectrics
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Abstract

Artificial dielectrics can be made to exhibit strong birefringence. This property may be used to construct waveplates for a
variety of applications. In this article, a method for making a variable artificial dielectric retarder, akin to a Babinet–Soleil
compensator, is investigated. Whilst the feature sizes are too small for this device to be practical at optical wavelengths, the
technique lends itself to quasi-optical instruments operating at terahertz wavelengths. q 1999 Elsevier Science B.V. All
rights reserved.
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1. Introduction

Artificial dielectrics are now widely used to reduce
reflections at optical surfaces. Many authors have studied

w xthis so-called ‘moth-eye’ effect 1 . One example of an
artificial dielectric is a dense array of pyramid-like struc-
tures patterned into the surface of an optical device. To a
first approximation, provided the period of the array is less

Ž .than l r4 l is the wavelength in free space , then the0 0

surface pattern will appear as a continuous film with a
graded dielectric constant between the external medium
and the substrate dielectric. It is the grading of the appar-
ent refractive index that gives rise to the reduction in the

w xreflection coefficient 2 .
If instead of a two-dimensional array, a linear grating is

made to modulate the surface profile, then the apparent
dielectric constant as a function of depth will be different
for light polarised parallel or perpendicular to the grating.
For the purpose of constructing anti-reflection surfaces,
this can be a disadvantage, but the modification to the
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polarisation of the transmitted ray is of use in the fabrica-
tion of waveplates. This property is studied with a view to
constructing a variable waveplate.

The device is composed of two artificial dielectrics
with identical surface profiles. When the two plates are
turned to face each other, the surface profiles of each
device will interlock. We have modeled the operation of

Žthe device in three ways: completely analytically with
.restrictions , quasi-analytically with no restrictions, and

numerically. In this way we have been able to arrive at a
better than qualitative understanding of how the device
works and subsequently improve the accuracy of our cal-
culations. We predict that for a device made of silicon,
operating at 1 THz, a phase retardation between 0 and 608

can be achieved for a change in plate separation of only 35
mm.

2. Effective medium theory

In this section we will consider an analytical model for
the operation of the proposed device. Fig. 1 is a sketch of
an artificial dielectric grating with a triangular profile. The
cross-section is symmetric and triangular with a period P
and a depth d. Radiation that is incident along the normal
to the surface can be resolved into components polarised
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Fig. 1. A one-dimensional artificial dielectric with a triangular
surface profile.

parallel or perpendicular to the grating with electric field
5E k and EHk, respectively, where k is the grating

vector. The effective dielectric constant at any depth, z,
Ž .can be calculated using effective medium theory EMT

w x Ž .3 . First, the fill-factor, f z , is found to be
z

f z s1y 0-zFd . 1Ž . Ž . Ž .
d

For radiation with EHk, the zeroth order approxima-
tion of the effective dielectric constant is given by

´ Ž0. z s´ f z q´ 1y f z 2Ž . Ž . Ž . Ž .Ž .H s e

where ´ is the dielectric constant of the substrate, and ´s e

is the dielectric constant of the external medium. Similarly,
5for light propagating with E k, the effective dielectric

constant is
y1

f z 1y f zŽ . Ž .
Ž0.´ z s q . 3Ž . Ž .5

´ ´s e

5Clearly, transmitted radiation with EHk or E k will
Žexperience different effective dielectric constants bire-

.fringence , thus there will be a polarisation change for
radiation transmitted through the structure.

An improved estimate of the effective dielectric con-
w xstants can be calculated using second order EMT 4 , such

that

1
Ž2. Ž0.´ s´ 1qH H Ž .03´ ´0 H

=

2
P

p ´ y´ f z 1y f z 4Ž . Ž . Ž . Ž .Ž .s ež /l0

and

Ž .0´HŽ2. Ž0.´ s´ 1q5 5 3´0

=

2Ž .0´ ´ y´ PŽ .5 s i
p f z 1y f z . 5Ž . Ž . Ž .Ž .ž /´ ´ le s 0

Fig. 2 is a diagram of the novel variable polarisation
compensator that is proposed in this article. It consists of
two artificial dielectrics with surface profiles that interlock

with each other, and a separation s. When ss0, there will
be no artificial dielectric, thus no birefringence. When the
two plates are separated by an amount s-d, there will
exist an artificial dielectric with a fill-factor that must be
calculated in three regions, thus

z°1y 0Fz-sŽ .
d
s~1y s-zFdŽ .f z s 6Ž . Ž .
d
zys

1y d-zFsqdŽ .¢
d

Ž . 5Ž .As for the simple grating, ´ z and ´ z for theH
two-plate structure are calculated using the fill-factor and
the equations described above.

The optical path length for either polarisation will be
varied with s, and this is akin to the operation of a

w xBabinet–Soleil compensator 5 . To calculate the phase
shift experienced by each polarisation in the device it is
necessary to calculate the effective propagation constant of
the artificial dielectric. The effective index of refraction is

Ž .given by n z s ´ z , where ´ is the effective dielec-( Ž .r r

tric constant, for either polarisation. The integrated propa-
gation constant that is used to calculate the overall phase
shift experienced on transmission through an artificial
dielectric will therefore be

k Õ0
k s n z d z 7Ž . Ž .Hu ,Õ

Õyu u

where Õ and u define the boundaries of the portion of the
artificial dielectric concerned. k is the propagation con-0

stant in free space.
Ž . Ž .For the proposed device, Eqs. 6 and 7 are evaluated

in each of the three regions as a function of s for both
5 5EHk and E k. The phase shift between EHk and E k

when s-d is then calculated to be

Df s s k H yk 5 sq k H yk 5 dysŽ . Ž .Ž . Ž .s- d 0, s 0, s s ,d s ,d

q k H yk 5 s 8Ž .Ž .d , sqd d , sqd

by accumulating the phase shift in the three regions. This
simple analysis, which we will refer to as the EMT Žn.

model can be applied to both zeroth and second order
Ž .calculations of the dielectric constant n is the order .

However, it does not account for reflections between the

Fig. 2. A cross-section through the proposed compensator show-
ing the dimensions of the device when s- d.
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plates, and it cannot deal with s)d. A somewhat more
sophisticated, pseudo-analytical, model is required to do
this and we will discuss it in Section 3.

3. Effective medium theory in a Fabry–Perot cavity

The model presented in Section 2 is inadequate since it
fails to account for internal reflections between the two

Ž .plates of the compensator. It can be seen from Eq. 6 that
when s-d the fill-factor in the central region of the
proposed device is a constant for a given separation. The

Ž .structure may then be viewed as a Fabry–Perot FP cavity
with an internal medium composed of an artificial dielec-
tric of invariant fill-factor, and end-faces that are com-
posed of graded artificial dielectric on the surface of a
solid dielectric. A similar model can be developed for
s)d. We will refer to these models as the EMT Žn.qFP
model.

As for a simple cavity, the transmission coefficient for
the complete structure may be modeled as the sum of
internally reflected terms with magnitude that diminishes
to zero as the number of reflections approaches infinity.
The overall transmission coefficient is therefore the sum of
a geometric series that converges to a finite value. For the
variable compensator, there will be a phase shift, due to
the graded artificial dielectric end-faces, associated with

Ž .each reflection see Fig. 3 and, correspondingly, for the
transmitted radiation.

It can be shown that when s-d, the transmission
coefficient through the complete structure for the perpen-
dicular polarisation is

H Ž .H H i k dys qk sŽ .d , s SUBt t e0,s d ,dqsHT s 9Ž .s- d 2 HH 2 i k Ždys.d , s1y r eŽ .
where t H is the transmission coefficient for radiation0,s

entering the cavity and t H is the transmission coeffi-d,dqs

Fig. 3. The distances and coefficients used to determine the
transmission properties of the proposed device when s) d. ten

and t denote the transmission coefficient for radiation enteringex

and exiting the cavity, respectively. The coordinate system in use
is also shown.

cient for radiation leaving the cavity. The subscript letters
denote the boundaries of the artificial dielectric layers for
which the coefficients are calculated. r H is the reflection
coefficient inside the cavity, and is assumed to be the same
at each end—i.e., r H sr H sr . k H is the integrateds,0 d,dqs H d, s

propagation constant in the central region of the structure
Ž .where f z is invariant with s. k is the propagationSUB

constant in the device substrate. To simplify the model, the
effect of reflections from the unpatterned back faces of the
two substrates, used to implement such a device, is ig-
nored.

When s)d, the transmission coefficient when EHk
is

t H t H e iŽk 0 sqk SU B d.
0,d dqs ,2 dqsHT s . 10Ž .s) d 2H 2 i k Ž syd .01y r eŽ .

Ž . Ž .Note that Eqs. 9 and 10 use the coordinate system of
Figs. 2 and 3, with all distance parameters referred to
zs0. The subscripts adhere to this system. When ssd,

Ž . Ž .Eqs. 9 and 10 are identical, as one would expect.
5 Ž . Ž .Equations for T , equivalent to Eqs. 9 and 10 , for

parallel polarised radiation can also be calculated. By
extracting the phase term from each transmission coeffi-
cient, the difference in the phase shift between polarisa-
tions as a function of s can be calculated. When s-d, it
is found to be

Df s s f tH qf tH y f t 5 qf t 5Ž . Ž . Ž .s- d 0, s d ,dqs 0, s d ,dqs

2H H< <r sinus- dy1y tan 2H H< <1y r cosus- d

25 5< <r sinus- dy1q tan 11Ž .25 5< <1y r cosus- d

H r H H Ž . 5 r 5where u sf q2k dys and u sf qs- d s- d d, s s- d s- d
5 Ž .2k dys . Similarly, when s)d, it can be shown thatd, s

Df sŽ .s) d

s f tH qf tH y f t 5 qf t 5Ž . Ž .0,d dqs ,2 dqs 0,d dqs ,2 dqs

2H H< <r sinus) dy1y tan 2H H< <1y r cosus) d

25 5< <r sinus) dy1q tan 12Ž .25 5< <1y r cosus) d

H r H Ž . 5 r 5where u sf q2k syd and u sf qs) d s) d 0 s) d s) d
Ž . Ž . Ž . Ž . Ž .2k syd . As for Eqs. 9 and 10 , Eqs. 11 and 120

match up when ssd.
To complete the analysis it is necessary to calculate the

Žreflection and transmission coefficients r and t parame-
.ters to determine both their phase and magnitude. Using

analytical expressions comprised of Bessel functions it is
possible to generate good approximations based on Eqs.
Ž . Ž . Ž .2 and 3 zeroth order EMT , and we have done this



( )D.R.S. Cumming, R.J. BlaikierOptics Communications 163 1999 164–168 167

w xusing the technique of Raguin and Morris 3 . However, it
is known that EMT becomes inaccurate for materials with
high dielectric constant when the grating period ap-
proaches l r4. Therefore, in order to achieve more accu-0

racy, we have also studied the properties of the device
using a numerical tool.

4. Multiple-multipole method

Ž .The multiple-multipole method MMP is a computa-
tional technique that permits rigorous field calculations to
be performed by expanding the electromagnetic field within

w xdomains as analytical series 6 . A more widely used
technique for diffraction problems is rigorous coupled

Ž .wave analysis RCWA . RCWA also uses analytical ex-
w xpansions to match the solution at the boundaries 7 . Our

choice of technique has therefore been predicated by the
availability of suitable tools. MMP yields the accuracy of
full numerical techniques, such as the finite difference
time-domain method, but with much greater speed. MMP
has therefore been employed to evaluate the proposed
device. It is ideal, since it permits many different struc-
tures, representing a sweep in the plate separation, s, to be
simulated in a short time.

A key consideration in using MMP is the positioning of
the expansions in the simulation domains. Several types
may be used but for this work only multipole, Bessel and
Rayleigh expansions were required. The structure is peri-
odic and boundaries are defined to match at the left and

Ž .right hand sides of the original one period cell. The gap
between the two triangular surface profiles is assumed to
be dry air. The patterned dielectric material of each plate is
assumed to extend to infinity to the left and right. The
substrate for each plate is also assumed to be infinitely
thick. As for the analytical calculations, this simplifies the
problem by reducing the number of reflective boundaries.

ŽEach time the boundaries are moved to increase the
.separation the expansions are moved too, and the simula-

tion repeated. The difference in phase shift between EHk
5and E k is extracted from the resultant field data and

plotted. The data may also be directly extracted from the
Rayleigh expansion parameters in MMP.

5. Results

Fig. 4 is a typical behaviour for the proposed device,
Ž Žn. Ž0.calculated both semi-analytically EMT and EMT q

.FP and using MMP. The conditions were for a silicon
Ž .dielectric ´ s12 , which was assumed to be lossless. Ther

surface profile has a period, P, of 50 mm and a depth, d,
of 35 mm. These sizes correspond to manufacturable struc-
tures using processes based on conventional silicon micro-

w xmachining 8 . The simulation frequency for the MMP
method was 1 THz, corresponding to l s6Ps300 mm.0

Ž .Fig. 4. a The calculated phase shift as a function of the plate
separation of the proposed device using MMP and EMT in a FP

Ž Ž0. . Ž .cavity EMT qFP . b The calculated phase shift in the region
s- d. The results for three models are shown, namely MMP,

Žn. Ž . Ž0.EMT only zeroth and second order and EMT qFP.

The predicted characteristic demonstrates a device in which
the polarisation shift increases rapidly with plate separa-
tion when s-d. When s)d, the difference in phase shift
oscillates as the path length within the cavity is modified.

There is, however, a significant discrepancy between
the analytical and MMP models. This can also be seen
when the transmission and reflection coefficients for the

Ž .device are compared directly see Fig. 5 . It is clear that
the EMT Ž0.qFP and MMP models are not in perfect
agreement. This is because for cases where the dielectric
constant of the substrate is particularly large, the analytical
treatment we have employed is known to be inadequate,

5 w xespecially for the case where E k 3 . However, the
elementary model, EMT Ž0., compares well with the more

Ž0. Žsophisticated EMT qFP model when s-d i.e., in the
.EMT only model’s range of validity . The second order
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Ž . Ž .Fig. 5. a The magnitude and b the phase of the transmission
coefficients T H and T 5 of the proposed device using MMP and
EMT Ž0.qFP.

model, EMT Ž2., predicts a slightly more modest phase
shift, but still does not agree well with the MMP calcula-
tion. This is at least partly due to the weakness of second
order EMT in accurately calculating the effective dielectric

5 w xconstant for E k 9 . The problem is exacerbated by our
desire to extract the phase difference—a derivative prop-
erty—and not just the absolute phase, thus increasing the
error. The MMP tool generates error calculations based on
the goodness of the field matching at the boundaries
between domains. We find that for small separations the
average error is less than 1%. The error increases for large

Ž .separations s4d thus we believe that the results of the
MMP simulations are of good accuracy for small separa-
tions up to three or four times the groove depth.

Fig. 5 also demonstrates the difference between the
magnitudes of the two transmission coefficients for EHk

5and E k. The maximum discrepancy is approximately 0.1
for a maximum transmission of 1.0, for the conditions
considered above. This difference would be a problem in
constructing precise waveplates. However, this discrep-
ancy will decrease if dielectrics with lower dielectric con-
stant are used. The trade-off is that either structures with
deeper grooves or more substrates, stacked on top of each

w xother, will be needed to achieve the same phase shift 10 .

6. Conclusion

A novel variable artificial dielectric retarder is pro-
posed. Whilst the implementation of this device is imprac-
tical at optical wavelengths, it is possible to make working
structures at terahertz frequencies, where the physical di-
mensions used are several tens of micrometres. The device
has been modeled in detail. Analytical techniques have
been employed to expose the underlying behaviour of the
device and a numerical technique has been used to achieve
greater accuracy. For the parameters considered, it is pre-
dicted that a variable phase shift from 0 up to approxi-
mately 608 is possible. Because it employs artificial di-
electrics, power loss will be reduced due to a reduction in
the reflection coefficient at the substraterair interface. It is
anticipated that the proposed device will prove useful in
the development of future quasi-optical terahertz systems.
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